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Preface

These notes would have never existed without the efforts of a number of
people whom I would like to warmly thank. First of all, I would like to thank
Lucien Birgé. We have spent hours working on model selection, trying to
understand what was going on in depth. In these notes, I have attempted
to provide a significant account of the nonasymptotic theory that we have
tried to build together, year after year. Through our works we have promoted
a nonasymptotic approach in statistics which consists in taking the number
of observations as it is and try to evaluate the effect of all the influential
parameters. At this very starting point, it seems to me that it is important to
provide a first answer to the following question: why should we be interested by
a nonasymptotic view for model selection at all? In my opinion, the motivation
should neither be a strange interest for “small” sets of data nor a special taste
for constants and inequalities rather than for limit theorems (although since
mathematics is also a matter of taste, it is a possible way for getting involved
in it!). On the contrary, the nonasymptotic point of view may turn out to be
especially relevant when the number of observations is large. It is indeed to fit
large complex sets of data that one needs to deal with possibly huge collections
of models at different scales. The nonasymptotic approach for model selection
precisely allows the collection of models together with their dimensions to
vary freely, letting the dimensions be possibly of the same order of magnitude
as the number of observations.

More than ten years ago we have been lucky enough to discover that
concentration inequalities were indeed the probabilistic tools that we needed
to develop a nonasymptotic theory for model selection. This offered me the
opportunity to study this fascinating topic, trying first to understand the
impressive works of Michel Talagrand and then taking benefits of Michel
Ledoux’s efforts to simplify some of Talagrand’s arguments to bring my own
contribution. It has been a great pleasure for me to work with Gábor Lugosi
and Stéphane Boucheron on concentration inequalities. Most of the material
which is presented here on this topic comes from our joint works.
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Sharing my enthusiasm for these topics with young researchers and
students has always been a strong motivation for me to work hard. I would
like all of them to know how important they are to me, because not only
seeing light in their eyes brought me happiness but also their theoretical
works or their experiments have increased my level of understanding of my
favorite topics. So many thanks to Sylvain Arlot, Yannick Baraud, Gilles
Blanchard, Olivier Bousquet, Gwenaelle Castellan, Magalie Fromont, Jonas
Kahn, Béatrice Laurent, Marc Lavarde, Emilie Lebarbier, Vincent Lepez,
Frédérique Letué, Marie-Laure Martin, Bertrand Michel, Elodie Nédélec,
Patricia Reynaud, Emmanuel Rio, Marie Sauvé, Christine Tuleau, Nicolas
Verzelen, and Laurent Zwald.

In 2003, I had this wonderful opportunity to teach a course on concen-
tration inequalities and model selection at the St Flour Summer school but
before that I have taught a similar course in Orsay during several years. I am
grateful to all the students who followed this course and whose questions have
contributed to improve on the contents of my lectures.

Last but not least, I would like to thank Jean Picard for his kindness and
patience and all the people who accepted to read my first draft. Of course
the remaining mistakes or clumsy turns of phrase are entirely under my res-
ponsibility but (at least according to me) their comments and corrections
have much improved the level of readability of these notes. You have been
often too kind, sometimes pitiless and always careful and patient readers, so
many thanks to all of you: Sylvain Arlot, Yannick Baraud, Lucien Birgé, Gilles
Blanchard, Stéphane Boucheron, Laurent Cavalier, Gilles Celeux, Jonas Kahn,
Frédérique Letué, Jean-Michel Loubes, Vincent Rivoirard, and Marie Sauvé.



Abstract

Model selection is a classical topic in statistics. The idea of selecting a model
via penalizing a log-likelihood type criterion goes back to the early 1970s
with the pioneering works of Mallows and Akaike. One can find many consis-
tency results in the literature for such criteria. These results are asymptotic
in the sense that one deals with a given number of models, and the number
of observations tends to infinity. We shall give an overview of a nonasymp-
totic theory for model selection which has emerged during these last ten years.
In various contexts of function estimation it is possible to design penalized log-
likelihood type criteria with penalty terms depending not only on the number
of parameters defining each model (as for the classical criteria) but also on the
“complexity” of the whole collection of models to be considered. The perfor-
mance of such a criterion is analyzed via nonasymptotic risk bounds for the
corresponding penalized estimator which expresses that it performs almost as
well as if the “best model” (i.e., with minimal risk) were known. For practical
relevance of these methods, it is desirable to get a precise expression of the
penalty terms involved in the penalized criteria on which they are based. That
is why this approach heavily relies on concentration inequalities, the proto-
type being Talagrand’s inequality for empirical processes. Our purpose is to
give an account of the theory and discuss some selected applications such as
variable selection or change points detection.
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1

Introduction

If one observes some random variable ξ (which can be a random vector or a
random process) with unknown distribution, the basic problem of statistical
inference is to take a decision about some quantity s related to the distribu-
tion of ξ, for instance estimate s or provide a confidence set for s with a given
level of confidence. Usually, one starts from a genuine estimation procedure
for s and tries to get some idea of how far it is from the target. Since generally
speaking the exact distribution of the estimation procedure is not available,
the role of probability theory is to provide relevant approximation tools to
evaluate it. In the situation where ξ = ξ(n) depends on some parameter n (typi-
cally when ξ = (ξ1, . . . , ξn), where the variables ξ1, . . . , ξn are independent),
asymptotic theory in statistics uses limit theorems (Central Limit Theorems,
Large Deviation Principles, etc.) as approximation tools when n is large. One
of the first examples of such a result is the use of the CLT to analyze the
behavior of a maximum likelihood estimator (MLE ) on a given regular para-
metric model (independent of n) as n goes to infinity. More recently, since
the seminal works of Dudley in the 1970s, the theory of probability in Banach
spaces has deeply influenced the development of asymptotic statistics, the
main tools involved in these applications being limit theorems for empirical
processes. This led to decisive advances for the theory of asymptotic efficiency
in semiparametric models for instance and the interested reader will find
numerous results in this direction in the books by Van der Vaart and Wellner
[120] or Van der Vaart [119].

1.1 Model Selection

Designing a genuine estimation procedure requires some prior knowledge on
the unknown distribution of ξ and choosing a proper model is a major problem
for the statistician. The aim of model selection is to construct data-driven cri-
teria to select a model among a given list. We shall see that in many situations
motivated by applications such as signal analysis for instance, it is useful to



2 1 Introduction

allow the size of the models to depend on the sample size n. In these situa-
tions, classical asymptotic analysis breaks down and one needs to introduce
an alternative approach that we call nonasymptotic. By nonasymptotic, we
do not mean of course that large samples of observations are not welcome but
that the size of the models as well as the size of the list of models should
be allowed to be large when n is large in order to be able to warrant that
the statistical model is not far from the truth. When the target quantity s to
be estimated is a function, this allows in particular to consider models which
have good approximation properties at different scales and use model selec-
tion criteria to choose from the data what is the best approximating model
to be considered. In the past 20 years, the phenomenon of the concentration
of measure has received much attention mainly due to the remarkable series
of works by Talagrand which led to a variety of new powerful inequalities (see
in particular [112] and [113]). The main interesting feature of concentration
inequalities is that, unlike central limit theorems or large deviations inequali-
ties, they are indeed nonasymptotic. The major issue of this series of Lectures
is to show that these new tools of probability theory lead to a nonasymp-
totic theory for model selection and illustrate the benefits of this approach
for several functional estimation problems. The basic examples of functional
estimation frameworks that we have in mind are the following.

• Density estimation

One observes ξ1, . . . , ξn which are i.i.d. random variables with unknown
density s with respect to some given measure µ.

• Regression

One observes (X1, Y1) , . . . , (Xn, Yn) with

Yi = s (Xi) + εi, 1 ≤ i ≤ n.

One assumes the explanatory variables X1, . . . , Xn to be independent (but
nonnecessarily i.i.d.) and the regression errors ε1, . . . , εn to be i.i.d. with
E [εi | Xi] = 0. s is the so-called regression function.

• Binary classification

As in the regression setting, one still observes independent pairs

(X1, Y1) , . . . , (Xn, Yn)

but here we assume those pairs to be copies of a pair (X,Y ), where the
response variables Y take only two values, say: 0 or 1. The basic problem of
statistical learning is to estimate the so-called Bayes classifier s defined by

s (x) = 1lη(x)≥1/2

where η denotes the regression function, η (x) = E [Y | X = x] .
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• Gaussian white noise

Let s ∈ L2

(
[0, 1]d

)
. One observes the process ξ(n) on [0, 1]d defined by

dξ(n) (x) = s (x) +
1√
n
dB (x) , ξ(n) (0) = 0,

where B denotes a Brownian sheet. The level of noise ε is here written as
ε = 1/

√
n for notational convenience and in order to allow an easy comparison

with the other frameworks.
In all of the above examples, one observes some random variable ξ(n) with

unknown distribution which depends on some quantity s ∈ S to be estimated.
One can typically think of s as a function belonging to some space S which
may be infinite dimensional. For instance

• In the density framework, s is a density and S can be taken as the set of
all probability densities with respect to µ.

• In the i.i.d. regression framework, the variables ξi = (Xi, Yi) are indepen-
dent copies of a pair of random variables (X,Y ), where X takes its values
in some measurable space X . Assuming the variable Y to be square inte-
grable, the regression function s defined by s (x) = E [Y | X = x] for every
x ∈ X belongs to S = L

2 (µ), where µ denotes the distribution of X.

One of the most commonly used method to estimate s is minimum contrast
estimation.

1.1.1 Minimum Contrast Estimation

Let us consider some empirical criterion γn (based on the observation ξ(n))
such that on the set S

t → E [γn (t)]

achieves a minimum at point s. Such a criterion is called an empiricalcontrast
for the estimation of s. Given some subset S of S that we call a model, a
minimum contrastestimator ŝ of s is a minimizer of γn over S. The idea
is that, if one substitutes the empirical criterion γn to its expectation and
minimizes γn on S, there is some hope to get a sensible estimator of s, at least
if s belongs (or is close enough) to model S. This estimation method is widely
used and has been extensively studied in the asymptotic parametric setting
for which one assumes that S is a given parametric model, s belongs to S and
n is large. Probably, the most popular examples are maximum likelihood and
least squares estimation. Let us see what this gives in the above functional
estimation frameworks. In each example given below, we shall check that a
given empirical criterion is indeed an empirical contrast by showing that the
associated natural loss function

� (s, t) = E [γn (t)] − E [γn (s)] (1.1)
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is nonnegative for all t ∈ S. In the case where ξ(n) = (ξ1, . . . , ξn), we shall
define an empirical criterion γn in the following way:

γn (t) = Pn [γ (t, .)] =
1
n

n∑
i=1

γ (t, ξi) ,

so that it remains to specify for each example what is the adequate function
γ to be considered.

• Density estimation

One observes ξ1, . . . , ξn which are i.i.d. random variables with unknown
density s with respect to some given measure µ. The choice

γ (t, x) = − ln (t (x))

leads to the maximum likelihood criterion and the corresponding loss function
� is given by

� (s, t) = K (s, t) ,

where K (s, t) denotes the Kullback–Leibler information number between the
probabilities sµ and tµ, i.e.,

K (s, t) =
∫

s ln
(s
t

)

if sµ is absolutely continuous with respect to tµ and K (s, t) = +∞ otherwise.
Assuming that s ∈ L2 (µ), it is also possible to define a least squares criterion
for density estimation by setting this time

γ (t, x) = ‖t‖2 − 2t (x)

where ‖.‖ denotes the norm in L2 (µ) and the corresponding loss function � is
in this case given by

� (s, t) = ‖s− t‖2 ,

for every t ∈ L2 (µ).

• Regression

One observes (X1, Y1) , . . . , (Xn, Yn) with

Yi = s (Xi) + εi, 1 ≤ i ≤ n,

where X1, . . . , Xn are independent and ε1, . . . , εn are i.i.d. with E [εi | Xi] = 0.
Let µ be the arithmetic mean of the distributions of the variables X1, . . . , Xn,
then least squares estimation is obtained by setting for every t ∈ L2 (µ)

γ (t, (x, y)) = (y − t (x))2 ,

and the corresponding loss function � is given by

� (s, t) = ‖s− t‖2 ,

where ‖.‖ denotes the norm in L2 (µ).
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• Binary classification

One observes independent copies (X1, Y1) , . . . , (Xn, Yn) of a pair (X,Y ),
where Y takes its values in {0, 1}. We take the same value for γ as in the least
squares regression case but this time we restrict the minimization to the set S
of classifiers i.e., {0, 1}-valued measurable functions (instead of L2 (µ)). For a
function t which takes only the two values 0 and 1, we can write

1
n

n∑
i=1

(Yi − t (Xi))
2 =

1
n

n∑
i=1

1lYi �=t(Xi)

so that minimizing the least squares criterion means minimizing the num-
ber of misclassifications on the training sample (X1, Y1) , . . . , (Xn, Yn). The
corresponding minimization procedure can also be called empirical risk min-
imization (according to Vapnik’s terminology, see [121]). Setting

s (x) = 1lη(x)≥1/2

where η denotes the regression function, η (x) = E [Y | X = x], the corre-
sponding loss function � is given by

� (s, t) = P [Y �= t (X)] − P [Y �= s (X)] = E [|2η (X) − 1| |s (X) − t (X)|] .

Finally, we can consider the least squares procedure in the Gaussian white
noise framework too.

• Gaussian white noise

Recall that one observes the process ξ(n) on [0, 1]d defined by

dξ(n) (x) = s (x) +
1√
n
dB (x) , ξ(n) (0) = 0,

where W denotes a Brownian sheet. We define for every t ∈ L2

(
[0, 1]d

)

γn (t) = ‖t‖2 − 2
∫ 1

0

t (x) dξ(n) (x) ,

then the corresponding loss function � is simply given by

� (s, t) = ‖s− t‖2 .

1.1.2 The Model Choice Paradigm

The main problem which arises from minimum contrast estimation in a
parametric setting is the choice of a proper model S on which the minimum
contrast estimator is to be defined. In other words, it may be difficult to guess
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what is the right parametric model to consider in order to reflect the nature of
data from the real life and one can get into problems whenever the model S is
false in the sense that the true s is too far from S. One could then be tempted
to choose S as big as possible. Taking S as S itself or as a “huge” subset of S
is known to lead to inconsistent (see [7]) or suboptimal estimators (see [19]).
We see that choosing some model S in advance leads to some difficulties:

• If S is a “small” model (think of some parametric model, defined by 1 or
2 parameters for instance) the behavior of a minimum contrast estimator
on S is satisfactory as long as s is close enough to S but the model can
easily turn to be false.

• On the contrary, if S is a “huge” model (think of the set of all continuous
functions on [0, 1] in the regression framework for instance), the minimiza-
tion of the empirical criterion leads to a very poor estimator of s even if s
truly belongs to S.

Illustration (White Noise)

Least squares estimators (LSE) on a linear model S (i.e., minimum contrast
estimators related to the least squares criterion) can be computed explicitly.
For instance, in the white noise framework, if (φj)1≤j≤D denotes some ortho-
normal basis of the D-dimensional linear space S, the LSE can be expressed
as

ŝ =
D∑
j=1

(∫ 1

0

φj (x) dξ(n) (x)
)
φj .

Since for every 1 ≤ j ≤ D

∫ 1

0

φj (x) dξ(n) (x) =
∫ 1

0

φj (x) s (x) dx +
1√
n
ηj ,

where the variables η1, . . . , ηD are i.i.d. standard normal variables, the quad-
ratic risk of ŝ can be easily computed. One indeed has

E

[
‖s− ŝ‖2

]
= d2 (s, S) +

D

n
.

This formula for the quadratic risk perfectly reflects the model choice para-
digm since if one wants to choose a model in such a way that the risk of the
resulting least square estimator is small, we have to warrant that the bias term
d2 (s, S) and the variance term D/n are small simultaneously. It is therefore
interesting to consider a family of models instead of a single one and try to
select some appropriate model among the family. More precisely, if (Sm)m∈M

is a list of finite dimensional subspaces of L2

(
[0, 1]d

)
and (ŝm)m∈M be the

corresponding list of least square estimators, an ideal model should minimize
E

[
‖s− ŝm‖2

]
with respect to m ∈ M. Of course, since we do not know the
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bias term, the quadratic risk cannot be used as a model choice criterion but
just as a benchmark.

More generally if we consider some empirical contrast γn and some (at most
countable and usually finite) collection of models (Sm)m∈M, let us represent
each model Sm by the minimum contrast estimator ŝm related to γn. The pur-
pose is to select the “best” estimator among the collection (ŝm)m∈M. Ideally,
one would like to consider m (s) minimizing the risk E [� (s, ŝm)] with respect
to m ∈ M. The minimum contrast estimator ŝm(s) on the corresponding
model Sm(s) is called an oracle (according to the terminology introduced by
Donoho and Johnstone, see [47] for instance). Unfortunately, since the risk
depends on the unknown parameter s, so does m (s) and the oracle is not an
estimator of s. However, the risk of an oracle can serve as a benchmark which
will be useful in order to evaluate the performance of any data driven selection
procedure among the collection of estimators (ŝm)m∈M. Note that this notion
is different from the notion of true model. In other words, if s belongs to some
model Sm0 , this does not necessarily imply that ŝm0 is an oracle. The idea
is now to consider data-driven criteria to select an estimator which tends to
mimic an oracle, i.e., one would like the risk of the selected estimator ŝ

m̂
to

be as close as possible to the risk of an oracle.

1.1.3 Model Selection via Penalization

Let us describe the method. The model selection via penalization procedure
consists in considering some proper penalty function pen: M → R+ and take
m̂ minimizing the penalized criterion

γn (ŝm) + pen (m)

over M. We can then define the selected model S
m̂

and the selected estimator
ŝ
m̂

.
This method is definitely not new. Penalized criteria have been proposed

in the early 1970s by Akaike (see [2]) for penalized log-likelihood in the den-
sity estimation framework and Mallows for penalized least squares regression
(see [41] and [84]), where the variance σ2 of the errors of the regression frame-
work is assumed to be known for the sake of simplicity. In both cases the
penalty functions are proportional to the number of parameters Dm of the
corresponding model Sm

• Akaike : Dm/n
• Mallows’ Cp : 2Dmσ2/n.

Akaike’s heuristics leading to the choice of the penalty function Dm/n
heavily relies on the assumption that the dimensions and the number of the
models are bounded with respect to n and n tends to infinity.

Let us give a simple motivating example for which those assumptions are
clearly not satisfied.
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A Case Example: Change Points Detection

Change points detection on the mean is indeed a typical example for which
these criteria are known to fail. A noisy signal ξj is observed at each time j/n
on [0, 1]. We consider the fixed design regression framework

ξj = s (j/n) + εj , 1 ≤ j ≤ n

where the errors are i.i.d. centered random variables. Detecting change points
on the mean amounts to select the “best” piecewise constant estimator of the
true signal s on some arbitrary partition m with endpoints on the regular
grid {j/n, 0 ≤ j ≤ n}. Defining Sm as the linear space of piecewise constant
functions on partition m, this means that we have to select a model among the
family (Sm)m∈M, where M denotes the collection of all possible partitions
by intervals with end points on the grid. Then, the number of models with
dimension D, i.e., the number of partitions with D pieces is equal to

(
n−1
D−1

)
which grows polynomially with respect to n.

The Nonasymptotic Approach

The approach to model selection via penalization that we have developed (see
for instance the seminal papers [20] and [12]) differs from the usual parametric
asymptotic approach in the sense that:

• The number as well as the dimensions of the models may depend on n.
• One can choose a list of models because of its approximation proper-

ties: wavelet expansions, trigonometric or piecewise polynomials, artificial
neural networks etc.

It may perfectly happen that many models in the list have the same
dimension and in our view, the “complexity” of the list of models is typically
taken into account via the choice of the penalty function of the form

(C1 + C2Lm)
Dm

n

where the weights Lm satisfy the restriction
∑
m∈M

e−LmDm ≤ 1

and C1 and C2 do not depend on n.
As we shall see, concentration inequalities are deeply involved both in the

construction of the penalized criteria and in the study of the performance of
the resulting penalized estimator ŝ

m̂
.
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The Role of Concentration Inequalities

Our approach can be described as follows. We take as a loss function the
nonnegative quantity � (s, t) and recall that our aim is to mimic the oracle,
i.e., minimize E [� (s, ŝm)] over m ∈ M.

Let us introduce the centered empirical process

γn (t) = γn (t) − E [γn (t)] .

By definition a penalized estimator ŝ
m̂

satisfies for every m ∈ M and any
point sm ∈ Sm

γn
(
ŝ
m̂

)
+ pen (m̂) ≤ γn (ŝm) + pen (m)

≤ γn (sm) + pen (m)

or, equivalently if we substitute γn (t) + E [γn (t)] to γn (t)

γn
(
ŝ
m̂

)
+ pen (m̂) + E

[
γn

(
ŝ
m̂

)]
≤ γn (sm) + pen (m) + E [γn (sm)] .

Subtracting E [γn (s)] on each side of this inequality finally leads to the
following important bound

�
(
s, ŝ

m̂

)
≤ � (s, sm) + pen (m)

+ γn (sm) − γn
(
ŝ
m̂

)
− pen (m̂) .

Hence, the penalty should be

• heavy enough to annihilate the fluctuations of γn (sm) − γn
(
ŝ
m̂

)
;

• but not too large since ideally we would like that � (s, sm) + pen (m) ≤
E [� (s, ŝm)].

Therefore, we see that an accurate calibration of the penalty should rely
on a sharp evaluation of the fluctuations of γn (sm)−γn

(
ŝ
m̂

)
. This is precisely

why we need local concentration inequalities in order to analyze the uniform
deviation of γn (u)− γn (t) when t is close to u and belongs to a given model.
In other words, the key is to get a good control of the supremum of some
conveniently weighted empirical process

γn (u) − γn (t)
a (u, t)

, t ∈ Sm′ .

The prototype of such bounds is by now the classical Gaussian concen-
tration inequality to be proved in Chapter 3 and Talagrand’s inequality for
empirical processes to be proved in Chapter 5 in the non-Gaussian case.
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1.2 Concentration Inequalities

More generally, the problem that we shall deal with is the following. Given
independent random variables X1, . . . , Xn taking their values in Xn and some
functional ζ : Xn → R, we want to study the concentration property of
Z = ζ (X1, . . . , Xn) around its expectation. In the applications that we have
in view the useful results are sub-Gaussian inequalities. We have in mind to
prove inequalities of the following type

P [Z − E [Z] ≥ x] ≤ exp
(
−x2

2v

)
, for 0 ≤ x ≤ x0, (1.2)

and analogous bounds on the left tail.
Ideally, one would like that v = Var (Z) and x0 = ∞. More reasonably, we

shall content ourselves with bounds for which v is a “good” upper bound for
Var (Z) and x0 is an explicit function of n and v.

1.2.1 The Gaussian Concentration Inequality

In the Gaussian case, this program can be fruitfully completed. We shall
indeed see in Chapter 3 that whenever Xn=R

n is equipped with the canonical
Euclidean norm, X1, . . . , Xn are i.i.d. standard normal and ζ is assumed to
be Lipschitz, i.e.,

|ζ (y) − ζ (y′)| ≤ L ‖y − y′‖ , for every y, y′ in R
n

then, on the one hand Var (Z) ≤ L2 and on the other hand the Cirelson–
Ibragimov–Sudakov inequality ensures that

P [Z − E [Z] ≥ x] ≤ exp
(
− x2

2L2

)
, for all x ≥ 0.

The remarkable feature of this inequality is that its dependency with respect
to the dimension n is entirely contained in the expectation E [Z]. Extending
this result to more general situations is not so easy. It is in particular unclear to
know what kind of regularity conditions should be required on the functional ζ.
A Lipschitz type condition with respect to the Hamming distance could seem
to be a rather natural and attractive candidate. It indeed leads to interesting
results as we shall see in Chapter 5. More precisely, if d denotes Hamming
distance on Xn defined by

d (y, y′) =
n∑
i=1

1lyi �=y′i , for all y, y′ in Xn

and ζ is assumed to be Lipschitz with respect to d

|ζ (y) − ζ (y′)| ≤ Ld (y, y′) , for all y, y′ in Xn (1.3)
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then it can be proved that

P [Z − E [Z] ≥ x] ≤ exp
(
− 2x2

nL2

)
, for all x ≥ 0.

Let us now come back to the functional which naturally emerges from the
study of penalized model selection criteria.

1.2.2 Suprema of Empirical Processes

Let us assume T to be countable in order to avoid any measurability problem.
The supremum of an empirical process of the form

Z = sup
t∈T

n∑
i=1

ft (Xi)

provides an important example of a functional of independent variables both
for theory and applications. Assuming that supt∈T ‖ft‖∞ ≤ 1 ensures that
the mapping

ζ : y → sup
t∈T

n∑
i=1

ft (yi)

satisfies the Lipschitz condition (1.3) with respect to the Hamming distance
d with L = 2 and therefore

P [Z − E [Z] ≥ x] ≤ exp
(
−x2

2n

)
, for all x ≥ 0. (1.4)

However, it may happen that the variables ft (Xi) have a “small” variance
uniformly with respect to t and i. In this case, one would expect a better
variance factor in the exponential bound but obviously Lipschitz’s condition
with respect to Hamming distance alone cannot lead to such an improvement.

In other words Lipschitz property is not sharp enough to capture the
local behavior of empirical processes which lies at the heart of our analysis of
penalized criteria for model selection. It is the merit of Talagrand’s inequality
for empirical processes to provide an improved version of (1.4) which will turn
to be an efficient tool for analyzing the uniform increments of an empirical
process as expected.

It will be one of the main goals of Chapter 5 to prove the following version
of Talagrand’s inequality. Under the assumption that supt∈T ‖ft‖∞ ≤ 1, there
exists some absolute positive constant η such that

P [Z − E [Z] ≥ x] ≤ exp
(
−η

(
x2

E [W ]
∧ x

))
, (1.5)

where W = supt∈T
∑n
i=1 f

2
t (Xi). Note that (1.5) a fortiori implies some sub-

Gaussian inequality of type (1.2) with v = E [W ] / (2η) and x0 =
√

E [W ].
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1.2.3 The Entropy Method

Building upon the pioneering works of Marton (see [87]) on the one hand
and Ledoux (see [77]) on the other hand, we shall systematically derive con-
centration inequalities from information theoretic arguments. The elements
of information theory that we shall need will be presented in Chapter 2 and
used in Chapter 5. One of the main tools that we shall use is the duality
formula for entropy. Interestingly, we shall see how this formula also leads to
statistical minimax lower bounds. Our goal will be to provide a simple proof
of Talagrand’s inequality for empirical processes and extend it to more gen-
eral functional of independent variables. The starting point for our analysis is
Efron–Stein’s inequality. Let X ′ = X

′
1, . . . , X

′
n be some independent copy of

X = X1, . . . , Xn and define

Z ′
i = ζ (X1, . . . , Xi−1,X

′
i,Xi+1, . . . , Xn) .

Setting

V + =
n∑
i=1

E

[
(Z − Z ′

i)
2
+ | X

]
,

Efron–Stein’s inequality (see [59]) ensures that

Var (Z) ≤ E
[
V +

]
. (1.6)

Let us come back to empirical processes and focus on centered empirical
processes for the sake of simplicity. This means that we assume the vari-
ables Xi to be i.i.d. and E [ft (X1)] = 0 for every t ∈ T . We also assume T to
be finite and consider the supremum of the empirical process

Z = sup
t∈T

n∑
i=1

ft (Xi) ,

so that for every i

Z ′
i = sup

t∈T

⎡
⎣
⎛
⎝

n∑
j �=i

ft (Xj)

⎞
⎠ + ft (X ′

i)

⎤
⎦ .

Taking t∗ such that supt∈T
∑n
j=1 ft (Xj) =

∑n
j=1 ft∗ (Xj), we have for every

i ∈ [1, n]
Z − Z ′

i ≤ ft∗ (Xi) − ft∗ (X ′
i)

which yields
(Z − Z ′

i)
2
+ ≤ (ft∗ (Xi) − ft∗ (X ′

i))
2

and therefore by independence of X ′
i from X we derive from the centering

assumption E

[
ft

(
X

′
i

)]
= 0 that
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E

[
(Z − Z ′

i)
2
+ | X

]
≤ f2

t∗ (Xi) + E
[
f2
t∗ (X ′

i)
]

.

Hence, we deduce from Efron–Stein’s inequality that

Var (Z) ≤ 2E [W ] ,

where W = supt∈T
∑n
i=1 f

2
t (Xi).

The conclusion is therefore that the variance factor appearing in
Talagrand’s inequality turns out to be the upper bound which derives from
Efron–Stein’s inequality. The main guideline that we shall follow in Chapter 5
is that, more generally, the adequate variance factor v to be considered in
(1.2) is (up to some absolute constant) the upper bound for the variance of Z
provided by Efron–Stein’s inequality.



2

Exponential and Information Inequalities

A general method for establishing exponential inequalities consists in control-
ling the moment generating function of a random variable and then minimize
the upper probability bound resulting from Markov’s inequality. Though
elementary, this classical method, known as Cramér–Chernoff’s method, turns
out to be very powerful and surprisingly sharp. In particular it will describe
how a random variable Z concentrates around its mean E [Z] by providing an
upper bound for the probability

P [|Z − E [Z]| ≥ x] ,

for every positive x. Since this probability is equal to

P [Z − E [Z] ≥ x] + P [E [Z] − Z ≥ x] ,

considering either Z̃ = Z − E [Z] or Z̃ = E [Z] − Z, we can mainly focus on
exponential bounds for P [Z ≥ x] where Z is a centered random variable.

2.1 The Cramér–Chernoff Method

Let Z be a real valued random variable. We derive from Markov’s inequality
that for all positive λ and any real number x

P [Z ≥ x] = P
[
eλZ ≥ eλx

]
≤ E

[
eλZ

]
e−λx.

So that, defining the log-moment generating function as

ψZ (λ) = ln
(
E
[
eλZ

])
for all λ ∈ R+

and
ψ∗
Z (x) = sup

λ∈R+

(λx− ψZ (λ)) , (2.1)
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we derive Chernoff’s inequality

P [Z ≥ x] ≤ exp (−ψ∗
Z (x)) . (2.2)

The function ψ∗
Z is called the Cramér transform of Z. Since ψZ (0) = 0, ψ∗

Z is
at least a nonnegative function. Assuming Z to be integrable Jensen’s inequal-
ity warrants that ψZ (λ) ≥ λE [Z] and therefore supλ<0 (λx− ψZ (λ)) ≤ 0
whenever x ≥ E [Z]. Hence one can also write the Cramér transform as

ψ∗
Z (x) = sup

λ∈R

(λx− ψZ (λ)) .

This means that at every point x ≥ E [Z], ψ∗
Z (x) coincides with the Fenchel–

Legendre dual function of ψZ .
Of course Chernoff’s inequality can be trivial if ψ∗

Z (x) = 0. This is indeed
the case whenever ψZ (λ) = +∞ for all positive λ or if x ≤ E [Z] (using
again the lower bound ψZ (λ) ≥ λE [Z]). Let us therefore assume the set of all
positive λ such that E

[
eλZ

]
is finite to be nonvoid and consider its supremum

b, with 0 < b ≤ +∞. Note then, that Hölder’s inequality warrants that this
set is an interval with left end point equal to 0. Let us denote by I the set of
its interior points, I = (0, b). Then ψZ is convex (strictly convex whenever Z
is not almost surely constant) and infinitely many times differentiable on I.

The case where Z is a centered random variable is of special interest. In
such a case ψZ is continuously differentiable on [0, b) with ψ′

Z (0) = ψZ (0) = 0
and we can also write the Cramér transform as ψ∗

Z (x) = supλ∈I λx− ψZ (λ).
A useful property of the Cramér transform can be derived from the following
result.

Lemma 2.1 Let ψ be some convex and continuously differentiable function
on [0, b) with 0 < b ≤ +∞. Assume that ψ (0) = ψ′ (0) = 0 and set, for every
x ≥ 0,

ψ∗ (x) = sup
λ∈(0,b)

(λx− ψ (λ)) .

Then ψ∗ is a nonnegative convex and nondecreasing function on R+. More-
over, for every t ≥ 0, the set {x ≥ 0 : ψ∗ (x) > t} is nonvoid and the general-
ized inverse of ψ∗ at point t, defined by

ψ∗−1 (t) = inf {x ≥ 0 : ψ∗ (x) > t} ,

can also be written as

ψ∗−1 (t) = inf
λ∈(0,b)

[
t + ψ (λ)

λ

]
.

Proof. By definition, ψ∗ is the supremum of convex and nondecreasing
functions on R+ and ψ∗ (0) = 0, hence ψ∗ is a nonnegative, convex, and nonde-
creasing function on R+. Moreover, given λ ∈ (0, b), since ψ∗ (x) ≥ λx−ψ (λ),
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ψ∗ is unbounded which shows that for every t ≥ 0, the set {x ≥ 0 : ψ∗ (x) > t}
is nonvoid. Let

u = inf
λ∈(0,b)

[
t + ψ (λ)

λ

]
,

then, for every x ≥ 0, the following property holds: u ≥ x if and only if for
every λ ∈ (0, b)

t + ψ (λ)
λ

≥ x.

Since the latter inequality also means that t ≥ ψ∗ (x), we derive that
{x ≥ 0 : ψ∗ (x) > t} = (u,+∞). This proves that u = ψ∗−1 (t) by definition
of ψ∗−1.

A Maximal Inequality

Let us derive as a first consequence of the above property some control of the
expectation of the supremum of a finite family of exponentially integrable vari-
ables that will turn to be useful for developing the so-called chaining argument
for Gaussian or empirical processes. We need to introduce a notation.

Definition 2.2 If A is a measurable set with P [A] > 0 and Z is integrable,
we set E

A [Z] = E [Z1lA] /P [A].

The proof of Lemma 2.3 is based on an argument used by Pisier in [100] to
control the expectation of the supremum of variables belonging to some Orlicz
space. For exponentially integrable variables it is furthermore possible to opti-
mize Pisier’s argument with respect to the parameter involved in the definition
of the moment generating function. This is exactly what is performed below.

Lemma 2.3 Let {Z (t) , t ∈ T} be a finite family of real valued random vari-
ables. Let ψ be some convex and continuously differentiable function on [0, b)
with 0 < b ≤ +∞, such that ψ (0) = ψ′ (0) = 0. Assume that for every
λ ∈ (0, b) and t ∈ T , ψZ(t) (λ) ≤ ψ (λ). Then, using the notations of Lemma
2.1 and Definition 2.2, for any measurable set A with P [A] > 0 we have

E
A

[
sup
t∈T

Z (t)
]
≤ ψ∗−1

(
ln
(

|T |
P [A]

))
.

In particular, if one assumes that for some nonnegative number σ, ψ (λ) =
λ2σ2/2 for every λ ∈ (0,+∞), then

E
A

[
sup
t∈T

Z (t)
]
≤ σ

√
2 ln

(
|T |

P [A]

)
≤ σ

√
2 ln (|T |) + σ

√
2 ln

(
1

P [A]

)
. (2.3)

Proof. Setting x = E
A [supt∈T Z (t)], we have by Jensen’s inequality

exp (λx) ≤ E
A

[
exp

(
λ sup
t∈T

Z (t)
)]

= E
A

[
sup
t∈T

exp (λZ (t))
]

,
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for any λ ∈ (0, b). Hence, recalling that ψZ(t) (λ) = ln E [exp (λZ (t))],

exp (λx) ≤
∑
t∈T

E
A [exp (λZ (t))] ≤ |T |

P [A]
exp (ψ (λ)) .

Therefore for any λ ∈ (0, b), we have

λx− ψ (λ) ≤ ln
(

|T |
P [A]

)
,

which means that

x ≤ inf
λ∈(0,b)

[
ln (|T | /P [A]) + ψ (λ)

λ

]

and the result follows from Lemma 2.1.
The case where the variables are sub-Gaussian is of special interest and

(2.3) a fortiori holds for centered Gaussian variables {Z (t), t ∈ T} with
σ2 = supt∈T E [Z (t)]. It is worth noticing that Lemma 2.3 provides a con-
trol of supt∈T Z (t) in expectation by choosing A = Ω. But it also implies an
exponential inequality by using a device which is used repeatedly in the book
by Ledoux and Talagrand [79].

Lemma 2.4 Let Z be some real valued integrable variable and ϕ be some inc-
reasing function ϕ on R+ such that for every measurable set A with P [A] > 0,
E
A [Z] ≤ ϕ (ln (1/P [A])). Then, for any positive x

P [Z ≥ ϕ (x)] ≤ e−x.

Proof. Just take A = (Z ≥ ϕ (x)) and apply Markov’s inequality which yields

ϕ (x) ≤ E
A [Z] ≤ ϕ

(
ln
(

1
P [A]

))
.

Therefore x ≤ ln (1/P [A]), hence the result.
Taking ψ as in Lemma 2.3 and assuming furthermore that ψ is strictly

convex warrants that the generalized inverse ψ∗−1 of ψ∗ is a usual inverse
(i.e., ψ

(
ψ∗−1 (x)

)
= x). Hence, combining Lemma 2.3 with Lemma 2.4 implies

that, under the assumptions of Lemma 2.3, we derive that for every positive
number x

P

[
sup
t∈T

Z (t) ≥ ψ∗−1 (ln (|T |) + x)
]
≤ e−x,

or equivalently that

P

[
sup
t∈T

Z (t) ≥ z

]
≤ |T | e−ψ∗(z)

for all positive z. Of course this inequality could obviously be obtained by a
direct application of Chernoff’s inequality and a union bound. The interesting
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point here is that Lemma 2.3 is sharp enough to recover it without any loss, the
advantage being that the formulation in terms of conditional expectation is
very convenient for forthcoming chaining arguments on Gaussian or empirical
processes because of the linearity of the conditional expectation (see Chapter 3
and Chapter 6).

Computation of the Cramér Transform

Let us set ψ′
Z (I) = (0, B), with 0 < B ≤ +∞, then ψ′

Z admits an increasing
inverse (ψ′

Z)−1on (0, B) and the Cramértransform can be computed on (0, B)
via the following formula. For any x ∈ (0, B)

ψ∗
Z (x) = λxx− ψZ (λx) with λx = (ψ′

Z)−1 (x) .

Let us use this formula to compute the Cramér transform explicitly in three
illustrative cases.

(i) Let Z be a centered Gaussian variable with variance σ2. Then

ψZ (λ) = λ2σ2/2, λx = x/σ2

and therefore for every positive x

ψ∗
Z (x) =

x2

2σ2
. (2.4)

Hence, Chernoff’s inequality (2.2) yields for all positive x

P [Z ≥ x] ≤ exp
(
− x2

2σ2

)
. (2.5)

It is an easy exercise to prove that

sup
x>0

(
P [Z ≥ x] exp

(
x2

2σ2

))
=

1
2

.

This shows that inequality (2.5) is quite sharp since it can be uniformly im-
proved only within a factor 1/2.

(ii) Let Y be a Poisson random variable with parameter v and Z = Y − v.
Then

ψZ (λ) = v
(
eλ − λ− 1

)
, λx = ln

(
1 +

x

v

)
(2.6)

and therefore for every positive x

ψ∗
Z (x) = vh

(x
v

)
(2.7)

where h (u) = (1 + u) ln (1 + u) − u for all u ≥ −1. Similarly for every x ≤ v

ψ∗
−Z (x) = vh

(
−x

v

)
.
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(iii) Let X be a Bernoulli random variable with probability of success p
and Z = X − p. Then if 0 < x < 1 − p

ψZ (λ) = ln
(
peλ + 1 − p

)
− λp, λx = ln

(
(1 − p) (p + x)
p (1 − p− x)

)

and therefore for every x ∈ (0, 1 − p)

ψ∗
Z (x) = (1 − p− x) ln

(
(1 − p− x)

(1 − p)

)
+ (p + x) ln

(
p + x

p

)

or equivalently, setting a = x + p, for every a ∈ (p, 1), ψ∗
X (a) = hp (a) where

hp (a) = (1 − a) ln
(

(1 − a)
(1 − p)

)
+ a ln

(
a

p

)
. (2.8)

From the last computation we may derive the following classical combina-
torial result which will turn to be useful in the sequel.

Proposition 2.5 For all integers D and n with 1 ≤ D ≤ n, the following
inequality holds

D∑
j=0

(
n

j

)
≤
(en
D

)D
. (2.9)

Proof. The right-hand side of (2.9) being increasing with respect to D, it is
larger than (√

2e
)n

> 2n

whenever D ≥ n/2 and therefore (2.9) is trivial in this case. Assuming now
that D < n/2, we consider some random variable S following the binomial
distribution Bin (n, 1/2). Then for every a ∈ (1/2, 1)

ψ∗
S (a) = nh1/2 (a)

where h1/2 is given by (2.8). We notice that for all x ∈ (0, 1/2)

h1/2 (1 − x) = ln (2) + x− x ln (x) + h (−x) ,

where h is the function defined in (ii) above. Hence, since h is nonnegative,

h1/2 (1 − x) ≥ ln (2) − x + x ln (x)

and setting x = D/n, Chernoff’s inequality implies that

D∑
j=0

(
n

j

)
= 2nP [Sn ≥ n−D] ≤ exp

(
−n

(
− ln (2) + h1/2 (1 − x)

))

≤ exp (n (x− x ln (x)))

which is exactly (2.9).
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We now turn to classical exponential bounds for sums of independent
random variables.

2.2 Sums of Independent Random Variables

The Cramér-Chernoff method is especially relevant for the study of sums of in-
dependent random variables. Indeed if X1, . . . , Xn are independent integrable
random variables such that for some nonempty interval I, eλXi is integrable
for all i ≤ n and all λ ∈ I, then defining

S =
n∑
i=1

(Xi − E [Xi]) ,

the independence assumption implies that for all λ ∈ I

ψS (λ) =
n∑
i=1

(
ln E

[
eλ(Xi−E[Xi])

])
. (2.10)

This identity can be used under various integrability assumptions on the
variables Xi to derive sub-Gaussian type inequalities. We begin with maybe
the simplest one which is due to Hoeffding (see [68]).

2.2.1 Hoeffding’s Inequality

Hoeffding’s inequality is a straightforward consequence of the following
lemma.

Lemma 2.6 (Hoeffding’s lemma) Let Y be some centered random variable
with values in [a, b]. Then for every real number λ,

ψY (λ) ≤ (b− a)2 λ2

8
.

Proof. We first notice that whatever the distribution of Y we have
∣∣∣∣Y − (b + a)

2

∣∣∣∣ ≤
(b− a)

2

and therefore

Var (Y ) = Var (Y − (b + a) /2) ≤ (b− a)2

4
. (2.11)

Now let P denote the distribution of Y and let Pλ be the probability distri-
bution with density

x → e−ψY (λ)eλx
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with respect to P . Since Pλ is concentrated on [a, b], we know that inequality
2.11 holds true for a random variable Z with distribution Pλ. Hence, we have
by an elementary computation

ψ′′
Y (λ) = e−ψY (λ)

E
[
Y 2eλY

]
− e−2ψY (λ)

(
E
[
Y eλY

])2

= Var (Z) ≤ (b− a)2

4
.

The result follows by integration of this inequality, noticing that ψY (0) =
ψ′
Y (0) = 0

So, if the variable Xi takes its values in [ai, bi], for all i ≤ n, we get from
(2.10) and Lemma 2.6

ψS (λ) ≤ λ2

8

n∑
i=1

(bi − ai)
2

which via (2.4) and Chernoff’s inequality implies Hoeffding’s inequality that
can be stated as follows.

Proposition 2.7 (Hoeffding’s inequality) Let X1, . . . , Xn be independent
random variables such that Xi takes its values in [ai, bi] almost surely for all
i ≤ n. Let

S =
n∑
i=1

(Xi − E [Xi]) ,

then for any positive x, we have

P [S ≥ x] ≤ exp

(
− 2x2

∑n
i=1 (bi − ai)

2

)
. (2.12)

It is especially interesting to apply this inequality to variables Xi of the
form Xi = εiαi where ε1, . . . , εn are independent and centered random vari-
ables with |εi| ≤ 1 for all i ≤ n and α1, . . . , αn are real numbers. Hoeffding’s
inequality becomes

P [S ≥ x] ≤ exp
(
− x2

2
∑n
i=1 α

2
i

)
. (2.13)

In particular, for Rademacher random variables, that is when the εi are
identically distributed with P (ε1 = 1) = P (ε1 = −1) = 1/2, then the variance
of S is exactly equal to

∑n
i=1 α

2
i and inequality (2.13) is really a sub-Gaussian

inequality.
Generally speaking however, Hoeffding’s inequality cannot be considered

as a sub-Gaussian inequality since the variance of S may be much smaller
than

∑n
i=1 (bi − ai)

2. This is the reason why some other bounds are needed.
To establish Bennett’s or Bernstein’s inequality below one starts again from
(2.10) and writes it as
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ψS (λ) =
n∑
i=1

(
ln E

[
eλXi

]
− λE [Xi]

)
.

Using the inequality ln (u) ≤ u− 1 which holds for all positive u one gets

ψS (λ) ≤
n∑
i=1

E
[
eλXi − λXi − 1

]
. (2.14)

We shall use this inequality under two different integrability assumptions on
the variables Xi.

2.2.2 Bennett’s Inequality

We begin with sums of bounded variables for which we prove Bennett’s
inequality (see [15]).

Proposition 2.8 (Bennett’s inequality) Let X1, . . . , Xn be independent
and square integrable random variables such that for some nonnegative
constant b, Xi ≤ b almost surely for all i ≤ n. Let

S =
n∑
i=1

(Xi − E [Xi])

and v =
∑n
i=1 E

(
X2
i

)
. Then for any positive x, we have

P [S ≥ x] ≤ exp
(
− v

b2
h

(
bx

v

))
(2.15)

where h (u) = (1 + u) ln (1 + u) − u for all positive u.

Proof. By homogeneity we can assume that b = 1. Setting φ (u) = eu−u− 1
for all real number u, we note that the function u → u−2φ (u) is nondecreasing.
Hence for all i ≤ n and all positive λ

eλXi − λXi − 1 ≤ X2
i

(
eλ − λ− 1

)

which, taking expectations, yields

E
[
eλXi

]
− λE [Xi] − 1 ≤ E

[
X2
i

]
φ (λ) .

Summing up these inequalities we get via (2.14)

ψS (λ) ≤ vφ (λ) .

According to the above computations on Poisson variables, this means that
because of identity (2.6), the moment generatingfunction of S is not larger
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than that of a centered Poisson variable with parameter v and therefore (2.7)
yields

ψ∗
S (x) ≥ vh

(x
v

)

which proves the proposition via Chernoff’s inequality (2.2).

Comment. It is easy to prove that

h (u) ≥ u2

2(1 + u/3)

which immediately yields

P [S ≥ x] ≤ exp
(
− x2

2(v + bx/3)

)
. (2.16)

The latter inequality is known as Bernstein’s inequality. For large values of
x as compared to v/b, it looses some logarithmic factor in the exponent with
respect to Bennett’s inequality. On the contrary, when v/b remains moderate
Bennett’s and Bernstein’s inequality are almost equivalent and both provide
a sub-Gaussian type inequality.

A natural question is then: does Bernstein’s inequality hold under a weaker
assumption than boundedness? Fortunately the answer is positive under
appropriate moment assumptions and this refinement with respect to bound-
edness will be of considerable interest for the forthcoming study of MLEs.

2.2.3 Bernstein’s Inequality

Bernstein’s inequality for unbounded variables can be found in [117]. We begin
with a statement which does not seem to be very well known (see [21]) but
which is very convenient to use and implies the classical form of Bernstein’s
inequality.

Proposition 2.9 (Bernstein’s inequality) Let X1, . . . , Xn be independent
real valued random variables. Assume that there exists some positive numbers
v and c such that

n∑
i=1

E
[
X2
i

]
≤ v (2.17)

and for all integers k ≥ 3

n∑
i=1

E

[
(Xi)

k
+

]
≤ k!

2
vck−2. (2.18)

Let S =
∑n
i=1 (Xi − E [Xi]), then for every positive x

ψ∗
S (x) ≥ v

c2
h1

(cx
v

)
, (2.19)
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where
h1 (u) = 1 + u−

√
1 + 2u for all positive u.

In particular for every positive x

P

[
S ≥

√
2vx + cx

]
≤ exp (−x) . (2.20)

Proof. We consider again the function φ (u) = eu − u− 1 and notice that

φ (u) ≤ u2

2
whenever u ≤ 0.

Hence for any positive λ, we have for all i ≤ n

φ (λXi) ≤
λ2X2

i

2
+

∞∑
k=3

λk (Xi)
k
+

k!

which implies by the monotone convergence Theorem

E [φ (λXi)] ≤
λ2

E
[
X2
i

]
2

+
∞∑
k=3

λkE
[
(Xi)

k
+

]

k!

and therefore by assumptions (2.17) and (2.18)

n∑
i=1

E [φ (λXi)] ≤
v

2

∞∑
k=2

λkck−2.

This proves on the one hand that for any λ ∈ (0, 1/c), eλXi is integrable for
all i ≤ n and on the other hand using inequality (2.14), that we have for all
λ ∈ (0, 1/c)

ψS (λ) ≤
n∑
i=1

E [φ (λXi)] ≤
vλ2

2 (1 − cλ)
. (2.21)

Therefore

ψ∗
S (x) ≥ sup

λ∈(0,1/c)

(
xλ− λ2v

2 (1 − cλ)

)
.

Now it follows from elementary computations that

sup
λ∈(0,1/c)

(
xλ− λ2v

2 (1 − cλ)

)
=

v

c2
h1

(cx
v

)

which yields inequality (2.19). Since h1 is an increasing mapping from (0,∞)
onto (0,∞) with inverse function h−1

1 (u) = u +
√

2u for u > 0, inequality
(2.20) follows easily via Chernoff’s inequality (2.2).
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Corollary 2.10 Let X1, . . . , Xn be independent real valued random variables.
Assume that there exist positive numbers v and c such that (2.17) and (2.18)
hold for all integers k ≥ 3. Let S=

∑n
i=1 (Xi − E [Xi]), then for any positive x,

we have

P [S ≥ x] ≤ exp
(
− x2

2 (v + cx)

)
(2.22)

Proof. We notice that for all positive u

h1 (u) ≥ u2

2 (1 + u)
.

So, it follows from (2.19) that

ψ∗
S (x) ≥ x2

2 (v + cx)

which yields the result via Chernoff’s inequality (2.2).

Comment. The usual assumption for getting Bernstein’s inequality involves
a control of the absolute moments of the variables Xi instead of their positive
part as in the above statement. This refinement has been suggested to us by
Emmanuel Rio. Thanks to this refined statement we can exactly recover (2.16)
from Corollary 2.10. Indeed if the variables X1, . . . , Xn are independent and
such that for all i ≤ n, Xi ≤ b almost surely, then assumptions (2.17) and
(2.18) hold with

v =
n∑
i=1

E
[
X2
i

]
and c = b/3

so that Proposition 2.9 and Corollary 2.10 apply. This means in particular
that inequality (2.22) holds and it is worth noticing that, in this case (2.22)
writes exactly as (2.16).

By applying Proposition 2.9 to the variables −Xi one easily derives from
(2.20) that under the moment condition (2.18) the following concentration
inequality holds for all positive x

P

[
|S| ≥

√
2vx + cx

]
≤ 2 exp (−x) (2.23)

(with c = b/3 whenever the variables |Xi|’s are bounded by b) and a fortiori
by inequality (2.22) of Corollary 2.10

P [|S| ≥ x] ≤ 2 exp
(
− x2

2 (v + cx)

)
. (2.24)

This inequality expresses how
∑n
i=1 Xi concentrates around its expectation.

Of course similar concentration inequalities could be obtained from Hoeffding’s
inequality or Bennett’s inequality as well. It is one of the main tasks of the
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next chapters to extend these deviation or concentration inequalities to much
more general functionals of independent random variables which will include
norms of sums of independent infinite dimensional random vectors. For these
functionals, the moment generating function is not easily directly computable
since it is no longer additive and we will rather deal with entropy which is
naturally subadditive for product probability measures (see the tensorization
inequality below). This property of entropy will be the key to derive most of
the concentration inequalities that we shall encounter in the sequel.

2.3 Basic Information Inequalities

The purpose of this section is to establish simple but clever information
inequalities. They will turn to be surprisingly powerful and we shall use them
to prove concentration inequalities as well as minimax lower bounds for sta-
tistical estimation problems. Here and in the sequel we need to use some
elementary properties of entropy that are recorded below.

Definition 2.11 Let Φ denote the function defined on R+ by

Φ (u) = u ln (u) .

Let (Ω,A) be some measurable space. For any nonnegative random variable
Y on (Ω,A) and any probability measure P such that Y is P -integrable, we
define the entropy of Y with respect to P by

EntP [Y ] = EP [Φ (Y )] − Φ (EP [Y ]) .

Moreover, if EP [Y ] = 1, and Q = Y P , the Kullback–Leibler information of
Q with respect to P , is defined by

K (Q,P ) = EntP [Y ] .

Note that since Φ is bounded from below by −1/e one can always give
a sense to EP [Φ (Y )] even if Φ (Y ) is not P -integrable. Hence EntP [Y ] is
well-defined. Since Φ is a convex function, Jensen’s inequality warrants that
EntP [Y ] is a nonnegative (possibly infinite) quantity. Moreover EntP [Y ] < ∞
if and only if Φ (Y ) is P -integrable.

2.3.1 Duality and Variational Formulas

Some classical alternative definitions of entropy will be most helpful.

Proposition 2.12 Let (Ω,A,P ) be some probability space. For any non-
negative random variable Y on (Ω, A) such that Φ (Y ) is P -integrable, the
following identities hold

EntP [Y ] = sup
{
EP [UY ] , U : Ω → R with EP

[
eU
]

= 1
}

(2.25)
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and
EntP [Y ] = inf

u>0
EP [Y (ln (Y ) − ln (u)) − (Y − u)] . (2.26)

Moreover, if U is such that EP [UY ] ≤EntP [Y ] for all nonnegative random
variables Y on (Ω,A) such that Φ (Y ) is P -integrable and EP [Y ] = 1, then
EP

[
eU
]
≤ 1.

Comments.

• Some elementary computation shows that for any u ∈ R

sup
x>0

(xu− Φ (x)) = eu−1,

hence, if Φ (Y ) is P -integrable and EP
[
eU
]

= 1 the following inequality
holds

UY ≤ Φ (Y ) +
1
e
eU .

Therefore U+Y is integrable and one can always define EP [UY ] as
EP [U+Y ]−EP [U−Y ]. This indeed gives a sense to the right hand side in
identity (2.25).

• Another formulation of the duality formula is the following

EntP [Y ] = sup
T

EP [Y (ln (T ) − ln (EP [T ]))] , (2.27)

where the supremum is extended to the nonnegative and integrable vari-
ables T �= 0 a.s.

Proof. To prove (2.25), we note that, for any random variable U with
EP

[
eU
]

= 1, the following identity is available

EntP [Y ] − EP [UY ] = EnteUP

[
Y e−U

]
.

Hence EntP [Y ] − EP [UY ] is nonnegative and is equal to 0 whenever eU =
Y/EP [Y ], which means that the duality formula (2.25) holds. In order to
prove the variational formula (2.26), we set

Ψ : u → EP [Y (ln (Y ) − ln (u)) − (Y − u)]

and note that

Ψ (u) − EntP [Y ] = EP [Y ]
[(

u

EP [Y ]
− 1

)
− ln

(
u

EP [Y ]

)]
.

But it is easy to check that x − 1 − ln (x) is nonnegative and equal to 0 for
x = 1 so that Ψ (u)−EntP [Y ] is nonnegative and equal to 0 for u = EP [Y ].
This achieves the proof of (2.26). Now if U is such that EP [UY ] ≤EntP [Y ]
for all random variable Y on (Ω,A) such that Φ (Y ) is P -integrable, then,
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given some integer n, one can choose Y = eU∧n/xn with xn = EP
[
eU∧n],

which leads to
EP [UY ] ≤ EntP [Y ]

and therefore

1
xn

EP
[
UeU∧n] ≤ 1

xn

[
EP

[
(U ∧ n) eU∧n]− ln (xn)

]
.

Hence
ln (xn) ≤ 0

and taking the limit when n goes to infinity, we get by monotone convergence
EP

[
eU
]
≤ 1, which finishes the proof of the proposition.

We are now in position to provide some first connections between concen-
tration and entropy inequalities.

2.3.2 Some Links Between the Moment Generating Function
and Entropy

As a first consequence of the duality formula for entropy, we can derive a
first simple but somehow subtle connection between the moment generating
function and entropy that we shall use several times in the sequel.

Lemma 2.13 Let (Ω,A, P ) be some probability space and Z be some real
valued and P -integrable random variable. Let ψ be some convex and contin-
uously differentiable function on [0, b) with 0 < b ≤ +∞ and assume that
ψ (0) = ψ′ (0) = 0. Setting for every x ≥ 0, ψ∗ (x) = supλ∈(0,b) (λx− ψ (λ)),
let, for every t ≥ 0, ψ∗−1 (t) = inf {x ≥ 0 : ψ∗ (x) > t}. The following state-
ments are equivalent:

i) for every λ ∈ (0, b) , EP [exp [λ (Z − EP [Z])]] ≤ eψ(λ), (2.28)

ii) for any probability measure Q absolutely continuous with respect to P such
that K (Q,P ) < ∞,

EQ [Z] − EP [Z] ≤ ψ∗−1 [K (Q,P )] . (2.29)

In particular, given v > 0, it is equivalent to state that for every positive λ

EP [exp [λ (Z − EP [Z])]] ≤ eλ
2v/2 (2.30)

or that for any probability measure Q absolutely continuous with respect to P
and such that K (Q,P ) < ∞,

EQ [Z] − EP [Z] ≤
√

2vK (Q,P ). (2.31)
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Proof. We essentially use the duality formula for entropy. It follows from
Lemma 2.1 that

ψ∗−1 [K (P,Q)] = inf
λ∈(0,b)

[
ψ (λ) + K (Q,P )

λ

]
. (2.32)

Assuming that (2.29) holds, we derive from (2.32) that for any nonnegative
random variable Y such that EP [Y ] = 1 and every λ ∈ (0, b)

EP [Y (Z − EP [Z])] ≤ ψ (λ) + K (Q,P )
λ

where Q = Y P . Hence

EP [Y (λ (Z − EP [Z]) − ψ (λ))] ≤ EntP [Y ]

and Proposition 2.12 implies that (2.28) holds. Conversely if (2.28) holds for
any λ ∈ (0, b), then, setting

λ (Z − EP [Z]) − ψ (λ) − ln (EP (exp (λ (Z − EP [Z]) − ψ (λ)))) = U ,

(2.25) yields

EP [Y (λ (Z − EP [Z]) − ψ (λ))] ≤ EP [Y U ] ≤ EntP [Y ]

and therefore

EP [Y (Z − EP [Z])] ≤ ψ (λ) + K (Q,P )
λ

.

Since the latter inequality holds for any λ ∈ (0, b), (2.32) leads to (2.29).
Applying the previous result with ψ (λ) = λ2v/2 for every positive λ leads to
the equivalence between (2.30) and (2.31) since then ψ∗−1 (t) =

√
2vt.

Comment. Inequality (2.31) is related to what is usually called a quadratic
transportation cost inequality. If Ω is a metric space, the measure P is said
to satisfy to a quadratic transportation cost inequality if (2.31) holds for
every Z which is Lipschitz on Ω with Lipschitz norm not larger than 1. The
link between quadratic transportation cost inequalities and Gaussian type
concentration is well known (see for instance [87], [42] or [28]) and the above
Lemma is indeed inspired by a related result on quadratic transportation cost
inequalities in [28].

An other way of going from an entropy inequality to a control of the
moment generating function is the so-called Herbst argument that we are
presenting here for sub-Gaussian controls of the moment generating func-
tion although we shall also use in the sequel some modified version of it to
derive Bennett or Bernstein type inequalities. This argument will be typically
used to derive sub-Gaussian controls of the moment generating function from
Logarithmic Sobolev type inequalities.
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Proposition 2.14 (Herbst argument) Let Z be some integrable random
variable on (Ω,A,P) such that for some positive real number v the following
inequality holds for every positive number λ

EntP
[
eλZ

]
≤ λ2v

2
E
[
eλZ

]
. (2.33)

Then, for every positive λ

E

[
eλ(Z−E[Z])

]
≤ eλ

2v/2.

Proof. Let us first notice that since Z − E [Z] also satisfies (2.33), we can
assume Z to be centered at expectation. Then, (2.33) means that

λE
[
ZeλZ

]
− E

[
eλZ

]
ln E

[
eλZ

]
≤ λ2v

2
E
[
eλZ

]
,

which yields the differential inequality

1
λ

F ′ (λ)
F (λ)

− 1
λ2

lnF (λ) ≤ v

2
,

where F (λ) = E
[
eλZ

]
. Setting G (λ) = λ−1 lnF (λ), we see that the differen-

tial inequality simply becomes G′ (λ) ≤ v/2, which in turn implies since G (λ)
tends to 0 as λ tends to 0, G (λ) ≤ λv/2 and the result follows.

From a statistical point of view Pinsker’s inequality below provides a lower
bound on the hypothesis testing errors when one tests between two probability
measures. We can derive as applications of the duality formula both Pinsker’s
inequality and a recent result by Birgé which extends Pinsker’s inequality to
multiple hypothesis testing. We shall use these results for different purposes
in the sequel, namely either for establishing transportation cost inequalities
or minimax lower bounds for statistical estimation.

2.3.3 Pinsker’s Inequality

Pinsker’s inequality relates the total variation distance to the Kullback–
Leibler information number. Let us recall the definition of the total variation
distance.

Definition 2.15 We define the total variation distance between two probabi-
lity distributions P and Q on (Ω,A)by

‖P −Q‖TV = sup
A∈A

|P (A) −Q (A)| .

It turns out that Pinsker’s inequality is a somehow unexpected consequence of
Hoeffding’s lemma (see Lemma 2.6).
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Theorem 2.16 (Pinsker’s inequality) Let P and Q be probability distri-
butions on (Ω,A), with Q absolutely continuous with respect to P . Then

‖P −Q‖2
TV ≤ 1

2
K (Q,P ) . (2.34)

(2.34) is known as Pinsker’s inequality (see [98] where inequality (2.34) is
given with constant 1, and [40] for a proof with the optimal constant 1/2).

Proof. Let Q = Y P and A = {Y ≥ 1}. Then, setting Z = 1lA,

‖P −Q‖TV = Q (A) − P (A) = EQ [Z] − EP [Z] . (2.35)

Now, it comes from Lemma 2.6 that for any positive λ

EP

[
eλ(Z−EP [Z])

]
≤ eλ

2/8,

which by Lemma 2.13 leads to

EQ [Z] − EP [Z] ≤
√

1
2
K (Q,P )

and therefore to (2.34) via (2.35).
We turn now to an information inequality due to Birgé [17], which will

play a crucial role to establish lower bounds for the minimax risk for various
estimation problems.

2.3.4 Birgé’s Lemma

Let us fix some notations. For any p, let ψp denote the logarithm of the
moment generating function of the Bernoulli distribution with parameter p,
i.e.,

ψp (λ) = ln
(
p
(
eλ − 1

)
+ 1

)
, λ ∈ R (2.36)

and let hp denote the Cramér transform of the Bernoulli distribution with
parameter p, i.e., by (2.8) for any a ∈ [p, 1]

hp (a) = sup
λ>0

(λa− ψp (λ)) = a ln
(
a

p

)
+ (1 − a) ln

(
1 − a

1 − p

)
. (2.37)

Our proof of Birgé’s lemma to be presented below derives from the duality
formula (2.25).

Lemma 2.17 (Birgé’s lemma) Let (Pi)0≤i≤N be some family of prob-
ability distributions and (Ai)0≤i≤N be some family of disjoint events. Let
a0 = P0 (A0) and a = min1≤i≤N Pi (Ai), then, whenever Na ≥ 1 − a0

h(1−a0)/N (a) ≤ 1
N

N∑
i=1

K (Pi, P0) . (2.38)
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Proof. We write P instead of P0 for short. We consider some positive λ and
use (2.25) with U = λ1IAi

− ψP (Ai) (λ) and Y = dPi/dP . Then for every
i ∈ [1, N ]

λPi (Ai) − ψP (Ai) (λ) ≤ K (Pi, P )

and thus

λa− 1
N

N∑
i=1

ψP (Ai) (λ) ≤ λ

(
1
N

N∑
i=1

Pi (Ai)

)
− 1

N

N∑
i=1

ψP (Ai) (λ)

≤ 1
N

N∑
i=1

K (Pi, P ) .

Now, we note that p → −ψp (λ) is a nonincreasing function. Hence, since

N∑
i=1

P (Ai) ≤ 1 − a0

we derive that

λa− ψ(1−a0)/N (λ) ≤ λa− ψ
N−1

∑N

i=1
P (Ai)

(λ)

Since p → −ψp (λ) is convex

λa− ψ
N−1

∑N

i=1
P (Ai)

(λ) ≤ λa− 1
N

N∑
i=1

ψP (Ai) (λ)

and therefore

λa− ψ(1−a0)/N (λ) ≤ λa− 1
N

N∑
i=1

ψP (Ai) (λ) ≤ 1
N

N∑
i=1

K (Pi, P ) .

Taking the supremum over λ in the inequality above leads to (2.38).

Comment. Note that our statement of Birgé’s lemma slightly differs from the
original one given in [17] (we use the two parameters a0 and a instead of the
single parameter min (a0, a) as in [17]). The interest of this slight refinement is
that, stated as above, Birgé’s lemma does imply Pinsker’s inequality. Indeed,
taking A such that ‖P −Q‖TV = Q (A)− P (A) and applying Birgé’s lemma
with P0 = P , Q = P1 and A = A1 = Ac0 leads to

hP (A) (Q (A)) ≤ K (Q,P ) . (2.39)

Since by Lemma 2.6, for every nonnegative x, hp (p + x) ≥ 2x2, we readily see
that (2.39) implies (2.34).

Inequality (2.38) is not that easy to invert in order to get some explicit
control on a. When N = 1, we have just seen that a possible way to (approxi-
mately) invert it is to use Hoeffding’s lemma (which in fact leads to Pinsker’s
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inequality). The main interest of Birgé’s lemma appears however when N
becomes large. In order to capture the effect of possibly large values of N , it
is better to use a Poisson rather than a sub-Gaussian type lower bound for
the Cramér transform of a Bernoulli variable. Indeed, it comes from the proof
of Bennett’s inequality above that for every positive x,

hp (p + x) ≥ ph

(
x

p

)
(2.40)

which also means that for every a ∈ [p, 1], hp (a) ≥ ph ((a/p) − 1) ≥
a ln (a/ep). Hence, setting K = 1

N

∑N
i=1 K (Pi, P0), (2.38) implies that

a ln
(

Na

e (1 − a)

)
≤ K.

Now, let κ = 2e/ (2e + 1). If a ≥ κ, it comes from the previous inequality that
a ln (2N) ≤ K. Hence, whatever a

a ≤ κ ∨
(

K
ln (1 + N)

)
.

This means that we have proven the following useful corollary of Birgé’s
lemma.

Corollary 2.18 Let (Pi)0≤i≤N be some family of probability distributions and
(Ai)0≤i≤N be some family of disjoint events. Let a = min0≤i≤N Pi (Ai), then,
setting K = 1

N

∑N
i=1 K (Pi, P0)

a ≤ κ ∨
(

K
ln (1 + N)

)
, (2.41)

where κ is some absolute constant smaller than 1 (κ = 2e/ (2e + 1) works).

This corollary will be extremely useful to derive minimax lower bounds
(especially for nonparametric settings) as we shall see in Chapter 4 and
Chapter 7. Let us begin with the following basic example. Let us consider
some finite statistical model {Pθ, θ ∈ Θ}and � to be the 0−1 loss on Θ×Θ, i.e.,
� (θ, θ′) = 1 if θ �= θ′ or � (θ, θ′) = 0 else. Setting Kmax = maxθ,θ′ K (Pθ, Pθ′),
whatever the estimator θ̂ taking its value in Θ, the maximal risk can be
expressed as

max
θ∈Θ

Eθ

[
�
(
θ, θ̂

)]
= max

θ∈Θ
Pθ

[
θ �= θ̂

]
= 1 − min

θ∈Θ
Pθ

[
θ = θ̂

]
,

which leads via (2.41) to the lower bound

max
θ∈Θ

Eθ

[
�
(
θ, θ̂

)]
≥ 1 − κ

as soon as Kmax ≤ κ ln (1 + N). Some illustrations will be given in Chapter 3
which will rely on the following consequence of Corollary 2.18 which uses the
previous argument in a more general context.
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Corollary 2.19 Let (S, d) be some pseudometric space, {Ps, s ∈ S} be some
statistical model. Let κ denote the absolute constant of Corollary 2.18.
Then for any estimator ŝ and any finite subset C of S, setting δ =
mins,t∈C,s �=t d (s, t), provided that maxs,t∈C K (Ps,Pt) ≤ κ ln |C| the following
lower bound holds for every p ≥ 1

sup
s∈C

Es [dp (s, ŝ)] ≥ 2−pδp (1 − κ) .

Proof. We define an estimator s̃ taking its values in C such that

d (ŝ, s̃) = min
t∈C

d (ŝ, t) .

Then, by definition of s̃, we derive via the triangle inequality that

d (s, s̃) ≤ d (s, ŝ) + d (ŝ, s̃) ≤ 2d (s, ŝ) .

Hence

sup
s∈C

Es [dp (s, ŝ)] ≥ 2−pδp sup
s∈C

Ps [s �= s̃] = 2−pδp
(

1 − min
s∈C

Ps [s = s̃]
)

and the result immediately follows via Corollary 2.18.

2.4 Entropy on Product Spaces

The basic fact to better understand the meaning of Pinsker’s inequality is that
the total variation distance can be interpreted in terms of optimal coupling
(see [46]).

Lemma 2.20 Let P and Q be probability distributions on (Ω,A) and denote
by P (P,Q) the set of probability distributions on (Ω ×Ω,A⊗A) with first
marginal distribution P and second distribution Q. Then

‖P −Q‖TV = min
Q∈P(P,Q)

Q [X �= Y ]

where X and Y denote the coordinate mappings (x, y) → x and (x, y) → y.

Proof. Note that if Q ∈ P (P,Q), then

|P (A) −Q (A)| = |EQ [1lA (X)− 1lA (Y )]|
≤ EQ [|1lA (X)− 1lA (Y )| 1IX �=Y ] ≤ Q [X �= Y ]

which means that ‖P −Q‖TV ≤ infQ∈P(P,Q) Q [X �= Y ]. Conversely, let us
consider some probability measure µ which dominates P and Q and denote
by f and g the corresponding densities of P and Q with respect to µ. Then

a = ‖P −Q‖TV =
∫

Ω

[f − g]+ dµ =
∫

Ω

[g − f ]+ dµ = 1 −
∫

Ω

(f ∧ g) dµ
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and since we can assume that a > 0 (otherwise the result is trivial), we define
the probability measure Q as a mixture Q = aQ1 + (1 − a) Q2 where Q1 and
Q2 are such that, for any measurable and bounded function Ψ

a2

∫

Ω×Ω
Ψ (x, y) dQ1 [x, y]

equals
∫

Ω×Ω
[f (x) − g (x)]+ [g (y) − f (y)]+ Ψ (x, y) dµ (x) dµ (y)

and

(1 − a)
∫

Ω×Ω
Ψ (x, y) dQ2 [x, y] =

∫

Ω

(f (x) ∧ g (x))Ψ (x, x) dµ (x) .

It is easy to check that Q ∈ P (P,Q). Moreover, since Q2 is concentrated on
the diagonal, Q [X �= Y ] = aQ1 [X �= Y ] ≤ a.

As a matter of fact the problem solved by Lemma 2.20 is a special instance
of the transportation cost problem. Given two probability distributions P and
Q (both defined on (Ω,A)) and some nonnegative measurable function w
on Ω × Ω, the idea is basically to measure how close Q is to P in terms of
how much effort is required to transport a mass distributed according to P
into a mass distributed according to Q relatively to w (which is called the
cost function). More precisely one defines the transportation cost of Q to P
(relatively to w) as

inf
Q∈P(P,Q)

EQ [w (X,Y )] .

The transportation problem consists in constructing an optimal coupling
Q ∈ P (P,Q) (i.e., a minimizer of the above infimum if it does exist) and in
relating the transportation cost to some explicit distance between P and Q.
Obviously, Lemma 2.20 solves the transportation cost problem for the binary
cost function w (x, y) = 1lx�=y. The interested reader will find in [101] much
more general results, including the Kantorovich theorem which relates the
transportation cost to the bounded Lipschitz distance when the cost function
is a distance and several analogue coupling results for other kinds of distances
between probability measures like the Prohorov distance (see also Strassen’s
theorem in [108]).

The interest of the interpretation of the variation distance as a transporta-
tion cost is that it leads to a very natural extension of Pinsker’s inequality
(2.34) to product spaces that we shall study below following an idea due to
Marton (see [86]). It leads to maybe the simplest approach to concentration
based on coupling, which is nowadays usually referred to as the transporta-
tion method. It has the advantage to be easily extendable to nonindependent
frameworks (see [88] and [105]) at the price of providing sometimes subop-
timal results (such as Hoeffding type inequalities instead of Bernstein type
inequalities).
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2.4.1 Marton’s Coupling

We present below a slightly improved version of Marton’s transportation cost
inequality in [86]) which, because of Lemma 2.20, can be viewed as a gener-
alization of Pinsker’s inequality to a product space.

Proposition 2.21 (Marton’s inequality) Let (Ωn,An, Pn) be some pro-
duct probability space

(Ωn,An, Pn) =

(
n∏
i=1

Ωi,
n⊗
i=1

Ai,
n⊗
i=1

µi

)
,

and Q be some probability measure absolutely continuous with respect to Pn.
Then

min
Q∈P(Pn,Q)

n∑
i=1

Q
2 [Xi �= Yi] ≤

1
2
K (Q,Pn) , (2.42)

where (Xi, Yi), 1 ≤ i ≤ n denote the coordinate mappings on Ωn ×Ωn.

Note that by Cauchy–Schwarz inequality, (2.42) implies that

min
Q∈P(Pn,Q)

n∑
i=1

Q [Xi �= Yi] ≤
√

n

2
K (Q,Pn)

which is the original statement in [86]. On the other hand some other coupling
result due to Marton (see [87]) ensures that

min
Q∈P(Pn,Q)

n∑
i=1

∫

Ωn

Q
2 [Xi �= Yi | Yi = yi] dQ (y) ≤ 2K (Q,Pn) .

Of course this inequality implies (2.42) but with the suboptimal constant 2
instead of 1/2.

Proof. We follow closely the presentation in [87]. Let us prove (2.42) by
induction on n. For n = 1, (2.42) holds simply because it is equivalent to
Pinsker’s inequality (2.34) through Lemma 2.20. Let us now assume that for
any distribution Q′ on

(
Ωn−1,An−1, Pn−1

)
which is absolutely continuous

with respect to Pn−1, the following coupling inequality holds true

min
Q∈P(Pn−1,Q′)

n−1∑
i=1

Q
2
[
(x, y) ∈ Ωn−1 ×Ωn−1 : xi �= yi

]
≤ 1

2
K
(
Q′, Pn−1

)
.

(2.43)
Let Q = gPn. Then

K (Q,Pn) = EPn [Φ (g)] =
∫

Ωn

[∫

Ωn−1
Φ (g (x, t)) dPn−1 (x)

]
dµn (t) .
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Denoting by gn the marginal density gn (t) =
∫
Ωn−1 g (x, t) dPn−1 (x) and by

qn the corresponding marginal distribution of Q, qn = gnµn, we write g as
g (x, t) = g (x | t) gn (t) and get by Fubini’s Theorem

K (Q,Pn) =
∫

Ωn

gn (t)
[∫

Ωn−1
Φ (g (x | t)) dPn−1 (x)

]
dµn (t)

+
∫

Ωn

Φ (gn (t)) dµn (t) .

If, for any t ∈ Ωn, we introduce the conditional distribution dQ (x | t) =
g (x | t) dPn−1 (x). The previous identity can be written as

K (Q,Pn) =
∫

Ωn

K
(
Q (. | t) , Pn−1

)
dqn (t) + K (qn, µn) .

Now (2.43) ensures that,for any t ∈ Ωn, there exists some probability distri-
bution Qt on Ωn−1× Ωn−1 belonging to P

(
Pn−1, Q (. | t)

)
such that

n−1∑
i=1

Q
2
t

[
(x, y) ∈ Ωn−1 ×Ωn−1 : xi �= yi

]
≤ 1

2
K
(
Q (. | t) , Pn−1

)

while Pinsker’s inequality (2.34) implies via Lemma 2.20 that there exists a
probability distribution Qn on Ωn× Ωn belonging to P (µn, qn) such that

Q2
n [(u, v) : u �= v] ≤ 1

2
K (qn, µn) .

Hence

1
2
K (Q,Pn) ≥

∫

Ωn

n−1∑
i=1

Q
2
t

[
(x, y) ∈ Ωn−1 ×Ωn−1 : xi �= yi

]
dqn (t)

+ Q2
n [(u, v) : u �= v]

and by Jensen’s inequality

1
2
K (Q,Pn) ≥

n−1∑
i=1

[∫

Ωn

Qt

[
(x, y) ∈ Ωn−1 ×Ωn−1 : xi �= yi

]
dqn (t)

]2

+ Q2
n [(u, v) : u �= v] . (2.44)

Now, we consider the probability distribution Q on Ωn× Ωn with marginal
distribution Qn on Ωn× Ωn and such that the distribution of (Xi, Yi), 1≤ i≤ n
conditionally to (Xn, Yn) is equal to QYn

. More precisely for any measurable
and bounded function Ψ on Ωn× Ωn,

∫
Ωn×Ωn Ψ (x, y) dQ (x, y) is defined by

∫

Ωn×Ωn

[∫

Ωn−1×Ωn−1
Ψ [(x, xn), (y, yn)] dQyn

(x, y)
]
dQn (xn, yn) .
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Then, by construction, Q ∈ P (Pn, Q). Moreover

Q [Xi �= Yi] =
∫

Ωn

Qyn

[
(x, y) ∈ Ωn−1 ×Ωn−1 : xi �= yi

]
dqn (yn)

for all i ≤ n− 1, and

Q [Xn �= Yn] = Qn [(u, v) : u �= v] ,

therefore we derive from (2.44) that

1
2
K (Q,Pn) ≥

n−1∑
i=1

Q
2 [Xi �= Yi] + Q

2 [Xn �= Yn] . �

In order to illustrate the transportation method to derive concentration
inequalities, let us study a first illustrative example.

A Case Example: Rademacher Processes

Let Z = supt∈T
∑n
i=1 εiαi,t, where T is a finite set, (αi,t) are real num-

bers and ε1, . . . , εn are independent Rademacher variables, i.e., P [εi = 1] =
P [εi = −1] = 1/2, for every i ∈ [1, n]. If we apply now the coupling in-
equality, defining P as the distribution of (ε1, . . . , εn) on the product space
{−1,+1}n and given Q absolutely continuous with respect to P on {−1,+1}n,
we derive from Proposition 2.21 the existence of a probability distribution Q

on {−1,+1}n × {−1,+1}n with first margin equal to P and second margin
equal to Q such that

n∑
i=1

Q
2 [Xi �= Yi] ≤

1
2
K (Q,P ) . (2.45)

Now, setting for every x ∈ {−1,+1}n

ζ (x) = sup
t∈T

n∑
i=1

xiαi,t,

the marginal restrictions on Q imply that

EQ [ζ] − EP [ζ] = EQ [ζ (X) − ζ (Y )]

≤ EQ

[
n∑
i=1

|Xi − Yi| sup
t∈T

|αi,t|
]

≤ 2
n∑
i=1

Q [Xi �= Yi] sup
t∈T

|αi,t|
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which yields by Cauchy–Schwarz inequality

EQ [ζ] − EP [ζ] ≤ 2

(
n∑
i=1

Q
2 [Xi �= Yi]

)1/2 ( n∑
i=1

sup
t∈T

α2
i,t

)1/2

.

We derive from the transportation cost inequality (2.45) that

EQ [ζ] − EP [ζ] ≤
√

2K (Q,P ) v,

where v =
∑n
i=1 supt∈T α2

i,t. Now by Lemma 2.13 this inequality means that
ζ is sub-Gaussian under distribution P with variance factor v. More precisely,
we derive from Lemma 2.13 that for every real number λ

EP [exp [λ (ζ − EP [ζ])]] ≤ eλ
2v/2

or equivalently
E [exp [λ (Z − E [Z])]] ≤ eλ

2v/2.

This clearly means that we have obtained the Hoeffding type inequality

P [Z − E [Z] ≥ x] ≤ exp
(
−x2

2v

)
, for every positive x.

Since for every t, Var [
∑n
i=1 εiαi,t] =

∑n
i=1 α

2
i,t one can wonder if it is possible

to improve on the previous bound, replacing v by the smaller quantity
supt∈T

∑n
i=1 α

2
i,t. This will indeed be possible (at least up to some absolute

multiplicative constant) by using an alternative approach that we shall develop
at length in the sequel. We turn to the presentation of the so-called tensoriza-
tion inequality which has been promoted by Michel Ledoux in his seminal
work [77] as the basic tool for this alternative approach to derive concentra-
tion inequalities for functionals of independent variables.

2.4.2 Tensorization Inequality for Entropy

The duality formula (2.25) ensures that the entropy functional EntP is convex.
This is indeed a key property for deriving the tensorization inequality for
entropy (see the end of this Chapter for more general tensorization inequali-
ties). The proof presented below is borrowed from [5].

Proposition 2.22 (Tensorization inequality) Let (X1, . . . , Xn) be inde-
pendent random variables on some probability space (Ω,A,P) and Y be some
nonnegative measurable function of (X1, . . . , Xn) such that Φ (Y ) is integrable.
For any integer i with, 1 ≤ i ≤ n, let

X(i) = (X1, . . . , Xi−1,Xi+1, . . . , Xn)

and let us denote by EntP
(
Y | X(i)

)
the entropy of Y conditionally to X(i),

defined by
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EntP
[
Y | X(i)

]
= E

[
Φ (Y ) | X(i)

]
− Φ

(
E

[
Y | X(i)

])
.

Then

EntP [Y ] ≤ E

[
n∑
i=1

EntP
[
Y | X(i)

]]
. (2.46)

Proof. We follow [5] and prove (2.46) by using the duality formula. We in-
troduce the conditional operator E

i [.] = E [. | Xi, . . . , Xn] for i = 1, . . . , n + 1
with the convention that E

n+1 [.] = E [.]. Then the following decomposition
holds true

Y (ln (Y ) − ln (E [Y ])) =
n∑
i=1

Y
(
ln
(
E
i [Y ]

)
− ln

(
E
i+1 [Y ]

))
. (2.47)

Now the duality formula (2.27) yields

E

[
Y
(

ln
(
E
i [Y ]

)
− ln

(
E

[
E
i [Y ] | X(i)

]))
| X(i)

]
≤ EntP

[
Y | X(i)

]

and since the variables X1, . . . , Xn are independent the following identity
holds E

[
E
i [Y ] | X(i)

]
= E

i+1 [Y ]. Hence, taking expectation on both sides of
(2.47) becomes

E [Y (ln (Y ) − ln (E [Y ]))]

=
n∑
i=1

E

[
E

[
Y
(

ln
(
E
i [Y ]

)
− ln

(
E

[
E
i [Y ] | X(i)

]))
| X(i)

]]

≤
n∑
i=1

E

[
EntP

[
Y | X(i)

]]

and (2.46) follows.

Comment. Note that there is no measure theoretic trap here and below since
by Fubini’s Theorem, the conditional entropies and conditional expectations
that we are dealing with can all be defined from regular versions of conditional
probabilities.

It is interesting to notice that there is some close relationship between this
inequality and Han’s inequality for Shannon entropy (see [39], p. 491). To see
this let us recall that for some random variable ξ taking its values in some
finite set X , Shannon entropy is defined by

H [ξ] = −
∑
x

P [ξ = x] ln (P [ξ = x]) .

Setting, q (x) = P [ξ = x] for any point x in the support of ξ, Shannon entropy
can also be written as H [ξ] = E [− ln q (ξ)], from which one readily see that
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it is a nonnegative quantity. The relationship between Shannon entropy and
Kullback–Leibler information is given by the following identity. Let Q be the
distribution of ξ, P be the uniform distribution on X and N be the cardinality
of X , then

K (Q,P ) = −H [ξ] + ln (N) .

We derive from this equation and the nonnegativity of the Kullback–Leibler
information that

H [ξ] ≤ ln (N) (2.48)

with equality if and only if ξ is uniformly distributed on its support. Han’s
inequality can be stated as follows.

Corollary 2.23 Let X be some finite set and let us consider some random
variable ξ with values in Xn and write ξ(i) = (ξ1, . . . , ξi−1, ξi+1, . . . , ξn) for
every i ∈ {1, . . . , n}. Then

H [ξ] ≤ 1
n− 1

n∑
i=1

H
[
ξ(i)

]
.

Proof. Let us consider Q to be the distribution of ξ and Pn to be the uniform
distribution on Xn. Let moreover (X1, . . . , Xn) be the coordinate mappings
on Xn and for every x ∈ Xn, q (x) = P [ξ = x]. Setting Y = dQ/dPn we have
Y (x) = q (x) kn and

EntPn [Y ] = K (Q,Pn) = −H [ξ] + n ln k, (2.49)

where k denotes the cardinality of X . Moreover, the tensorization inequality
(2.46) can be written in this case as

EntPn [Y ] ≤ EPn

[
n∑
i=1

EntPn

[
Y | X(i)

]]
. (2.50)

Now

EPn

[
EntPn

[
Y | X(1)

]]
= EntPn [Y ]

−
∑

x∈Xn−1

[∑
t∈X

q (t, x)

]
ln

[
kn−1

∑
t∈X

q (t, x)

]

= EntPn [Y ] + H
[
ξ(1)

]
− (n− 1) ln k.

and similarly for all i

EPn

[
EntPn

[
Y | X(i)

]]
= EntPn [Y ] − (n− 1) ln k + H

[
ξ(i)

]
.
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Hence (2.50) is equivalent to

− (n− 1) EntPn [Y ] ≤
n∑
i=1

H
[
ξ(i)

]
− n (n− 1) ln k

and the result follows by (2.49).
In the last section we investigate some possible extensions of the previous

information inequalities to some more general notions of entropy.

2.5 φ-Entropy

Our purpose is to understand in depth the role of the function Φ : x →
x ln (x) in the definition of entropy. If one substitutes to this function another
convex function φ, one can wonder what kind of properties of the entropy
would be preserved for the so-defined entropy functional that we will call
φ-entropy. In particular we want to analyze the conditions on φ under which
the tensorization inequality holds for φ-entropy, discussing the role of the
Latala–Oleszkiewicz condition: φ is a continuous and convex function on R+

which is twice differentiable on R
∗
+ and such that either φ is affine or φ′′ is

strictly positive and 1/φ′′ is concave. The main issue is to show that if φ
is strictly convex and twice differentiable on R

∗
+, a necessary and sufficient

condition for the tensorization inequality to hold for φ-entropy is the concavity
of 1/φ′′. We shall denote from now on by LO the class of functions satisfy-
ing this condition. Our target examples are the convex power functions φp,
p ∈ (0,+∞) on R+ defined by φp (x) = −xp if p ∈ (0, 1) and φp (x) = xp

whenever p ≥ 1. For these functions Latala and Oleszkiewicz’ condition means
p ∈ [1, 2]. Let us now fix some notations. For any convex function φ on R+,
let us denote by L

+
1 the convex set of nonnegative and integrable random

variables Z and define the φ-entropy functional Hφ on L
+
1 by

Hφ (Z) = E [φ (Z)] − φ (E [Z])

for every Z ∈ L
+
1 . Note that here and below we use the extended notion of

expectation for a (nonnecessarily integrable) random variable X defined as
E [X] = E [X+] − E [X−] whenever either X+ or X− is integrable. It follows
from Jensen’s inequality that Hφ (Z) is nonnegative and that Hφ (Z) < +∞
if and only if φ (Z) is integrable. It is easy to prove a variational formula for
φ-entropy.

Lemma 2.24 Let φ be some continuous and convex function on R+, then,
denoting by φ′ the right derivative of φ, for every Z ∈ L

+
1 , the following

formula holds true

Hφ (Z) = inf
u≥0

E [φ (Z) − φ (u) − (Z − u)φ′ (u)] . (2.51)
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Proof. Without loss of generality we assume that φ (0) = 0. Let m = E [Z],
the convexity of φ implies that for every positive u

−φ (m) ≤ −φ (u) − (m− u)φ′ (u)

and therefore

Hφ (Z) ≤ E [φ (Z) − φ (u) − (Z − u)φ′ (u)] .

Since the latter inequality becomes an equality when u = m, the variational
formula (2.51) is proven.

While the convexity of the function φ alone is enough to imply a variational
formula, it is not at all the same for the duality formula and the tensoriza-
tion property which are intimately linked as we shall see below. We shall say
that Hφ has the tensorization property if for every finite family X1, . . . , Xn

of independent random variables and every (X1, . . . , Xn)-measurable nonneg-
ative and integrable random variable Z,

Hφ (Z) ≤
n∑
i=1

E

[
E

[
φ (Z) | X(i)

]
− φ

(
E

[
Z | X(i)

])]
, (2.52)

where, for every integer i ∈ [1, n], X(i) denotes the family of variables
{X1, . . . , Xn} \ {Xi}. As quoted in Ledoux [77] or Latala and Oleszkiewicz
[73], there is a deep relationship between the convexity of Hφ and the
tensorization property. More precisely, it is easy to see that, for n = 2, setting
Z = g (X1,X2), (2.52) is exactly equivalent to the Jensen type inequality

Hφ

(∫
g (x,X2) dµ1 (x)

)
≤
∫

Hφ (g (x,X2)) dµ1 (x) , (2.53)

where µ1 denotes the distribution of X1. Since by the induction argument
of Ledoux, (2.53) leads to (2.52) for every n, we see that the tensorization
property for Hφ is equivalent to what we could call the Jensen property, i.e.,
(2.53) holds for every µ1, X2 and g such that

∫
g (x,X2) dµ1 (x) is integrable.

We do not want to go into the details here since we shall indeed provide an
explicit proof of the tensorization inequality for φ-entropy later on. Of course
the Jensen property implies the convexity of Hφ. Indeed, given λ ∈ [0, 1]
and two elements U, V of L

+
1 , setting g (x,U, V ) = xU + (1 − x)V for every

x ∈ [0, 1] and taking µ1 to be the Bernoulli distribution with parameter λ,
(2.53) means that

Hφ (λU + (1 − λ)V ) ≤ λHφ (U) + (1 − λ)Hφ (V ) .

Hence Hφ is convex.
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2.5.1 Necessary Condition for the Convexity of φ-Entropy

As proved in [30], provided that φ′′ is strictly positive, the condition 1/φ′′

concave is necessary for the tensorization property to hold. We can more
precisely prove that 1/φ′′ concave is a necessary condition for Hφ to be convex
on the set L

+
∞ (Ω,A,P) of bounded and nonnegative random variables, for

suitable probability spaces (Ω,A,P).

Proposition 2.25 Let φ be a strictly convex function on R+ which is twice
differentiable on R

∗
+. Let (Ω,A,P) be a rich enough probability space in the sense

that P maps A onto [0, 1]. If Hφ is convex on L
+
∞ (Ω,A,P), then φ′′ (x) > 0 for

every x > 0 and 1/φ′′ is concave on R
∗
+.

Proof. Let θ ∈ [0, 1] and x, x′, y, y′ be given positive real numbers. Under the
assumption on the probability space we can define a pair of random variables
(X,Y ) to be (x, y) with probability θ and (x′, y′) with probability (1 − θ).
Then, the convexity of Hφ means that

Hφ (λX + (1 − λ)Y ) ≤ λHφ (X) + (1 − λ)Hφ (Y ) (2.54)

for every λ ∈ (0, 1). Defining, for every (u, v) ∈ R
∗
+ × R

∗
+

Fλ (u, v) = −φ (λu + (1 − λ) v) + λφ (u) + (1 − λ)φ (v) ,

(2.54) is equivalent to

Fλ (θ (x, y) + (1 − θ) (x′, y′)) ≤ θFλ (x, y) + (1 − θ)Fλ (x′, y′) .

Hence Fλ is convex on R
∗
+ ×R

∗
+. This implies in particular that the determi-

nant of the Hessian matrix of Fλ is nonnegative at each point (x, y). Thus,
setting xλ = λx + (1 − λ) y

[φ′′ (x) − λφ′′ (xλ)] [φ′′ (y) − (1 − λ)φ′′ (xλ)] ≥ λ (1 − λ) [φ′′ (xλ)]2

which means that

φ′′ (x)φ′′ (y) ≥ λφ′′ (y)φ′′ (xλ) + (1 − λ)φ′′ (x)φ′′ (xλ) . (2.55)

If φ′′ (x) = 0 for some point x, we derive from (2.55) that either φ′′ (y) = 0
for every y which is impossible because φ is assumed to be strictly convex, or
there exists some y such that φ′′ (y) > 0 and then φ′′ is identically equal to
0 on the nonempty open interval with extremities x and y which also leads
to a contradiction with the assumption that φ is strictly convex. Hence φ′′ is
strictly positive at each point of R

∗
+ and (2.55) leads to

1
φ′′ (λx + (1 − λ) y)

≥ λ

φ′′ (x)
+

(1 − λ)
φ′′ (y)

which means that 1/φ′′ is concave.
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Conversely, φ ∈ LO implies the convexity of the function Fλ defined above
and thus the convexity of Hφ as proved by Latala and Oleszkiewicz in [73].
However this does not straightforwardly leads to Jensen’s property (and there-
fore to the tensorization property for Hφ) because the distribution µ1 in (2.53)
needs not be discrete and we really have to face with an infinite dimensional
analogue of Jensen’s inequality. The easiest way to overcome this difficulty
is to follow the lines of Ledoux’s proof of the tensorization property for the
classical entropy (which corresponds to the case where φ (x) = x ln (x)) and
mimic the duality argument used in dimension 1 to prove the usual Jensen
inequality i.e., express Hφ as the supremum of affine functions.

2.5.2 A Duality Formula for φ-Entropy

Provided that φ ∈ LO, our purpose is now, following the lines of [30] to
establish a duality formula for φ-entropy of the type

Hφ (Z) = sup
T∈T

E [ψ1 (T )Z + ψ2 (T )] ,

for convenient functions ψ1 and ψ2 on R+ and a suitable class of nonnegative
variables T . Such a formula of course implies the convexity of Hφ but also
Jensen’s property (just by Fubini) and therefore the tensorization property
for Hφ.

Lemma 2.26 (Duality formula for φ-entropy) Let φ belong to LO and
Z belong to L

+
1 . Then if φ (Z) is integrable

Hφ (Z) = sup
T∈L

+
1 ,T �=0

{E [(φ′ (T ) − φ′ (E [T ])) (Z − T ) + φ (T )] − φ (E [T ])} .

(2.56)

Note that the convexity of φ implies that φ′ (T ) (Z − T ) + φ (T ) ≤ φ (Z).
Hence E [φ′ (T ) (Z − T ) + φ (T )] is well defined and is either finite or equal
to −∞.

Proof. The case where φ is affine is trivial. Otherwise, let us first assume
Z and T to be bounded and bounded away from 0. For any λ ∈ [0, 1], we set
Tλ = (1 − λ)Z + λT and

f (λ) = E [(φ′ (Tλ) − φ′ (E [Tλ])) (Z − Tλ)] + Hφ (Tλ) .

Our aim is to show that f if nonincreasing on [0, 1]. Noticing that Z − Tλ =
λ (Z − T ) and using our boundedness assumptions to differentiate under the
expectation

f ′ (λ) = −λ
[
E

[
(Z − T )2 φ′′ (Tλ)

]
− (E [Z − T ])2 φ′′ (E [Tλ])

]

+ E [(φ′ (Tλ) − φ′ (E [Tλ])) (Z − T )]
+ E [φ′ (Tλ) (T − Z)] − φ′ (E [Tλ]) E [T − Z]
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and so

f ′ (λ) = −λ
[
E

[
(Z − T )2 φ′′ (Tλ)

]
− (E [Z − T ])2 φ′′ (E [Tλ])

]
.

Now, by Cauchy–Schwarz inequality and Jensen’s inequality (remember that
1/φ′′ is assumed to be concave)

(E [Z − T ])2 =

(
E

[
(Z − T )

√
φ′′ (Tλ)

1√
φ′′ (Tλ)

])2

≤ E

[
1

φ′′ (Tλ)

]
E

[
(Z − T )2 φ′′ (Tλ)

]

and

E

[
1

φ′′ (Tλ)

]
≤ 1

φ′′ (E [Tλ])

which leads to

(E [Z − T ])2 ≤ 1
φ′′ (E [Tλ])

E

[
(Z − T )2 φ′′ (Tλ)

]
.

Hence f ′ is nonpositive and therefore f (1) ≤ f (0) = Hφ (Z). This means
that whatever T , E [(φ′ (T ) − φ′ (E [T ])) (Z − T )]+Hφ (T ) is less than Hφ (Z).
Since this inequality is an equality for T = Z, the proof of (2.56) is complete
under the extra assumption that Z and T are bounded and bounded away
from 0. In the general case we consider the sequences Zn = (Z ∨ 1/n)∧n and
Tk = (T ∨ 1/k) ∧ k and we have in view to take the limit as k and n go to
infinity in the inequality

Hφ (Zn) ≥ E [(φ′ (Tk) − φ′ (E [Tk])) (Zn − Tk) + φ (Tk)] − φ (E [Tk])

that we can also write

E [ψ (Zn, Tk)] ≥ −φ′ (E [Tk]) E [Zn − Tk] − φ (E [Tk]) + φ (E [Zn]) , (2.57)

where ψ (z, t) = φ (z) − φ (t) − (z − t)φ′ (t). Since we have to show that

E [ψ (Z, T )] ≥ −φ′ (E [T ]) E [Z − T ] − φ (E [T ]) + φ (E [Z]) (2.58)

with ψ ≥ 0, we can always assume [ψ (Z, T )] to be integrable (otherwise (2.58)
is trivially satisfied). Taking the limit when n and k go to infinity in the right
hand side of (2.57) is easy while the treatment of the left hand side requires
some care. Let us notice that ψ (z, t) as a function of t decreases on (0, z) and
increases on (z,+∞). Similarly, as a function of z, ψ (z, t) decreases on (0, t)
and increases on (t,+∞). Hence, for every t, ψ (Zn, t) ≤ ψ (1, t) + ψ (Z, t)
while for every z , ψ (z, Tk) ≤ ψ (z, 1) + ψ (z, T ). Hence, given k

ψ (Zn, Tk) ≤ ψ (1, Tk) + ψ (Z, Tk)
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and we can apply the bounded convergence theorem and conclude that
E [ψ (Zn, Tk)] converges to E [ψ (Z, Tk)] as n goes to infinity. Hence the follow-
ing inequality holds

E [ψ (Z, Tk)] ≥ −φ′ (E [Tk]) E [Z − Tk] − φ (E [Tk]) + φ (E [Z]) . (2.59)

Now we also have ψ (Z, Tk) ≤ ψ (Z, 1) + ψ (Z, T ) and we can apply the
bounded convergence theorem again to ensure that E [ψ (Z, Tk)] converges
to E [ψ (Z, T )] as k goes to infinity. Taking the limit as k goes to infinity in
(2.59) implies that (2.58) holds for every T,Z ∈ L

+
1 such that φ (Z) is inte-

grable and E [T ] > 0. If Z �= 0 a.s., (2.58) is achieved for T = Z while if Z = 0
a.s., it is achieved for T = 1 and the proof of the Lemma is now complete in
its full generality.

Comments.

• First note that since the supremum in (2.56) is achieved for T = Z (or
T = 1 if Z = 0), the duality formula remains true if the supremum is
restricted to the class Tφ of variables T such that φ (T ) is integrable.
Hence the following alternative formula also holds

Hφ (Z) = sup
T∈Tφ

{E [(φ′ (T ) − φ′ (E [T ])) (Z − T )] + Hφ (T )} . (2.60)

• Formula (2.56) takes the following form for the “usual” entropy (which
corresponds to φ (x) = x ln (x))

Ent (Z) = sup
T

{E [(ln (T ) − ln (E [T ]))Z]}

where the supremum is extended to the set of nonnegative and integrable
random variables T with E [T ] > 0. We recover the duality formula of
Proposition 2.12.

• Another case of interest is φ (x) = xp, where p ∈ (1, 2]. In this case, the
duality formula (2.60) becomes

Hφ (Z) = sup
T

{
pE

[
Z
(
T p−1 − (E [T ])p−1

)]
− (p− 1)Hφ (T )

}
,

where the supremum is extended to the set of nonnegative variables in Lp.

φ-Entropy for Real Valued Random Variables

For the sake of simplicity we have focused on nonnegative variables and restrict
ourselves to convex functions φ on R+. Of course, this restriction can be
avoided and one can consider the case where φ is a convex function on R and
define the φ-entropy of a real valued integrable random variable Z by the same
formula as in the nonnegative case. Assuming this time that φ is differentiable
on R and twice differentiable on R

∗, the proof of the duality formula which is
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presented above can be easily adapted to cover this case provided that 1/φ′′

can be extended to a concave function on R. In particular if φ (x) = |x|p,
where p ∈ (1, 2] one gets

Hφ (Z) = sup
T

{
pE

[
Z

(
|T |p

T
− |E [T ]|

E [T ]

p)]
− (p− 1)Hφ (T )

}

where the supremum is extended to Lp. Note that this formula reduces for
p = 2 to the classical one for the variance

Var (Z) = sup
T

{2 Cov (Z, T ) − Var (T )} ,

where the supremum is extended to the set of square integrable variables. This
means that the tensorization inequality for φ-entropy also holds for convex
functions φ on R under the condition that 1/φ′′ is the restriction to R

∗ of a
concave function on R.

2.5.3 A Direct Proof of the Tensorization Inequality

Starting from the duality formula, it is possible to design a direct proof of the
tensorization inequality which does not involve any induction argument. This
means that the proof of Proposition 2.22 nicely extends to φ-entropy.

Theorem 2.27 (Tensorization inequality for φ-entropy) Assume that
φ ∈ LO, then for every finite family X1, . . . , Xn of independent random vari-
ables and every (X1, . . . , Xn)-measurable nonnegative and integrable random
variable Z,

Hφ (Z) ≤
n∑
i=1

E

[
E

[
φ (Z) | X(i)

]
− φ

(
E

[
Z | X(i)

])]
, (2.61)

where, for every integer i ∈ [1, n], X(i) denotes the family of variables
{X1, . . . , Xn} \ {Xi}.

Proof. Of course we may assume φ (Z) to be integrable, otherwise (2.61) is
trivial. We introduce the conditional operator E

i [.] = E [. | Xi, . . . , Xn] for
i = 1, . . . , n + 1 with the convention that E

n+1 [.] = E [.]. Note also that E
1 [.]

is just identity when restricted to the set of (X1, . . . , Xn)-measurable and
integrable random variables. Let us introduce the notation Hφ

(
Z | X(i)

)
=

E
[
φ (Z) | X(i)

]
− φ

(
E
[
Z | X(i)

])
. By (2.60) we know that Hφ

(
Z | X(i)

)
is

bounded from below by

E

[(
φ′ (

E
i [Z]

)
− φ′

(
E

[
E
i [Z] | X(i)

])) (
Z − E

i [Z]
)
| X(i)

]

+ E

[
φ
(
E
i [Z]

)
| X(i)

]
− φ

(
E

[
E
i [Z] | X(i)

])
.
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Now, by independence, for every i, we note that E
[
E
i [Z] | X(i)

]
= E

i+1 [Z].
Hence, using in particular the identity

E

[
φ′ (

E
i+1 [Z]

)
E
i [Z] | X(i)

]
= φ′ (

E
i+1 [Z]

)
E
i+1 [Z] ,

we derive from the previous inequality that

E

[
Hφ

(
Z | X(i)

)]
≥ E

[
Z
(
φ′ (

E
i [Z]

)
− φ′ (

E
i+1 [Z]

))]

+ E
[
φ′ (

E
i+1 [Z]

)
E
i+1 [Z] − φ′ (

E
i [Z]

)
E
i [Z]

]

+ E
[
φ
(
E
i [Z]

)
− φ

(
E
i+1 [Z]

)]
.

Summing up these inequalities leads to

n∑
i=1

E

[
Hφ

(
Z | X(i)

)]
≥ E [Z (φ′ (Z) − φ′ (E [Z]))]

+ E [φ′ (E [Z]) E [Z] − φ′ (Z)Z]
+ E [φ (Z) − φ (E [Z])]

and the result follows.
To see the link between the tensorization inequality and concentration, let

us consider the case of the variance as a training example.

2.5.4 Efron–Stein’s Inequality

Let us show how to derive an inequality due to Efron and Stein (see [59])
from the tensorization inequality of the variance, i.e., the φ-entropy when φ
is defined on the whole real line as φ (x) = x2. In this case the tensorization
inequality can be written as

Var (Z) ≤ E

[
n∑
i=1

E

[(
Z − E

[
Z | X(i)

])2

| X(i)

]]
.

Now let X ′ be a copy of X and define

Z ′
i = ζ (X1, . . . , Xi−1,X

′
i,Xi+1, . . . , Xn) .

Since conditionally to X(i), Z ′
i is an independent copy of Z, we can write

E

[(
Z − E

[
Z | X(i)

])2

| X(i)

]
=

1
2

E

[
(Z − Z ′

i)
2 | X(i)

]

= E

[
(Z − Z ′

i)
2
+ | X(i)

]
,
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which leads to Efron–Stein’s inequality

Var (Z) ≤ 1
2

n∑
i=1

E

[
(Z − Z ′

i)
2
]

=
n∑
i=1

E

[
(Z − Z ′

i)
2
+

]
. (2.62)

To be more concrete let us consider again the example of Rademacher
processes and see what Efron–Stein’s inequality is telling us and compare
it with what we can derive from the coupling inequality.

Rademacher Processes Revisited

As an exercise we can apply the tensorization technique to suprema of
Rademacher processes. Let Z = supt∈T

∑n
i=1 εiαi,t, where T is a finite set,

(αi,t) are real numbers and ε1, . . . , εn are independent random signs. Since
we are not ready yet to derive exponential bounds from the tensorization in-
equality for entropy, for this first approach, by sake of keeping the calculations
as simple as possible we just bound the second moment and not the moment
generating function of Z − E [Z]. Then, taking ε′1, . . . , ε

′
n as an independent

copy of ε1, . . . , εn we set for every i ∈ [1, n]

Z ′
i = sup

t∈T

⎡
⎣
⎛
⎝

n∑
j �=i

εjαj,t

⎞
⎠ + ε′iαi,t

⎤
⎦ .

Considering t∗ such that supt∈T
∑n
j=1 εjαj,t =

∑n
j=1 εjαj,t∗ we have for every

i ∈ [1, n]
Z − Z ′

i ≤ (εi − ε′i)αi,t∗

which yields
(Z − Z ′

i)
2
+ ≤ (εi − ε′i)

2
α2
i,t∗

and therefore by independence of ε′i from ε1, . . . , εn

E

[
(Z − Z ′

i)
2
+

]
≤ E

[(
1 + ε2

i

)
α2
i,t∗

]
≤ 2E

[
α2
i,t∗

]
.

Hence, we derive from Efron–Stein’s inequality that

Var (Z) ≤ 2E

[
n∑
i=1

α2
i,t∗

]
≤ 2σ2, (2.63)

where σ2 = supt∈T
∑n
i=1 α

2
i,t. As compared to what we had derived from the

coupling approach, we see that this time we have got the expected order for
the variance i.e., supt∈T

∑n
i=1 α

2
i,t instead of

∑n
i=1 supt∈T α2

i,t.
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Gaussian Processes

3.1 Introduction and Basic Remarks

The aim of this chapter is to treat two closely related problems for a Gaussian
process: the question of the sample path regularity and the derivation of tail
bounds for proper functionals such as its supremum over a given set in its
parameter space. A stochastic process X = (X (t))t∈T indexed by T is a col-
lection of random variables X (t), t ∈ T . Then X is a random variable as a
map into R

T equipped with the σ-field generated by the cylinder sets (i.e.,
the product of a collection of Borel sets which are trivial except for a finite
subcollection). The law of X is determined by the collection of all marginal
distributions of the finite dimensional random vectors (X (t1) , . . . , X (tN ))
when {t1, . . . , tN} varies. It is generally not possible to show (except when
T is countable) that any version of X, i.e., any stochastic process Y with
same law as X is almost surely continuous on T (equipped with some given
distance). Instead one has to deal with a special version of X which can typ-
ically be constructed as a modification X̃ of X i.e., X̃ (t) = X (t) a.s. for all
t ∈ T . A (centered) Gaussian process is a stochastic process X = (X (t))t∈T ,
such that each finite linear combination

∑
αtX (t) is (centered) Gaussian (in

other words, each finite dimensional random vector (X (t1) , . . . , X (tN )) is
Gaussian). Since the transition from centered to noncentered Gaussian vari-
ables is via the addition of a constant, in this chapter, we shall deal exclusively
with centered Gaussian processes. The parameter space T can be equipped
with the intrinsic L2-pseudodistance

d (s, t) = E

[
(X (s) −X (t))2

]1/2
.

Note that d is a distance which does not necessarily separate points
(d (s, t) = 0 does not always imply that s = t) and therefore (T, d) is only a
pseudometric space. One of the major issues will be to derive tail bounds for
supt∈T X (t). Possibly applying these bounds to the supremum of the process
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of increments X (s) −X (t) over the sets {(s, t) ; d (s, t) ≤ η} and letting η go
to 0, we shall deal with the question of the sample boundedness and uniform
continuity (with respect to d) at the same time. Of course there exists some
unavoidable measurability questions that we would like to briefly discuss once
and for all. When T is countable there is no problem, the (possibly infinite)
quantity supt∈T X (t) is always measurable and its integrability is equivalent
to that of (supt∈T X (t))+ so that one can always speak of E [supt∈T X (t)]
which is either finite or equals +∞. Otherwise we shall assume (T, d) to be
separable, i.e., there exists some countable set D ⊆ T which is dense into
(T, d). Hence, if (X (t))t∈T is a.s. continuous supt∈T X (t) = supt∈DX (t)
a.s. and again we can speak of E [supt∈T X (t)] = E [supt∈DX (t)] and one
also has

E

[
sup
t∈T

X (t)
]

= sup
{

E

[
sup
t∈F

X (t)
]

; F ⊆ T and F finite
}

. (3.1)

Note that the same conclusions would hold true if d were replaced by another
distance τ . As we shall see in the sequel, the special role of d arises from the
fact that it is possible to completely characterize the existence of a continuous
and bounded version of (X (t))t∈T in terms of the “geometry” of T with
respect to d. Moreover, we shall also discuss the continuity question with
respect to another distance than d and show that it is essentially enough
to solve the problem for the intrinsic pseudometric. At a more superficial
level, let us also notice that since the use of d as the referent pseudometric
on T warrants the continuity of (X (t))t∈T in L2, the separability of (T, d) by
itself tells something without requiring the a.s. continuity. Indeed the following
elementary but useful remark holds true.

Lemma 3.1 Assume that D ⊆ T is countable and dense into (T, d), then for
any t ∈ T , there exists some sequence (tn) of elements of D such that (tn)
converges to t as n goes to infinity and (X (tn)) converges to X (t) a.s.

Proof. Just choose tn such that d2 (tn, t) ≤ n−2, then the result follows by
Bienaymé–Chebycheff’s inequality and the Borel–Cantelli lemma.

Hence, if one wants to build a version
(
X̃ (t)

)
t∈T of (X (t))t∈T with a.s.

uniformly continuous sample paths on T , it is enough to show that (under
some appropriate condition to be studied below) (X (t))t∈D has this property
on D and define

(
X̃ (t)

)
t∈T by extending each uniformly continuous sample

path of (X (t))t∈D on D to a uniformly continuous sample path on T . Then,
Lemma 3.1 ensures that X̃ is a modification (thus a version) of X which
is of course a.s. uniformly continuous by construction. Another consequence
of Lemma 3.1 is that even if supt∈T X (t) is not necessarily measurable,
(X (t))t∈T admits an essential measurable supremum.

Proposition 3.2 Assume that (T, d) is separable, then there exists an almost
surely unique random variable Z such that X (t) ≤ Z a.s. for all t ∈ T and
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such that if U is a random variable sharing the same domination property,
then Z ≤ U a.s. The random variable Z is called the essential supremum
of (X (t))t∈T . Moreover if supt∈T X (t) happens to be finite a.s., so is Z.

Proof. Indeed, in view of Lemma 3.1, Z = supt∈DX (t) is the a.s. unique
candidate and is of course a.s. finite when so is supt∈T X (t) .

One derives from the existence of a finite essential supremum, the following
easy necessary condition for the sample boundedness of (X (t))t∈T .

Corollary 3.3 Assume that (T, d) is separable, if supt∈T X (t) is almost
surely finite then supt∈T E

[
X2 (t)

]
< ∞.

Proof. Let t be given such that σt =
(
E
[
X2 (t)

])1/2
> 0. Since supt∈T X (t)

is almost surely finite we can take Z as in Proposition 3.2 above and choosing
z such that P [Z > z] ≤ 1/4, if we denote by Φ the cumulative distribution
function of the standard normal distribution, we derive from the inequalities

3
4
≤ P [Z ≤ z] ≤ P [X (t) ≤ z] = Φ

(
z

σt

)
,

that σt ≤ z/Φ−1 (3/4).
As a conclusion, in view of the considerations about the process of incre-

ments and of (3.1), it appears that the hard work to study the continuity
question is to get dimension free bounds on the supremum of the components
of a Gaussian random vector. One reason for focusing on supt∈T X (t) rather
than supt∈T |X (t)| is that one can freely use the formula

E

[
sup
t∈T

(X (t) − Y )
]

= E

[
sup
t∈T

X (t)
]

for any centered random variable Y . Another deeper reason is that the
comparison results (such as Slepian’s lemma below) hold for one-sided
suprema only. At last let us notice that by symmetry, since for every t0 ∈ T

E

[
sup
t∈T

|X (t)|
]
≤ E [|X (t0)|] + E

[
sup
s,t∈T

(X (t) −X (s))
]

≤ E [|X (t0)|] + 2E

[
sup
t∈T

X (t)
]

,

E [supt∈T |X (t)|] cannot be essentially larger than E [supt∈T X (t)]. Chapter 3
is organized as follows. Focusing on the case where T is finite, i.e., on Gaussian
random vectors,

• we study the concentration of the random variables supt∈T |X (t)| or
supt∈T X (t) around their expectations and more generally the concen-
tration of any Lipschitz function on the Euclidean space equipped with
the standard Gaussian measure,
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• we prove Slepian’s comparison Lemma which leads to the Sudakov mino-
ration for E [supt∈T X (t)].

Then, turning to the general case we provide necessary and sufficient con-
ditions for the sample boundedness and continuity in terms of metric entropy
(we shall also state without proof the Fernique–Talagrand characterization in
terms of majorizing measures). Finally we introduce the isonormal process
which will be used in the next chapter devoted to Gaussian model selection.
We do not pretend at all to provide here a complete overview on the topic
of Gaussian processes. Our purpose is just to present some of the main ideas
of the theory with a biased view towards the finite dimensional aspects. Our
main sources of inspiration have been [79], [57] and [1], where the interested
reader will find much more detailed and exhaustive treatments of the subject.

3.2 Concentration of the Gaussian Measure on R
N

The concentration of measure phenomenon for product measures has been
investigated in depth by M. Talagrand in a most remarkable series of works
(see in particular [112] for an overview and [113] for recent advances). One of
the first striking results illustrating this phenomenon has been obtained in the
seventies. It is the concentration of the standard Gaussian measure on R

N .

Theorem 3.4 Consider some Lipschitz function ζ on the Euclidean space
R
N with Lipschitz constant L, if P denotes the canonical Gaussian measure

on R
N , then, for every x ≥ 0

P [|ζ −M | ≥ x] ≤ 2 exp
(
− x2

2L2

)
(3.2)

and

P [ζ ≥ M + x] ≤ exp
(
− x2

2L2

)
, (3.3)

where M denotes either the mean or the median of ζ with respect to P.

Usually the first inequality is called a concentration inequality while the
latter is called a deviation inequality. These inequalities are due to Borell [29]
when M is a median (the same result has been published independently by
Cirelson and Sudakov [37]) and to Cirelson, Ibragimov and Sudakov [36] when
M is the mean. We refer to [76] for various proofs and numerous applications
of these statements, we shall content ourselves here to give a complete proof
of (3.3) when M is the mean via the Gaussian Logarithmic Sobolev inequality.
As a matter of fact this proof leads to the slightly stronger result that the
moment generating function of ζ − EP [ζ] is sub-Gaussian. Namely we shall
prove the following result.
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Proposition 3.5 Consider some Lipschitz function ζ on the Euclidean space
R
N with Lipschitz constant L, if P denotes the canonical Gaussian measure

on R
N , then

lnEP [exp (λ (ζ − EP [ζ]))] ≤ λ2L2

2
, for every λ ∈ R. (3.4)

In particular one also has
VarP [ζ] ≤ L2 (3.5)

One could think to derive the Poincaré type inequality (3.5) directly from
Theorem 3.4 by integration. This technique leads to the same inequality but
with a worse constant. More generally, integrating (3.2) one easily gets for
every integer q

(EP |ζ − EP [ζ]|q)1/q ≤ C
√
qL,

where C is some absolute constant (see [78] for details about that and a
“converse” assertion).

3.2.1 The Isoperimetric Nature of the Concentration Phenomenon

The isoperimetric inequality means something to any mathematician.
Something different of course depending on his speciality and culture. For
sure, whatever he knows about the topic, he has in mind a statement which
is close to the following: “among all compact sets A in the N -dimensional
Euclidean space with smooth boundary and with fixed volume, Euclidean
balls are the one with minimal surface.”

The History of the Concept

As it stands this statement is neither clearly connected to the concentration of
any measure nor easy to generalize to abstract metric spaces say. Fortunately
the Minkowski content formula (see [60]) allows to interpret the surface of the
boundary of A as

lim inf
ε→0

1
ε

(λ (Aε) − λ (A))

where λ denotes the Lebesgue measure and Aε the ε-neighborhood (or
enlargement) of A with respect to the Euclidean distance d,

Aε =
{
x ∈ R

N : d (x,A) < ε
}

.

This leads (see Federer [60] for instance) to the equivalent formulation for the
classical isoperimetric statement: “Given a compact set A and a Euclidean
ball B with the same volume, λ (Aε) ≥ λ (Bε) for all ε > 0.” In this version
the measure λ and the Euclidean distance play a fundamental role. Of course
the Lebesgue measure is not bounded and we shall get closer to the heart
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of the matter by considering the somehow less universally known but more
“probabilistic” isoperimetric theorem for the sphere which is usually referred
as Lévy’s isoperimetric theorem although it has apparently been proved by
Lévy and Schmidt independently (see [82], [106] and [64] for extensions of
Lévy’s proof to Riemannian manifolds with positive curvature). Again this
theorem can be stated in two equivalent ways. We just present the statement
which enlightens the role of the distance and the measure (see [63]): “Let SNρ
be the sphere of radius ρ in R

N+1, P be the rotation invariant probability
measure on SNρ . For any measurable subset A of SNρ , if B is a geodesic ball
(i.e., a cap) with the same measure as A then, for every positive ε

P (Aε) ≥ P (Bε) ,

where the ε-neighborhoods Aε and Bε are taken with respect to the geodesic
distance on the sphere.” The concentration of measure principle precisely
arises from this statement. Indeed from an explicit computation of the measure
of Bε for a cap B with measure 1/2 one derives from the isoperimetric theorem
that for any set A with P (A) ≥ 1/2

P
(
SNρ \Aε

)
≤ exp

(
− (N − 1)

ρ2

ε2

2

)
.

In other words, as soon as P (A) ≥ 1/2, the measure of Aε grows very fast
as a function of ε. This is the concentration of measure phenomenon which is
analyzed and studied in details by Michel Ledoux in his recent book [78].

A General Formulation

Following [79], let us define the notion of concentration function and explain
how it is linked to concentration inequalities for Lipschitz functions on a metric
space.

Let us consider some metric space (X, d) and a continuous functional ζ :
X → R. Given some probability measure P on (X, d), one is interested in
controlling the deviation probabilities

P (ζ ≥ M + x) or P (|ζ −M | ≥ x)

where M is a median of ζ with respect to P . If the latter probability is small
it expresses a concentration of ζ around the median M . Given some Borel set
A, let for all positive ε, Aε denote as usual the ε-neighborhood of A

Aε = {x ∈ X : d (x,A) < ε} .

If ζ is a Lipschitz function we define its Lipschitz seminorm

‖ζ‖L = sup
x�=y

|ζ (x) − ζ (y)|
d (x, y)

,
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and choose A = {ζ ≤ M} so that for all x ∈ Aε

ζ (x) < M + ‖ζ‖L ε.

Therefore

P (ζ ≥ M + ‖ζ‖L ε) ≤ P (X\Aε) = P [d (., A) ≥ ε] .

We can now forget about what is exactly the set A and just retain the fact
that it is of probability at least 1/2. Indeed, denoting by d (., A) the function
x → d (x,A) and defining

γ (ε) = sup
{
P [d (., A) ≥ ε] | A is a Borel set with P (A) ≥ 1

2

}
, (3.6)

we have
P (ζ ≥ M + ‖ζ‖L ε) ≤ γ (ε) .

Setting ε = x/ ‖ζ‖L we derive that for all positive x

P (ζ ≥ M + x) ≤ γ

(
x

‖ζ‖L

)
(3.7)

and changing ζ into −ζ,

P (ζ ≤ M − x) ≤ γ

(
x

‖ζ‖L

)
. (3.8)

Combining these inequalities of course implies the concentration inequality

P (|ζ −M | ≥ x) ≤ 2γ
(

x

‖ζ‖L

)
(3.9)

The conclusion is that if one is able to control the “concentration function” γ
as in the “historical case” of the sphere described above, then one immediately
gets a concentration inequality for any Lipschitz function through (3.9).

An important idea brought by Talagrand is that the concentration function
γ can happen to be controlled without an exact determination of the extremal
sets as it was the case for the sphere. This approach allowed him to control the
concentration function of general product measures. For Gaussian measures
however, one can completely solve the isoperimetric problem.

3.2.2 The Gaussian Isoperimetric Theorem

If we take (X, d) to be the Euclidean space R
N and P to be the standard

Gaussian probability measure we indeed get a spectacular example for which
the above program can be successfully applied.

Indeed in that case, the isoperimetric problem is connected to that of
the sphere via the Poincaré limit procedure. It is completely solved by the
following theorem due to Borell, Cirel’son and Sudakov (see [29] and also [37]
where the same result has been published independently).
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Theorem 3.6 (Gaussian isoperimetric Theorem) Let P be the standard
Gaussian measure on the Euclidean space

(
R
N , d

)
. For any Borel set A, if H

is a half-space with P [A] = P [H], then P [d (., A) ≥ ε] ≤ P [d (.,H) ≥ ε] for
all positive ε.

We refer to [76] for a proof of this theorem (see also [78] for complements
and a discussion about Ehrhardt’s direct approach to the Gaussian isoperi-
metric Theorem). Theorem 3.6 readily implies an exact computation for the
concentration function as defined by (3.6). Indeed if we define the standard
normal tail function Φ by

Φ (x) =
1√
2π

∫ +∞

x

e−u
2/2du,

we can consider for a given Borel set A the point xA such that 1 − Φ (xA) =
P [A]. Then, taking H to be the half-space R

N−1 × (−∞, xA) we see that

P [A] = P [H] and P [d (.,H) ≥ ε] = Φ (xA + ε) .

Now, if P (A) ≥ 1/2, then xA ≥ 0 and therefore P [d (.,H) ≥ ε] ≤ Φ (ε).
Hence Theorem 3.6 implies that the concentration function γ of the standard
Gaussian measure P (as defined by 3.6) is exactly equal to the standard
Gaussian tail function Φ so that one gets the following Corollary via (3.7)
and (3.9).

Corollary 3.7 Let P be the standard Gaussian measure on the Euclidean
space R

N and ζ be any real valued Lipschitz function on R
N . If M denotes a

median of ζ, then

P [ζ ≥ M + x] ≤ Φ

(
x

‖ζ‖L

)

and

P [|ζ −M | ≥ x] ≤ 2Φ
(

x

‖ζ‖L

)

for all positive x.

Remark. These inequalities are sharp and unimprovable since if we take
ζ (x1, . . . , xN ) = x1, they become in fact identities. Moreover, they a fortiori
imply Theorem 3.4 when M is the median by using the standard upper bound
for the Gaussian tail

Φ (u) ≤ 1
2

exp
(
−u2

2

)
for all positive u. (3.10)

The inequalities of Corollary 3.7 are often more convenient to use with M
being the mean rather than the median. Thus let us try to derive concentration
inequalities around the mean from Corollary 3.7. We have



3.2 Concentration of the Gaussian Measure on R
N 61

EP [ζ −M ]+ =
∫ +∞

0

P [ζ −M > x] dx ≤ ‖ζ‖L
∫ +∞

0

Φ (u) du.

Integrating by parts, we get

EP [ζ] −M ≤ EP [ζ −M ]+ ≤ ‖ζ‖L
(

1√
2π

∫ +∞

0

ue−u
2/2du

)
≤ 1√

2π
‖ζ‖L ,

hence, by symmetry

|EP [ζ] −M | ≤ 1√
2π

‖ζ‖L .

Thus, for any positive x

P [|ζ − EP [ζ]| > x] ≤ 2Φ
(

x

‖ζ‖L
− 1√

2π

)

As a matter of fact one can do better by a direct attack of the problem.
Cirelson, Ibragimov and Sudakov (see [36]) use a very subtle imbedding argu-
ment in the Brownian motion. More precisely they prove that ζ −EP (ζ) has
the same distribution as Bτ , where (Bt)t≥0 is a standard Brownian motion
and τ is a stopping time which is almost surely bounded by ‖ζ‖L. Now a
classical result of Paul Lévy ensures that for all positive x

P

[
sup

t≤‖ζ‖L

Bt ≥ x

]
= 2Φ

(
x

‖ζ‖L

)
.

and by symmetry the imbedding argument implies

Theorem 3.8 Let P be the standard Gaussian measure on the Euclidean
space R

N and ζ be any real valued Lipschitz function on R
N . Then

P [ζ ≥ EP [ζ] + x] ≤ 2Φ
(

x

‖ζ‖L

)

and

P [|ζ − EP (ζ)| ≥ x] ≤ 4Φ
(

x

‖ζ‖L

)

for all positive x.

By using again the classical upper bound (3.10) one derives easily from
Theorem 3.8 Inequality (3.3) of Theorem 3.4 when M is the mean. We do
not provide the proof of this theorem because of its too specifically Gaussian
flavor. Instead we focus on its consequence Inequality (3.3). As a matter of fact
an alternative way of proving this deviation inequality consists in solving the
differential inequality for the moment generating function of ζ − EP [ζ] that
derives from a Logarithmic Sobolev inequality. This proof is given in details
in the next section and is much more illustrative of what will be achievable in
much more general frameworks than the Gaussian one.
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3.2.3 Gross’ Logarithmic Sobolev Inequality

The connection between the concentration of measure phenomenon and
Logarithmic Sobolev inequalities relies on Herbst argument (see Proposition
2.14). Let us state Gross’ Logarithmic Sobolev inequality (see [65]) for the
standard Gaussian measure on R

N, show how it implies (3.3) and then prove it.

Theorem 3.9 (Gross’ inequality) Let P be the standard Gaussian measure
on the Euclidean space R

N and u be any continuously differentiable function
on R

N . Then
EntP

[
u2
]
≤ 2EP

(
‖∇u‖2

)
. (3.11)

If we now consider some Lipschitz function ζ on the Euclidean space R
N

with Lipschitz constant L and if we furthermore assume ζ to be continuously
differentiable, we have for all x in R

N , ‖∇ζ (x)‖ ≤ L and given λ > 0, we can
apply (3.11) to u = eλζ/2. Since for all x in R

N we have

‖∇u (x)‖2 =
λ2

4
‖∇ζ (x)‖2

eλζ(x) ≤ λ2L2

4
eλζ(x),

we derive from (3.11) that

EntP
[
eλζ

]
≤ λ2L2

2
EP

[
eλζ

]
. (3.12)

This inequality holds for all positive λ and therefore Herbst argument (see
Proposition 2.14) yields for any positive λ

EP

[
eλ(ζ−EP (ζ))

]
≤ exp

(
λ2L2

2

)
. (3.13)

Using a regularization argument (by convolution), this inequality remains
valid when ζ is only assumed to be Lipschitz and (3.3) follows by Chernoff’s
inequality.

We turn now to the proof of Gross’ Logarithmic Sobolev inequality. There
exists several proofs of this subtle inequality. The original proof of Gross is
rather long and intricate while the proof that one can find for instance in [76]
is much shorter but uses the stochastic calculus machinery. The proof that
we present here is borrowed from [5]. It relies on the tensorization principle
for entropy and uses only elementary arguments. Indeed we recall that one
derives from the tensorization inequality for entropy (2.46) that it is enough
to prove (3.11) when the dimension N is equal to 1. So that the problem
reduces to show that

EntP
[
u2
]
≤ 2EP

(
u′2) . (3.14)

when P denotes the standard Gaussian measure on the real line. We start by
proving a related result for the symmetric Bernoulli distribution which will
rely on the following elementary inequality.
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Lemma 3.10 Let h be the convex function x −→ (1 + x) ln (1 + x) − x on
[−1,+∞), then, for any x ∈ [−1,+∞) the following inequality holds

h (x) − 2h
(x

2

)
≤
(√

1 + x− 1
)2

. (3.15)

Proof. We simply consider the difference between the right hand side of this
inequality and the left hand side

ψ (x) =
(√

1 + x− 1
)2 − h (x) + 2h

(x
2

)
.

Then ψ (0) = ψ′ (0) = 0 and for any x ∈ [−1,+∞)

ψ′′ (x) =
1
2

(1 + x)−3/2 − h′′ (x) +
1
2
h′′

(x
2

)

=
1
2

(1 + x)−3/2 (2 + x)−1 (2 + x− 2
√

1 + x
)
≥ 0.

Hence ψ is a convex and nonnegative function.
We can now prove the announced result for the symmetric Bernoulli

distribution.

Proposition 3.11 Let ε be a Rademacher random variable, i.e., P [ε = +1] =
P [ε = −1] = 1/2, then for any real valued function f on {−1,+1},

EntP
[
f2 (ε)

]
≤ 1

2
(f (1) − f (−1))2 . (3.16)

Proof. Since the inequality is trivial when f is constant and since

|f (1) − f (−1)| ≥ ||f (1)| − |f (−1)|| ,

we can always assume that f is nonnegative and that either f (1) or f (−1)
is positive. Assuming for instance that f (−1) > 0 we derive that (3.16) is
equivalent to

2EntP

[
f2 (ε)
f2 (−1)

]
≤
(

f (1)
f (−1)

− 1
)2

. (3.17)

Now setting f (1) /f (−1) =
√

1 + x, we notice that the left hand side of (3.17)
equals h (x)− 2h (x/2) while the right-hand side equals

(√
1 + x− 1

)2
. Hence

(3.15) implies that (3.17) is valid and the result follows.
We turn now to the proof of (3.14). We first notice that it is enough to prove

(3.14) when u has a compact support and is twice continuously differentiable.
Let ε1, . . . , εn be independent Rademacher random variables. Applying the
tensorization inequality (2.46) again and setting

Sn = n−1/2
n∑
j=1

εj ,
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we derive from Proposition 3.11 that

EntP

[
u2 (Sn)

]
≤ 1

2

n∑
i=1

E

[(
u

(
Sn +

1 − εi√
n

)
− u

(
Sn −

1 + εi√
n

))2
]

.

(3.18)

The Central Limit Theorem implies that Sn converges in distribution to X,
where X has the standard normal law. Hence the left hand side of (3.18)
converges to EntP

[
u2 (X)

]
. Let K denote the supremum of the absolute

value of the second derivative of u. We derive from Taylor’s formula that for
every i ∣∣∣∣u

(
Sn +

1 − εi√
n

)
− u

(
Sn −

1 + εi√
n

)∣∣∣∣ ≤
2√
n
|u′ (Sn)| +

2K
n

and therefore

n

4

(
u

(
Sn +

1 − εi√
n

)
− u

(
Sn −

1 + εi√
n

))2

≤ u′2 (Sn) +
2K√
n
|u′ (Sn)|

+
K2

n
. (3.19)

One derives from (3.19), and the Central Limit Theorem that

lim
n

1
2

n∑
i=1

E

[(
u

(
Sn +

1 − εi√
n

)
− u

(
Sn −

1 + εi√
n

))2
]
≤ 2E

[
u′2 (X)

]
,

which means that (3.18) leads to (3.14) by letting n go to infinity.

3.2.4 Application to Suprema of Gaussian Random Vectors

A very remarkable feature of these inequalities for the standard Gaussian
measure on R

N is that they do not depend on the dimension N . This allows
to extend them easily to an infinite dimensional setting (see [76] for various
results about Gaussian measures on separable Banach spaces). We are mainly
interested in controlling suprema of Gaussian processes. Under appropriate
separability assumptions this problem reduces to a finite dimensional one and
therefore the main task is to deal with Gaussian random vectors rather than
Gaussian processes.

Theorem 3.12 Let X be some centered Gaussian random vector on R
N . Let

σ ≥ 0 be defined as
σ2 = sup

1≤i≤N

(
E
[
X2
i

])

and Z denote either sup1≤i≤N Xi or sup1≤i≤N |Xi|. Then,

ln E [exp (λ (Z − E [Z]))] ≤ λ2σ2

2
, for every λ ∈ R, (3.20)
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leading to
P

[
Z − E [Z] ≥ σ

√
2x
]
≤ exp (−x) (3.21)

and
P

[
E [Z] − Z ≥ σ

√
2x
]
≤ exp (−x) (3.22)

for all positive x. Moreover, the following bound for the variance of Z is
available

Var [Z] ≤ σ2. (3.23)

Proof. Let Γ be the covariance matrix of the centered Gaussian vector X.
Denoting by A the square root of the nonnegative matrix Γ , we define for all
u ∈ R

N

ζ (u) = sup
i≤N

(Au)i .

As it is well known the distribution of sup1≤i≤N Xi is the same as that of
ζ under the standard Gaussian law on R

N . Hence we can apply Proposition
3.5 by computing the Lipschitz constant of ζ on the Euclidean space R

N . We
simply write that, by Cauchy–Schwarz inequality, we have for all i ≤ N

|(Au)i − (Av)i| =

∣∣∣∣∣∣
∑
j

Ai,j (uj − vj)

∣∣∣∣∣∣
≤

⎛
⎝∑

j

A2
i,j

⎞
⎠

1/2

‖u− v‖ ,

hence, since
∑
j A

2
i,j =Var(Xi) we get

|ζ (u) − ζ (v)| ≤ sup
i≤N

|(Au)i − (Av)i| ≤ σ ‖u− v‖ .

Therefore ζ is Lipschitz with ‖ζ‖L ≤ σ. The case where

ζ (u) = sup
i≤N

|(Au)i|

for all u ∈ R
N leads to the same conclusion. Hence (3.20) follows from (3.4)

yielding (3.21) and (3.22). Similarly, (3.23) derives from (3.5).
It should be noticed that inequalities (3.21) and (3.22) would remain true

for the median instead of the mean (simply use Corollary 3.7 instead of (3.4)
at the end of the proof). This tells us that median and mean of Z must be
close to each other. Indeed, denoting by Med[Z] a median of Z and taking
x = ln (2) in (3.21) and (3.22) implies that

|Med [Z] − E [Z]| ≤ σ
√

2 ln (2). (3.24)

Although we have put the emphasis on concentration inequalities around the
mean rather than the median, arguing that the mean is usually easier to
manage than the median, there exists a situation where the median is exactly
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computable while getting an explicit expression for the mean is more deli-
cate. We think here to the case where X1, . . . , XN are i.i.d. standard normal
variables. In this case

Med [Z] = Φ
−1

(
1 − 2−1/N

)
≥ Φ

−1
(

ln (2)
N

)

and therefore by (3.24)

E [Z] ≥ Φ
−1

(
ln (2)
N

)
−
√

2 ln (2). (3.25)

In order to check that this lower bound is sharp, let us see what Lemma 2.3
gives when applied to our case. By (2.3) we get E [Z] ≤

√
2 ln (N). Since

Φ
−1

(ε) ∼
√

2 |ln (ε)| when ε goes to 0, one derives that

E [Z] ∼
√

2 ln (N) as N goes to infinity, (3.26)

which shows that (3.25) and also (2.3) are reasonably sharp.

3.3 Comparison Theorems for Gaussian Random Vectors

We present here some of the classical comparison theorems for Gaussian ran-
dom vectors. Our aim is to be able to prove Sudakov’s minoration on the
expectation of the supremum of the components of a Gaussian random vector
by comparison with the extremal i.i.d. case.

3.3.1 Slepian’s Lemma

The proof is adapted from [79].

Lemma 3.13 (Slepian’s lemma) Let X and Y be some centered Gaussian
random vectors in R

N . Assume that

E [XiXj ] ≤ E [YiYj ] for all i �= j (3.27)

E
[
X2
i

]
= E

[
Y 2
i

]
for all i (3.28)

then, for every x

P

[
sup

1≤i≤N
Yi > x

]
≤ P

[
sup

1≤i≤N
Xi > x

]
. (3.29)

In particular, the following comparison is available

E

[
sup

1≤i≤N
Yi

]
≤ E

[
sup

1≤i≤N
Xi

]
. (3.30)
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Proof. We shall prove a stronger result than (3.29). Namely we intend to
show that

E

[
N∏
i=1

f (Xi)

]
≤ E

[
N∏
i=1

f (Yi)

]
. (3.31)

for every nonnegative and nonincreasing differentiable f such that f and f ′

are bounded on R. Since one can design a sequence (fn) of such functions
which are uniformly bounded by 1 and such that (fn) converges pointwise to
1l(−∞,x], by dominated convergence (3.31) leads to

P

[
sup

1≤i≤N
Xi ≤ x

]
≤ P

[
sup

1≤i≤N
Yi ≤ x

]

and therefore to (3.29). In order to prove (3.31) we may assume X and Y to
be independent. Let, for t ∈ [0, 1], Z (t) = (1 − t)1/2 X + t1/2Y and ρ (t) =
E

[∏N
i=1 f (Zi (t))

]
. Then, for every t ∈ (0, 1)

ρ′ (t) =
N∑
i=1

E

⎡
⎣Z ′

i (t) f ′ (Zi (t))
∏
j �=i

f (Zj (t))

⎤
⎦ . (3.32)

Moreover, for every i, j ∈ [1, N ] and t ∈ (0, 1)

E [Zj (t)Z ′
i (t)] =

1
2

(E [YiYj ] − E [XiXj ]) ≥ 0

so that E [Zj (t) | Z ′
i (t)] = θi,j (t)Z ′

i (t) with θi,j (t) ≥ 0. Now, setting
Zi,j (t) = Zj (t) − θi,j (t)Z ′

i (t), we note that for every α ∈ R
N and every

j �= i

∂

∂αj
E

⎡
⎣Z ′

i (t) f ′ (Zi (t))
∏
k �=i

f (Zi,k (t) + αkZ
′
i (t))

⎤
⎦

= E

⎡
⎣Z ′2

i (t) f ′ (Zi (t)) f ′ (Zi,j (t) + αjZ
′
i (t))

∏
k �=i,k �=j

f (Zi,k (t) + αkZ
′
i (t))

⎤
⎦

≥ 0

and therefore

E

⎡
⎣Z ′

i (t) f ′ (Zi (t))
∏
j �=i

f (Zj (t))

⎤
⎦ ≥ E

⎡
⎣Z ′

i (t) f ′ (Zi (t))
∏
j �=i

f (Zi,j (t))

⎤
⎦ .
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But (Zi,j (t))1≤j≤N is independent from Z ′
i (t), with Zi,i (t) = Zi (t) because

θi,i (t) = 0, thus

E

⎡
⎣Z ′

i (t) f ′ (Zi (t))
∏
j �=i

f (Zi,j (t))

⎤
⎦ = E [Z ′

i (t)] E

⎡
⎣f ′ (Zi (t))

∏
j �=i

f (Zi,j (t))

⎤
⎦

= 0,

which implies that each summand in (3.32) is nonnegative. Hence ρ is nonde-
creasing on [0, 1] and the inequality ρ (0) ≤ ρ (1) means that (3.31) holds. Of
course (3.30) easily derives from (3.29) via the integration by parts formula

E [Z] =
∫ ∞

0

(P [Z > x] − P [Z < −x]) dx

which achieves the proof of Slepian’s lemma.
Slepian’s lemma implies another comparison theorem which holds without

the requirement that the components of X and Y have the same variances.

Theorem 3.14 Let X and Y be some centered Gaussian random vectors in
R
N . Assume that

E

[
(Yi − Yj)

2
]
≤ E

[
(Xi −Xj)

2
]

for all i �= j (3.33)

then,

E

[
sup

1≤i≤N
Yi

]
≤ 2E

[
sup

1≤i≤N
Xi

]
. (3.34)

Proof. Note that E
[
sup1≤i≤N Xi

]
= E

[
sup1≤i≤N (Xi −X1)

]
and similarly

E
[
sup1≤i≤N Yi

]
= E

[
sup1≤i≤N (Yi − Y1)

]
. Hence, possibly replacing X and

Y respectively by (Xi −X1)1≤i≤N and (Yi − Y1)1≤i≤N which also satisfy to
(3.33), we may assume that X1 = Y1 = 0. Assuming from now that this
assumption holds, let us apply Lemma 3.13 to convenient modifications of X
and Y . Setting σ =

(
sup1≤i≤N E

[
X2
i

])1/2, let X̃ and Ỹ be defined by

X̃i = Xi + Zσi

Ỹi = Yi + Zσ,

where σi =
(
σ2 + E

[
Y 2
i

]
− E

[
X2
i

])1/2 and Z is a standard normal variable

independent from X and Y . Then one has E

[
X̃2
i

]
= σ2 + E

[
Y 2
i

]
= E

[
Ỹ 2
i

]

for every i and for every i �= j, E

[(
Ỹi − Ỹj

)2
]

= E

[
(Yi − Yj)

2
]

and

E

[(
X̃i − X̃j

)2
]
≥ E

[
(Xi −Xj)

2
]
. Hence, the Gaussian random vectors X̃
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and Ỹ satisfy to assumptions (3.28) and (3.33) and thus also to assumption
(3.27). So, the hypothesis of Slepian’s lemma are fulfilled and therefore

E

[
sup

1≤i≤N
Yi

]
= E

[
sup

1≤i≤N
Ỹi

]
≤ E

[
sup

1≤i≤N
X̃i

]
.

It remains to relate E

[
sup1≤i≤N X̃i

]
to E

[
sup1≤i≤N Xi

]
. By assumption

(3.33) we know that E
[
Y 2
i

]
≤ E

[
X2
i

]
(remember that X1 = Y1 = 0) and

therefore σi ≤ σ, hence

E

[
sup

1≤i≤N
X̃i

]
≤ E

[
sup

1≤i≤N
Xi

]
+ σE

[
Z+

]
. (3.35)

Now let i0 be such that σ =
(
E
[
X2
i0

])1/2, then on the one hand E
[
X+
i0

]
=

σE [Z+] and on the other hand since X1 = 0, E
[
X+
i0

]
≤ E

[
sup1≤i≤N Xi

]
.

Hence (3.35) leads to (3.34).
We are now in position to prove a result known as the Sudakov minora-

tion which completes the upper bounds for the suprema of Gaussian random
variables established in Chapter 2.

Proposition 3.15 (Sudakov’s minoration) There exists some absolute
positive constant C such that the following inequality holds for any centered
Gaussian random vector X on R

N

min
i�=j

√
E

[
(Xi −Xj)

2
]

ln (N) ≤ CE

[
sup

1≤i≤N
Xi

]
. (3.36)

Proof. Let us consider N i.i.d. standard normal random variables Z1, . . . , ZN .
Let

δ = min
i�=j

(
E

[
(Xi −Xj)

2
])1/2

and
Yi =

δ√
2
Zi, for every i.

Since for every i �= j, E

[
(Yi − Yj)

2
]

= δ2 ≤ E

[
(Xi −Xj)

2
]
, we may apply

Theorem 3.14. Hence

δE

[
sup

1≤i≤N
Zi

]
≤ 2

√
2E

[
sup

1≤i≤N
Xi

]

and it remains to show that for some absolute constant κ, one has
(whatever N)

E

[
sup

1≤i≤N
Zi

]
≥ κ

√
ln (N). (3.37)
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We may assume that N ≥ 2 (otherwise the inequality trivially holds) and
therefore

E

[
sup

1≤i≤N
Zi

]
= E

[
sup

1≤i≤N
(Zi − Z1)

]
≥ E

[
(Z2 − Z1)+

]
=

1√
π

,

which in turn shows that we may assume N to be large enough. But we know
from (3.25) that

E

[
sup

1≤i≤N
Zi

]
∼
√

2 ln (N) as N goes to infinity,

thus (3.37) holds, completing the proof of the proposition.
The analysis of the boundedness of the sample paths of a Gaussian process

lies at the heart of the next section. Sudakov’s minoration is essential for
understanding in depth the role of the intrinsic metric structure of the set of
parameter in this matter.

3.4 Metric Entropy and Gaussian Processes

Our purpose is here to investigate the conditions which warrant the sample
boundedness or uniform continuity of a centered Gaussian process (X (t))t∈T
with respect to the intrinsic pseudodistance defined by its covariance struc-
ture. Recall that this pseudodistance is defined by

d (s, t) =
(
E

[
(X (t) −X (s))2

])1/2

, for every t ∈ T .

Since the uniform continuity means the study of the behavior of the supremum
of the increment process {X (t) −X (s) , d (s, t) ≤ σ}, the problems of bound-
edness and uniform continuity are much more correlated than it should look
at a first glance. The hard work will consist in controlling the supremum of
a Gaussian process with given diameter. The role of the size of T as a metric
space will be essential.

3.4.1 Metric Entropy

Metric entropy allows to quantify the “size” of a metric space. In the context
of Gaussian processes, it has been introduced by Dudley (see [56]) in order to
provide a sufficient condition for the existence of an almost surely continuous
version of a Gaussian process. A completely general approach would consist
in using majorizing measures as introduced by Fernique (see [61]) rather than
metric entropy (we refer to [79] or [1] for an extensive study of this topic).
However the metric entropy framework turns out to be sufficient to cover
the examples that we have in view. This is the reason why we choose to pay
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the price of slightly loosing in generality in order to gain in simplicity for
the proofs. If (S, d) is a totally bounded pseudometric space and δ > 0 is
given, a finite subset Sδ of S with maximal cardinality such that for every
distinct points s and t in Sδ one has d (s, t) > δ is an δ-net, which means
that the closed balls with radius δ which are centered on the points of Sδ are
covering (S, d). The cardinality N (δ, S) of Sδ is called the δ-packing number
(since it is measuring the maximal number of disjoint closed balls with radius
δ/2 that can be “packed” into S), while the minimal cardinality N ′ (δ, S) of
an δ-net is called the δ-covering number (since it is measuring the minimal
number of closed balls with radius δ which is necessary to cover S). Both
quantities are measuring the massiveness of the totally bounded metric space
(S, d). They really behave in the same way as δ goes to 0, since we have
seen already that N ′ (δ, S) ≤ N (δ, S) and conversely N ′ (δ/2, S) ≥ N (δ, S)
because if S is covered by a family of closed balls with radius δ/2, each ball
in this family contains at most a point of Sδ. Although, in the “Probability
in Banach spaces” literature, δ-covering numbers are maybe more commonly
used than their twin brothers δ-packing numbers, we prefer to work with
packing numbers just because they increase when S increases. More precisely,
while obviously N (δ, S) ≤ N (δ, T ) whenever S ⊆ T , the same property does
not necessarily hold for N ′ instead of N (think here to the position of the
centers of the balls). Therefore we are defining below the metric entropy in
a slightly unusual way but once again this is completely harmless for what
follows because of the tight inequalities relating N to N ′

N ′ (δ, S) ≤ N (δ, S) ≤ N ′ (δ/2, S) .

Definition 3.16 Let (S, d) be a totally bounded pseudometric space. For any
positive δ, let N (δ, S) denote the δ-packing number of (S, d). We define the
δ-entropy number H (δ, S) by

H (δ, S) = ln (N (δ, S)) .

We call H (., S) the metric entropy of (S, d).

The role of metric entropy is clear from Sudakov’s minoration. Indeed,
assuming (T, d) to be separable, whenever supt∈T X (t) is a.s. finite, it comes
from the preliminary remarks made in Section 3.1 that (X (t))t∈T admits

an essential supremum Z and that σ =
(
supt∈T E

[
X2 (t)

])1/2
< ∞. One

readily derives from (3.24) that for every finite subset F of T , one has
E [supt∈F X (t)] ≤ Med[Z] + σ

√
2 ln (2). Hence Sudakov’s minoration implies

that (T, d) must be totally bounded with

δ
√

H (δ, T ) ≤ C sup
{

E

[
sup
t∈F

X (t)
]

;F ⊆ T and F finite
}

< ∞.

Our purpose is to build explicit exponential bounds for Gaussian processes and
to prove Dudley’s regularity criterion (which holds under a slightly stronger
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entropy condition than the one just above) simultaneously. This program is
achieved through an explicit control of expectation of the supremum of a
Gaussian process.

3.4.2 The Chaining Argument

To take into account the “size” of (T, d) it is useful to use the so-called chaining
argument which goes back to Kolmogorov. Once again the main issue is to
deal with the case where T is finite and get some estimates which are free
from the cardinality of T. This can be performed if we take into account the
covariance metric structure to use Lemma 2.3 in a clever way. We prove the
following inequality, first for Gaussian random vectors and then extend it to
separable Gaussian processes later on.

Theorem 3.17 Let T be some finite set and (X (t))t∈T be some centered

Gaussian process. Let σ =
(
supt∈T E

[
X2 (t)

])1/2 and consider, for any posi-
tive δ, H (δ, T ) to be the δ-entropy number of T equipped with the intrinsic
covariance pseudometric d of (X (t))t∈T . Then, for any ε ∈ ]0, 1] and any
measurable set A with P [A] > 0

E
A

[
sup
t∈T

X (t)
]
≤ 12

ε

∫ εσ

0

√
H (x, T )dx + (1 + 3ε)σ

√
2 ln

(
1

P [A]

)

Proof. We write p for P [A] for short. For any integer j, we set δj = εσ2−j .
We write H instead of H (., T ) for short. By definition of H, for any integer j
we can define some mapping Πj from T to T such that

ln |Πj (T )| ≤ H (δj)

and
d (t,Πjt) ≤ δj for all t ∈ T .

Since T is finite, there exists some integer J such that for all t ∈ T

X (t) = X (Π0t) +
J∑
j=0

X (Πj+1t) −X (Πjt) ,

from which we deduce that

E
A

[
sup
t∈T

X (t)
]
≤ E

A

[
sup
t∈T

X (Π0t)
]

+
J∑
j=0

E
A

[
sup
t∈T

X (Πj+1t) −X (Πjt)
]

.

Since ln |Π0 (T )| ≤ H (δ0), we derive from (2.3) that

E
A

[
sup
t∈T

X (Π0t)
]
≤

√
2
ε

δ0
√

H (δ0) + σ

√
2 ln

(
1
p

)
.
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Moreover, for any integer j, (Πjt,Πj+1t) ranges in a set with cardinality not
larger than exp (2H (δj+1)) when t varies and

d (Πjt,Πj+1t) ≤ 3δj+1

for all t ∈ T . Hence, by (2.3), we get

J∑
j=0

E
A

[
sup
t∈T

X (Πj+1t) −X (Πjt)
]
≤ 6

J∑
j=0

δj+1

√
H (δj+1)

+ 3

√
2 ln

(
1
p

) J∑
j=0

δj+1

and therefore

E
A

[
sup
t∈T

X (t)
]
≤ 6

ε

J∑
j=0

δj

√
H (δj) + (1 + 3ε)σ

√
2 ln

(
1
p

)
.

We can easily complete the proof by using the monotonicity of H.
We have now at our disposal two different ways for deriving an exponential

inequality from Theorem 3.17.

• First, setting Eε = 12
ε

∫ εσ
0

√
H (u)du, we can use Lemma 2.4 with ϕ (x) =

Eε + (1 + 3ε)σ
√

2x and get for any positive x

P

[
sup
t∈T

X (t) ≥ Eε + (1 + 3ε)σ
√

2x
]
≤ e−x.

• Second, we can retain the conclusion of Theorem 3.17 only for A = Ω and
ε = 1 and use inequality (3.21), which yields

P

[
sup
t∈T

X (t) ≥ E1 + σ
√

2x
]
≤ e−x.

Since Eε is a nonincreasing function of ε, we see that the second method
always produces a better result than the first one and this demonstrates the
power of the Gaussian concentration inequality (3.21). The first method
however misses the target from rather short and we can see that at the
price of increasing Eε by taking a small ε, we can recover the optimal term
σ
√

2x up to some factor which can be chosen arbitrary close to 1.

While the conclusion of this study is clearly not in favor of the conditional
formulation of Theorem 3.17 since some control of the unconditional expec-
tation is enough for building a sharp exponential probability bound via the
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Gaussian concentration argument. However the conditional statement that
we present here has the merit to introduce an alternative way to the con-
centration approach for establishing exponential inequalities. The comparison
above shows that this alternative approach is not ridiculous and produces
exponential bounds which up to constants have the right structure. This is
an important fact since for unbounded empirical processes for instance, no
concentration inequality is yet available and we are forced to use this alterna-
tive approach to study such processes.

3.4.3 Continuity of Gaussian Processes

Applying Theorem 3.17 to the increments of a Gaussian process allows to
recover Dudley’s regularity criterion without any additional effort.

Dudley’s Criterion

In his landmark paper [56], Dudley has established the following metric en-
tropy criterion for the sample continuity of some version of a Gaussian process.

Theorem 3.18 Let (X (t))t∈T be some centered Gaussian process and d
be the covariance pseudometric of (X (t))t∈T . Assume that (T, d) is totally
bounded and denote by H (δ, T ) the δ-entropy number of (T, d), for all posi-
tive δ. If

√
H (., T ) is integrable at 0, then (X (t))t∈T admits a version which

is almost surely uniformly continuous on (T, d). Moreover, if (X (t))t∈T is
almost surely continuous on (T, d), then

E

[
sup
t∈T

X (t)
]
≤ 12

∫ σ

0

√
H (x, T )dx,

where σ =
(
supt∈T E

[
X2 (t)

])1/2.
Proof. We note that since S ⊂ T implies that H (δ, S) ≤ H (δ, T ) for all
positive δ, by monotone convergence Theorem 3.17 still holds whenever T
is countable. We first assume T to be at most countable and introduce the
process of increments (X (t) −X (t′))(t,t′)∈T 2 . Since the covariance pseudo-
metric of the process of increments is not larger than 2d, we have for all
positive δ

H
(
δ, T 2

)
≤ 2H (δ/2, T ) .

Hence
√

H (., T 2) is integrable at zero and applying Theorem 3.17 to the
Gaussian process (X (t) −X (t′))(t,t′)∈T 2

δ
, where

T 2
δ =

{
(t, t′) ∈ T 2 : d (t, t′) ≤ δ

}
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we get

E

[
sup

(t,t′)∈T 2
δ

|X (t) −X (t′)|
]

= E

[
sup

(t,t′)∈T 2
δ

X (t) −X (t′)

]

≤ 12
√

2
∫ δ

0

√
H (x/2, T )dx

≤ 24
√

2
∫ δ/2

0

√
H (u, T )du.

This means that the nondecreasing function ψ defined for all positive δ by

ψ (δ) = E

[
sup

(t,t′)∈T 2
δ

|X (t) −X (t′)|
]

,

tends to 0 as δ tends to 0. Defining some positive sequence (δj)j≥0 tend-
ing to 0 such that the series

∑
j ψ (δj) converges, we deduce from Markov’s

inequality and the Borell–Cantelli Lemma that the process (X (t))t∈T is al-
most surely uniformly continuous on (T, d). If T is no longer assumed to be
at most countable, we can argue as follows. Since (T, d) is totally bounded it
is separable and we can apply the previous arguments to (D, d) where D is a
countable and dense subset of T . Hence (X (t))t∈D is almost surely uniformly
continuous and we can construct an almost surely continuous modification of
(X (t))t∈T by using the standard extension argument described in Section 3.1.
Of course for such a version X̃, one has almost surely

sup
t∈T

X̃ (t) = sup
t∈D

X̃ (t)

which completes the proof since as previously noticed, Theorem 3.17 can be
applied to

(
X̃ (t)

)
t∈D

.

Now, if (T, d) is separable, we have at our disposal two entropy conditions.
On the one hand Sudakov’s minoration ensures that a necessary condition for
the a.s. sample boundedness of (X (t))t∈T is that δ → δ

√
H (δ, T ) is bounded

while on the other hand Dudley’s sufficient condition for the existence of an
almost surely uniformly continuous and bounded version of (X (t))t∈T says
that δ →

√
H (δ, T ) is integrable at 0 (which of course implies by monotonicity

of H (., T ) that δ
√

H (δ, T ) tends to 0 as δ goes to 0). Hence there is some little
gap between these necessary and sufficient conditions which unfortunately
cannot be filled if one only considers metric entropy conditions.

Majorizing Measures

In order to characterize the almost sure sample boundedness and uniform
continuity of some version of X, one has toconsider the sharper notion of
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majorizing measure. By definition, a majorizing probability measure µ on the
metric space (T, d) satisfies

sup
t∈T

∫ ∞

0

√
|ln [µ (B (t, δ))]|dδ < ∞, (3.38)

where B (t, δ) denotes the closed ball with radius δ centered at t. The existence
of a majorizing measure is indeed a necessary and sufficient condition for the
a.s. boundedness of some version of X, while the slightly stronger condition
that there exists some majorizing measure µ satisfying

lim
η→0

sup
t∈T

∫ η

0

√
|ln [µ (B (t, δ))]|dδ = 0 (3.39)

is necessary and sufficient for the a.s. uniform continuity of some version of
X. These striking definitive results are due to Fernique for the sufficient part
(see [61]) and Talagrand for the necessary part ([109]). Of course Dudley’s
integrability condition of the square root of the metric entropy implies (3.39)
thus a fortiori (3.38). Indeed it suffices to consider for every integer j a 2−j-
net and the corresponding uniform distribution µj on it. Then, defining the
discrete probability measure µ as

µ =
∑
j≥1

2−jµj ,

we see that whatever t
∫ η

0

√
|ln [µ (B (t, δ))]|dδ ≤

∑
2−j≤η

2−j
√
|ln [µ (B (t, 2−j))]|

≤
∑

2−j≤η
2−j

(√
ln (2j) +

√
H (2−j , T )

)

which tends to 0 (uniformly with respect to t) when η goes to 0 under Dudley’s
integrability assumption for

√
H (., T ). As it will become clear in the exam-

ples studied below, we shall however dispense ourselves from using this more
general concept since either entropy calculations will be a sharp enough tool
or we shall use a direct approach based on finite dimensional approximations
(as for the continuity of the isonormal process on a Hilbert–Schmidt ellipsoid).
Let us finish this section devoted to the sample paths continuity of Gaussian
processes by a simple remark concerning other possible distances than the
intrinsic pseudometric d. If we take τ to be a pseudometric such that (T, τ)
is compact, then, provided that (X (t))t∈T is continuous on (T, τ) in L2, the
identity map from (T, τ) to (T, d) is continuous thus bi-continuous since (T, τ)
is compact. This means that τ and d are defining equivalent topologies in the
sense that a real valued mapping f is continuous on (T, τ) if and only if it
is continuous on (T, d) (of course here continuity also means uniform conti-
nuity because of the compactness of (T, τ) and (T, d)). Hence under the mild



3.5 The Isonormal Process 77

requirements that (T, τ) is compact and that (X (t))t∈T is continuous on (T, τ)
in L2, studying the sample paths continuity on (T, τ) amounts to study the
sample paths continuity on (T, d). This means that although the above crite-
ria involve the specific pseudometric d, we also have at our disposal continuity
conditions for more general distances than the intrinsic pseudometric.

Concentration Inequalities for Gaussian Processes

As announced, for an almost surely continuous version of a Gaussian process
on the totally bounded set of parameters (T, d), one can derive for free concen-
tration inequalities for the suprema from the corresponding result for Gaussian
random vectors.

Proposition 3.19 If (X (t))t∈T is some almost surely continuous centered
Gaussian process on the totally bounded set (T, d), letting σ ≥ 0 be defined as

σ2 = sup
t∈T

(
E
[
X2 (t)

])

and Z denote
either sup

t∈T
X (t) or sup

t∈T
|X (t)| .

Then,

ln E [exp (λ (Z − E [Z]))] ≤ λ2σ2

2
, for every λ ∈ R,

leading to
P

[
Z − E [Z] ≥ σ

√
2x
]
≤ exp (−x)

and
P

[
E [Z] − Z ≥ σ

√
2x
]
≤ exp (−x)

for all positive x. Moreover the following bound is available

E
[
Z2

]
− (E [Z])2 ≤ σ2.

Proof. The proof is trivial from Theorem 3.12, using a separability argument
and monotone convergence, the integrability of Z being a consequence of
(3.24).

We turn now to the introduction and the study of a generic example of a
Gaussian process.

3.5 The Isonormal Process

3.5.1 Definition and First Properties

The isonormal process is the natural extension of the notion of standard nor-
mal random vector to an infinite dimensional setting.
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Definition 3.20 Let H be some separable Hilbert space, a Gaussian process
(W (t))t∈H

is said to be isonormal if it is centered with covariance given by
E [W (t)W (u)] = 〈t, u〉, for every t, u in H.

If H = R
N , then, starting from a standard random vector (ξ1, . . . , ξN ), one

can easily define the isonormal process as

W (t) = 〈t, ξ〉 for every t ∈ R
N .

Note then that W is a linear (and thus continuous!) random map. Assuming
now H to be infinite dimensional, the same kind of linear representation of
W is available except that we have to be careful with negligible sets when we
speak of linearity. Indeed, if (W (t))t∈H

is an isonormal process, given some
finite linear combination t =

∑k
i=1 λiti with t1, . . . , tk in H, since

E

⎡
⎣
(
W (t) −

k∑
i=1

λiW (ti)

)2
⎤
⎦ =

∥∥∥∥∥t−
k∑
i=1

λiti

∥∥∥∥∥
2

= 0,

W (t) =
∑k
i=1 λiW (ti) except on a set with probability 0 which does depend

on (λi) and (ti). So that W can be interpreted as a linear map (as a matter
of fact as an isometry) from H into L2 (Ω) but not as an almost sure linear
map on H as it was the case in the previous finite dimensional setting.
Conversely any isometry W from H into some Gaussian linear subspace
(“Gaussian” meaning that every element of this subspace has a centered nor-
mal distribution) of L2 (Ω) is a version of the isonormal process, which makes
sense since remember that one has to deal with finite dimensional marginal
distributions only. Now, let us take some Hilbertian basis (φj)j≥1 of H. Then,
(ξj = W (φj))j≥1 is a sequence of i.i.d. standard normal random variables and
given t ∈ H, since W is an isometry, one has by the three series Theorem

W (t) =
∑
j≥1

〈t, φj〉 ξj a.s. (and in L2 (Ω) ). (3.40)

Conversely, given a sequence of i.i.d. standard normal random variables
(ξj)j≥1, by the three series Theorem again, given t ∈ H, one can define W (t)
as the sum of the series

∑
j≥1 〈t, φj〉 ξj in L2 (Ω). It is easy to verify that the

so-defined map W from H into L2 (Ω) is an isometry. Moreover the image
of H through this isometry is a Gaussian subspace (because

∑
j≥1 〈t, φj〉 ξj

is centered normal as the limit in L2 (Ω) of centered normal variables). In
order to avoid any ambiguity concerning the role of negligible sets in a state-
ment like (3.40), we would like to emphasize the following two important
points which both derive from the fact that by the three series Theorem∑
j≥1 ξ

2
j = +∞ a.s.

• First, if for some ω, the series
∑
j≥1 〈t, φj〉 ξj (ω) converges for every t, then

this implies that (ξj (ω))j≥1 belongs to �2, which is absurd except on a null
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probability set. In other words, while for every t, W (t) =
∑
j≥1 〈t, φj〉 ξj

a.s., the set of ω such that W (t) (ω) =
∑
j≥1 〈t, φj〉 ξj (ω) holds for every

t is negligible.
• In the same way there is no almost surely continuous version of the

isonormal process on the hole Hilbert space H. More than that, any version
(W (t))t∈H

of the isonormal process is a.s. discontinuous at some point of
H. Indeed, we can use a separability argument to derive that, except if ω
belongs to some null probability set, as soon as t → W (t) (ω) is continuous
on H then t → W (t) (ω) is a linear (and continuous!) map on H and there-
fore, by the Riesz representation Theorem, there exists some element ξ (ω)
∈ H such that W (t) (ω) = 〈t, ξ (ω)〉. Hence, setting ξj (ω) = 〈ξ (ω) , φj〉
for every integer j, one has

∑
j≥1 ξ

2
j (ω) < ∞, which is possible only if ω

belongs to some null probability set.

So, on the one hand we must keep in mind that while W is linear from
H to L2 (Ω), it is not true that a.s. W is a linear map on H. On the other
hand, the question of finding continuity sets C, i.e., subsets of H for which
there exists some version of (W (t))t∈H

which is continuous on C is relevant.
Of course, we do know that concerning a closed linear subspace of H, it is a
continuity set if and only if it is finite dimensional and we would like to turn
now to the study of bounded (and even compact) continuity sets to which the
results of Section 3.4 can be applied.

3.5.2 Continuity Sets with Examples

By Theorem 3.18, denoting by H (δ, C) the δ-entropy number of C equipped
by the Hilbertian distance of H, a sufficient condition for C to be a continuity
set for the isonormal process is that

√
H (., C) is integrable at 0.

Hölder Smooth Functions and the Gaussian White Noise

If we take H to be L2 [0, 1] and C to be
{

1l[0,x], x ∈ [0, 1]
}

, then the restriction
of the isonormal process to C is nothing else than the Wiener process B (x) =
W

(
1l[0,x]

)
, x ∈ [0, 1]. Obviously, since

∥∥1l[0,x] − 1l[0,x′]
∥∥2 = |x− x′|, one has

H (δ, C) ≤ ln (1/δ), so that
√

H (., C) is integrable. Hence, we recover the
existence of the Brownian motion, i.e., an almost surely continuous version
the Wiener process on [0, 1]. Furthermore, the isonormal process itself can be
interpreted as a version of the stochastic integral, i.e., for every t

W (t) =
∫ 1

0

t (x) dB (x) a.s.

This process is commonly called the Gaussian white noise (this is the reason
why more generally the isonormal process on some abstract infinite dimen-
sional and separable Hilbert space is also often called Gaussian white noise).
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Typical examples of continuity sets for this process are proper compact subsets
of C [0, 1]. Given R > 0 and α ∈ (0, 1], a classical result from approximation
theory (see for instance [57]) ensures that if C denotes the set of α-Hölder
smooth functions t on [0, 1] such that t (0) = 0 and

|t (x) − t (y)| ≤ R |x− y|α ,

then for some absolute positive constants κ1 and κ2, one has for every δ ∈
(0, R)

κ1

(
R

δ

)1/α

≤ H (δ, C) ≤ κ2

(
R

δ

)1/α

.

Hence, according to Dudley’s criterion, C is a continuity set whenever α > 1/2,
while by the Sudakov minoration, C is not a continuity set whenever α < 1/2
(the case where α = 1/2 would require a sharper analysis but as a matter
of fact C is not a continuity set for the isonormal process in that case too).
From Theorem 3.18, we also derive a more precise result, namely, provided
that α > 1/2, if (W (t))t∈C denotes an almost continuous version on C of the
isonormal process, one has for every σ ∈ (0, 1)

E

[
sup

‖t−u‖≤σ
(W (t) −W (u))

]
≤ κ (α)R1/2ασ1−(1/2α),

where the supremum in the above inequality is taken over all t and u belonging
to C and κ (α) is a positive constant depending only on α. Of course, the same
analysis would hold for the Gaussian white noise on [0, 1]d, simply replacing
α in the entropy computations above by α/d.

Hilbert–Schmidt ellipsoids are “generic” examples of continuity sets for
the isonormal process. As we shall see later on, choosing a proper basis of
L2 [0, 1] such as the Fourier or the Haar basis, the restriction that t belongs
to some ellipsoid is closely linked to a regularity restriction of the same type
as the one considered in the previous example.

Ellipsoids

Given an orthonormal basis (φj)j≥1 of H and a nonincreasing sequence (cj)j≥1
tending to 0 at infinity, one defines the ellipsoid

E2 (c) =

⎧
⎨
⎩t ∈ H,

∑
j≥1

〈t, φj〉2

c2j
≤ 1

⎫
⎬
⎭ . (3.41)

the ellipsoid is said to be Hilbert–Schmidt if (cj)j≥1 ∈ �2. It is an easy exercise
to show that E2 (c) is a compact subset of H. Unless cj has a well known
behavior when j goes to infinity such as an arithmetical decay (i.e., cj ∼
κj−α), the metric entropy of E2 (c) is not the right tool to determine whether
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E2 (c) is a continuity set or not. Of course one could think to use majorizing
measures and it indeed can be done (see [79]). But in this case, the solution
of the continuity problem is due to Dudley (see [56]) and easily derives from
a simpler direct approach essentially based on Cauchy–Schwarz inequality.

Theorem 3.21 Let (cj)j≥1 be a nonincreasing sequence tending to 0 at in-
finity and E2 (c) be the ellipsoid defined by (3.41). Then E2 (c) is a continuity
set for the isonormal process if and only if it is Hilbert–Schmidt. Moreover,
if the ellipsoid E2 (c) is Hilbert–Schmidt and if (W (t))t∈H

is a version of the
isonormal process which is almost surely continuous on E2 (c), one has

E

⎡
⎣
(

sup
t∈E2(c)

W (t)

)2
⎤
⎦ =

∑
j≥1

c2j (3.42)

and

E

⎡
⎣
(

sup
w∈E2,σ(c)

W (w)

)2
⎤
⎦ ≤ 8

∑
j≥1

(
c2j ∧ σ2

)
, (3.43)

where E2,σ (c) = {t− u; (t, u) ∈ E2 (c) × E2 (c) with ‖t− u‖ ≤ σ}.

Proof. If E2 (c) is a continuity set, then let (W (t))t∈H
be a version of the

isonormal process which is almost surely continuous on E2 (c). Then Proposi-
tion 3.19 implies in particular that Z = supt∈E2(c) W (t) is square integrable.
Moreover, since the a.s. continuity of (W (t)) implies that a.s., the supremum
of W (t) over E2 (c) equals the supremum of W (t) on a countable and dense
subset of E2 (c), one derives from (3.40) that almost surely

Z = sup
t∈E2(c)

∑
j≥1

〈t, φj〉 ξj ,

where (ξj)j≥1 is a sequence of i.i.d. standard normal random variables. Hence
Z2 =

∑
j≥1 c

2
jξ

2
j a.s. and therefore the integrability of Z2 implies the sum-

mability of
(
c2j
)
j≥1

. Conversely, assume that (cj)j≥1 ∈ �2. Let E ′
2 (c) be a

countable subset of E2 (c). Then, almost surely, for every t belonging to E ′
2 (c)

W (t) =
∑
j≥1

〈t, φj〉 ξj

and Cauchy–Schwarz inequality implies that

⎛
⎝∑
j≥1

〈t, φj〉 ξj

⎞
⎠

2

≤

⎛
⎝∑
j≥1

〈t, φj〉2

c2j

⎞
⎠
⎛
⎝∑
j≥1

c2jξ
2
j

⎞
⎠ ≤

∑
j≥1

c2jξ
2
j .
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Hence, defining
Z ′ = sup

t∈E′
2(c)

∑
j≥1

〈t, φj〉 ξj ,

one has
E
[
Z ′2] ≤

∑
j≥1

c2j . (3.44)

The point now is that if we set

E ′
2,σ (c) = {t− u; (t, u) ∈ E ′ (c) × E ′ (c) with ‖t− u‖ ≤ σ} ,

then E ′
2,σ (c) is a countable subset of the ellipsoid E2 (γ), where

γj = 2
√

2 (cj ∧ σ)

for every j ≥ 1. We may therefore use (3.44) with γ instead of c and derive
that

E

⎡
⎣
(

sup
w∈E′

2,σ(c)

W (w)

)2
⎤
⎦ ≤ 8

∑
j≥1

(
c2j ∧ σ2

)
. (3.45)

Since the right-hand side of this inequality tends to 0 as σ tends to 0, Borel–
Cantelli lemma ensures the almost sure continuity of W on E ′

2 (c). Therefore,
by the extension principle explained in Section 3.1, there exists some modifi-
cation of (W (t))t∈H

which is almost surely continuous on E2 (c). For such a
version the supremum in (3.45) can be taken over E ′

2,σ (c) or E2,σ (c) indiffer-
ently, which leads to (3.43). The same argument also implies that Z = Z ′ a.s.
hence (3.44) means that E

[
Z2

]
≤
∑
j≥1 c

2
j . Finally since

∑
j≥1

⎛
⎝ c2jξj√∑

k≥1 c
2
kξ

2
k

⎞
⎠φj

belongs to E2 (c) we derive that a.s.

Z2 ≥
∑
j≥1

c2jξ
2
j

which leads to (3.42).
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Gaussian Model Selection

4.1 Introduction

We consider the generalized linear Gaussian model as introduced in [23]. This
means that, given some separable Hilbert space H, one observes

Yε (t) = 〈s, t〉 + εW (t) , for all t ∈ H, (4.1)

where W is some isonormal process (according to Definition 3.20), i.e., W
maps isometrically H onto some Gaussian subspace of L2 (Ω). This framework
is convenient to cover both the infinite dimensional white noise model for
which H = L2 ([0, 1]) and W (t) =

∫ 1

0
t (x) dB (x), where B is a standard

Brownian motion, and the finite dimensional linear model for which H = R
n

and W (t) = 〈ξ, t〉, where ξ is a standard n-dimensional Gaussian vector.

4.1.1 Examples of Gaussian Frameworks

Let us see in more details what are the main statistical Gaussian frameworks
which can be covered by the above general model.

The Classical Linear Gaussian Regression Model

In this case one observes a random vector

Yj = sj + σξj , 1 ≤ j ≤ n (4.2)

where the random variables are i.i.d. standard normal. Considering the scalar
product

〈u, v〉 =
1
n

n∑
j=1

ujvj ,

and setting
W (t) =

√
n 〈ξ, t〉 ,

we readily see that W is an isonormal process on R
n and that Yε (t) = 〈Y, t〉

satisfies to (4.1) with ε = σ/
√
n.
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The White Noise Framework

In this case one observes (ζε (x) , x ∈ [0, 1]) given by the stochastic differential
equation

dζε (x) = s (x) dx + εdB (x) with ζε (0) = 0.

Hence, setting for every t ∈ L2 ([0, 1]), W (t) =
∫ 1

0
t (x) dB (x), W is indeed

an isonormal process on L2 ([0, 1]) and Yε (t) =
∫ 1

0
t (x) dζε (x) obeys to (4.1),

provided that L2 [0, 1] is equipped with its usual scalar product 〈s, t〉 =∫ 1

0
s (x) t (x) dx. Typically, s is a signal and dζε (x) represents the noisy signal

received at time x. This framework easily extends to a d-dimensional set-
ting if one considers some multivariate Brownian sheet B on [0, 1]d and takes
H = L2

(
[0, 1]d

)
.

The Fixed Design Gaussian Regression Framework

We consider the special case of (4.2) for which sj = s (j/n), j = 1, . . . , n,
where s denotes some function on [0, 1] (in this case we denote abusively
by the same symbol s the function on [0, 1] and the vector with coordinates
s (j/n) in R

n). If s is a signal, for every j, Yj represents the noisy signal at
time j/n. It is some discrete version of the white noise model. Indeed if one
observes (ζε (x) , x ∈ [0, 1]) such that

dζε (x) = s (x) dx + εdB (x)

only at the discrete points {j/n, 1 ≤ j ≤ n}, setting σ = ε
√
n and

ξj =
√
n (B (j/n) −B ((j − 1) /n)) for all j ∈ [1, n] ,

the noisy signal received at time j/n is given by

Yj = n (ξε (j/n) − ξε ((j − 1) /n)) = n

∫ j/n

(j−1)/n

s (x) dx + σξj .

Since the variables {ξj , 1 ≤ j ≤ n} are i.i.d. standard normal, we are indeed
back to the fixed design Gaussian regression model with sj = s(n) (j/n) if
one sets s(n) (x) = n

∫ j/n
(j−1)/n

s (y) dy whenever x ∈ [(j − 1) /n, j/n). If s is a
smooth enough function, s(n) represents a good piecewise constant approx-
imation of s and this shows that there is a link between the fixed design
Gaussian regression setting and the white noise model.

The Gaussian Sequence Framework

The process given by (4.1) is not connected to any specific orthonormal basis
of H but assuming H to be infinite dimensional, once we have chosen such



4.1 Introduction 85

a basis {ϕj}j≥1, it can be transformed into the so-called Gaussian sequence
framework. This means that we observe the filtered version of Yε through the
basis, i.e., the sequence β̂j = Yε (ϕj), where Yε is the process defined by (4.1).
This is a Gaussian sequence of the form

β̂j = βj + ε ξj , j ∈ N
∗, (βj)j≥1 ∈ �2. (4.3)

Here βj = 〈s, ϕj〉 and the random variables ξj = W (ϕj) are i.i.d. standard
normal. One can identify s with the sequence β = (βj)j≥1 and estimate it
by some β̃ ∈ �2. Since E[β̂j ] = βj the problem of estimating β within the
framework described by (4.3) can also be considered as an infinite-dimensional
extension of the Gaussian linear regression framework (4.2). The study of
minimax and adaptive estimation in the Gaussian sequence framework has
been mainly developed by Pinsker (see [99]) and Efroimovich and Pinsker
(see [58]) for ellipsoids and by Donoho and Johnstone (see [47], [48], [50], [51]
and [52]) for �p-bodies. Let us now recall that given p ∈ (0, 2] and c = (cj)j≥1

be a nonincreasing sequence of numbers in [0,+∞], converging to 0 when
j → +∞, the �p-body Ep(c) is the subset of R

N
∗

given by

Ep(c) =

⎧
⎨
⎩(βj)j≥1

∣∣∣∣∣∣
∑
j≥1

∣∣∣∣
βj
cj

∣∣∣∣
p

≤ 1

⎫
⎬
⎭ ,

with the convention that 0/0 = 0 and x/(+∞) = 0 whatever x ∈ R. An
�2-body is called an ellipsoid and it follows from classical inequalities between
the norms in �2 and �p that Ep(c) ⊂ �2.

The interest and importance of the Gaussian sequence framework and the
geometrical objects such as �p-bodies come from curve estimation. Indeed, if
H = L2 ([0, 1]) for instance, for proper choices of the basis {ϕj}j≥1, smooth-
ness properties of s can be translated into geometric properties of β ∈ �2. One
should look at [94] for the basic ideas, Section 2 of [52] for a review and the
Appendix of this Chapter below. Many classical functional classes in some L2

space H can therefore be identified with specific geometric objects in �2 via the
natural isometry between H and �2 given by s ↔ (βj)j≥1 if s =

∑
j≥1 βjϕj . Let

us illustrate this fact by the following classical example. For α some positive
integer and R > 0, the Sobolev ball Wα(R) on the torus R/Z is defined as the
set of functions s on [0, 1] which are the restriction to [0, 1] of periodic functions
on the line with period 1 satisfying ‖s(α)‖ ≤ R. Given the trigonometric basis
ϕ1 = 1 and, for k ≥ 1, ϕ2k(z) =

√
2 cos(2πkz) and ϕ2k+1(z) =

√
2 sin(2πkz),

it follows from Plancherel’s formula that s =
∑
j≥1 βjϕj belongs to Wα(R) if

and only if
∑∞
k=1(2πk)2α

[
β2

2k + β2
2k+1

]
≤ R2 or equivalently if the sequence

(βj)j≥1 belongs to the ellipsoid
⎧
⎨
⎩(βj)j≥1

∣∣∣∣∣∣
∑
j≥1

(
βj
cj

)2

≤ 1

⎫
⎬
⎭ , (4.4)
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with
c1 = +∞ and c2k = c2k+1 = R(2πk)−α for k ≥ 1.

This means that, via the identification between s ∈ L2 ([0, 1]) and its coordi-
nates vector (〈s, ϕj〉)j≥1 ∈ �2(N∗), one can view a Sobolev ball as a geometric
object which is an infinite dimensional ellipsoid in �2.

More generally, balls in Besov spaces can be identified with special types of
�p-bodies when expanded on suitable wavelet bases (the interested reader will
find some more details in the Appendix of this Chapter). It is important here
to notice that the ordering, induced by N

∗, that we have chosen on {ϕj}j≥1,
plays an important role since �p-bodies are not invariant under permutations
of N

∗.

4.1.2 Some Model Selection Problems

Let us give some examples of model selection problems which appear naturally
in the above frameworks.

Variable Selection

If we consider the finite dimensional Gaussian regression framework, the usual
requirement for the mean vector s is that it belongs to some N -dimensional
subspace of R

n or equivalently

s =
N∑
λ=1

βλϕλ,

where the vectors ϕλ, λ = 1, . . . , N are linearly independent. It may happen
that the vectors ϕλ, λ = 1, . . . , N represent explanatory variables and an
interesting question (especially if N is large) is to select among the initial
collection, the “most significant” variables {ϕλ, λ ∈ m}.

Interestingly, this variable selection problem also makes sense within the
white noise model. In order to reconstruct the signal s, one indeed can con-
sider some family {ϕλ, λ ∈ Λ} of linearly independent functions, where Λ is
either some finite set as before Λ = 1, . . . , N or may be infinite Λ = N

∗. If
we think of the situation where ϕλ, λ = 1, . . . , N denotes some rather large
subset of a wavelet basis, one would like to select some “ideal” subset m of
Λ to represent the signal s on {ϕλ, λ ∈ m}. This means that the complete
variable selection problem is of interest in a variety of situations for which the
variables can be provided by Nature or created by the statistician in order
to solve some estimation problem. Another interesting question is ordered
variable selection. If we consider the case where Λ = N

∗ and {ϕλ, λ ∈ Λ}
denotes the trigonometric basis taken according to its natural ordering, then
we could think to restrict ourselves to ordered subsets {[1,D] ,D ∈ N

∗} of N
∗

when searching some convenient finite dimensional expansion approximating
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the signal s. Note that if {ϕλ, λ ∈ Λ} denotes some orthonormal basis of
a Hilbert space H, the variable selection problem can be considered within
the Gaussian sequence framework (4.3) where it amounts to select a proper
subset m of significant components of β.

Multiple Change-Points Detection

This problem appears naturally in the fixed design Gaussian regression setting.
The question here is to select the “best” partition m of

{
0,

1
n
, . . . ,

(n− 1)
n

, 1
}

by intervals {I, I ∈ m} on which the unknown signal s can be represented by
some piecewise constant function. The motivations come from the analysis of
seismic signals for which the change points (i.e., the extremities of the intervals
of the partition) correspond to different geological materials.

As illustrated by the previous examples, a major problem in estimation is
connected with the choice of a suitable set of “significant” parameters to
be estimated. In the classical finite dimensional Gaussian regression case,
one should select some subset {ϕλ}λ∈m of the explanatory variables; for
the Gaussian sequence problem we just considered, ordered variable selection
means selecting a value of D and only estimate the D parameters β1, . . . , βD.
In any case, this amounts to pretend that the unknown target s belongs to
some model Sm and estimate it as if this were actually true, although we
know this is not necessarily the case. In this approach, a model should there-
fore always be viewed as an approximate model.

4.1.3 The Least Squares Procedure

Of course we have used several times some notions which are not well-defined
like “best” partition or “most significant” variables. It is our purpose now to
provide some precise framework allowing to give a mathematical sense to these
intuitive questions or notions. Basically we take the squared distance as our
loss function. Given some closed subset Sm of H, the best approximating point
of s belonging to Sm minimizes ‖t− s‖2 (or equivalently −2 〈s, t〉+‖t‖2) over
Sm. It is known to be the orthogonal projection of s onto Sm whenever Sm is
a finite dimensional subspace of H. The basic idea is to consider a minimizer
of −2Yε (t) + ‖t‖2 over Sm as an estimator of s representing model Sm.

Definition 4.1 Let S be some subset of H and let us set γε(t) = ‖t‖2−2Yε(t).
One defines a least squares estimator (LSE) on S as a minimizer of the least
squares criterion γε(t) with respect to t ∈ S.

We do not pretend that such an estimator does exist without any restric-
tion on the model Sm to be considered, but if it is the case we denote it by
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ŝm and take as a measure of quality for model Sm the quadratic risk
Es

[
‖ŝm − s‖2

]
. Model selection actually proceeds in two steps: first consider

some family of models Sm with m ∈M together with the LSE ŝm with values
in Sm. Then use the data to select a value m̂ of m and take ŝ

m̂
as the final

estimator. A “good” model selection procedure is one for which the risk of the
resulting estimator is as close as possible to the minimal risk of the estimators
ŝm,m ∈ M.

4.2 Selecting Linear Models

Restricting ourselves to linear models could appear as a very severe restric-
tion. However, as suggested by the examples given above, selecting among a
collection of linear models is already an important issue for a broad range of
applications. Surprisingly at first glance, this includes curve estimation prob-
lems since we should keep in mind that approximation theory provides many
examples of finite dimensional linear subspaces of functions which approxi-
mate a given regular function with an accuracy depending on the dimension
of the subspace involved in the approximation and the regularity of the func-
tion. Therefore, even though we shall deal with much more general models in
a subsequent section, it seems to us that linear models are so important and
useful that it is relevant to devote a specific section to this case, the results
presented here being borrowed from [23].

If one takes Sm as a linear space with dimension Dm, one can compute
the LSE explicitly. Indeed, if (ϕj)1≤j≤Dm

denotes some orthonormal basis of
Sm, one has

ŝm =
Dm∑
j=1

Yε (ϕj)ϕj .

Since for every 1 ≤ j ≤ Dm,

Yε (ϕj) = 〈s, ϕj〉 + εηj ,

where the variables η1, . . . , ηD are i.i.d. standard normal variables, ŝm appears
as some kind of empirical projection on Sm which is indeed an unbiased esti-
mator of the orthogonal projection

sm =
Dm∑
j=1

〈s, ϕj〉ϕj

of s onto Sm. Its quadratic risk as an estimator of s can be easily computed:

Es

[
‖s− ŝm‖2

]
= ‖s− sm‖2 + ε2Dm.

This formula for the quadratic risk perfectly reflects the model choice para-
digm since if one wants to choose a model in such a way that the risk of the
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resulting LSE is small, we have to warrant that the bias term ‖s− sm‖2 and
the variance term ε2D are small simultaneously. In other words if {Sm}m∈M
is a list of finite dimensional subspaces of H and (ŝm)m∈M denotes the corres-

ponding list of LSEs, an “ideal” model should minimize Es

[
‖s− ŝm‖2

]
with

respect to m ∈ M. Of course, since we do not know the bias term, the
quadratic risk cannot be used as a model choice criterion.

Considering m (s) minimizing the risk Es

[
‖s− ŝm‖2

]
with respect to

m ∈ M, the LSE ŝm(s) on the corresponding model Sm(s) is called an oracle
(according to the terminology introduced by Donoho and Johnstone, see [47]
for instance). Unfortunately, since the risk depends on the unknown parame-
ter s, so does m (s) and the oracle is definitely not an estimator of s. However,
the risk of an oracle is a benchmark which will be useful in order to evaluate
the performance of any data driven selection procedure among the collection
of estimators (ŝm)m∈M. Note that this notion is different from the notion of
“true model.” In other words if s belongs to some model Sm0 , this does not
necessarily imply that ŝm0 is an oracle. The idea is now to consider data-driven
criteria to select an estimator which tends to mimic an oracle, i.e., one would
like the risk of the selected estimator ŝ

m̂
to be as close as possible to the risk

of an oracle.

4.2.1 A First Model Selection Theorem for Linear Models

Since the aim is to mimic the oracle, a natural approach consists in estimating
the risk and then minimizing the corresponding criterion. Historically, this is
exactly the first path which has been followed in the pioneering works of
Akaike and Mallows (see [41], [2] and [84]), the main point being: how to
estimate the risk?

Mallows’ Heuristics

The classical answer given by Mallows’ Cp heuristics is as follows. An “ideal”
model should minimize the quadratic risk

‖sm − s‖2 + ε2Dm = ‖s‖2 − ‖sm‖2 + ε2Dm,

or equivalently
−‖sm‖2 + ε2Dm.

Substituting to ‖sm‖2 its natural unbiased estimator ‖ŝm‖2 − ε2Dm leads to
Mallows’ Cp

−‖ŝm‖2 + 2ε2Dm.

The weakness of this analysis is that it relies on the computation of the expec-
tation of ‖ŝm‖2 for every given model but nothing warrants that ‖ŝm‖2 will
stay of the same order of magnitude as its expectation for all models simul-
taneously. This leads to consider some more general model selection criteria
involving penalties which may differ from Mallows’ penalty.
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Statement of the Model Selection Theorem

The above heuristics can be justified (or corrected) if one can specify how
close is ‖ŝm‖2 from its expectation ‖sm‖2 + ε2Dm, uniformly with respect to
m ∈ M. The Gaussian concentration inequality will precisely be the adequate
tool to do that. The idea will be to consider more general penalized least
squares criteria than Mallows’ Cp. More precisely, we shall study criteria of
the form −‖ŝm‖2 + pen (m), where pen : M → R+ is an appropriate penalty
function. Note that in the following theorem (see [23]), one simultaneously
gets a precise form for the penalty and an “oracle” type inequality.

Theorem 4.2 Let {xm}m∈M be some family of positive numbers such that
∑
m∈M

exp (−xm) = Σ < ∞. (4.5)

Let K > 1 and assume that

pen (m) ≥ Kε2
(√

Dm +
√

2xm
)2

. (4.6)

Then, almost surely, there exists some minimizer m̂ of the penalized least-
squares criterion

−‖ŝm‖2 + pen (m)

over m ∈ M. Moreover the corresponding penalized least-squares estimator
ŝ
m̂

is unique and the following inequality is valid

Es

[∥∥ŝ
m̂
− s

∥∥2
]
≤ C (K)

{
inf
m∈M

(
‖sm − s‖2 + pen (m)

)
+ (1 + Σ) ε2

}
,

(4.7)

where C (K) depends only on K.

We shall derive Theorem 4.2 as a consequence of a more general result
(namely Theorem 4.18) to be proven below except for the uniqueness part
of the statement which is in fact straightforward. Indeed if Sm = Sm′ , then
ŝm = ŝm′ so that either pen (m) = pen (m′) but then, obviously −‖ŝm‖2 +
pen (m) = −‖ŝm′‖2 + pen (m′) or pen (m) �= pen (m′) but then −‖ŝm‖2 +
pen (m) �= −‖ŝm′‖2 + pen (m′). Therefore, in order to prove uniqueness, it is
enough to show that −‖ŝm‖2+pen (m) �= −‖ŝm′‖2+pen (m′) as soon as Sm �=
Sm′ . This is a consequence of the fact that, in this case, ε−2

(
‖ŝm‖2 − ‖ŝm′‖2

)

has a distribution which is absolutely continuous with respect to Lebesgue
measure since it can be written as the difference between two independent
noncentral chi-square random variables.

It is important to realize that Theorem 4.2 easily allows to compare the risk
of the penalized LSE ŝ

m̂
with the benchmark infm∈M Es ‖ŝm − s‖2. To illus-

trate this idea, remembering that
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Es

[
‖ŝm − s‖2

]
= ‖sm − s‖2 + ε2Dm,

let us indeed consider the simple situation where one can take {xm}m∈M such
that xm = LDm for some positive constant L and

∑
m∈M exp (−xm) ≤ 1, say

(1 is not a magic number here and we could use some other numerical constant
as well). Then, taking

pen (m) = Kε2Dm

(
1 +

√
2L

)2

,

the right-hand side in the risk bound is (up to constant) bounded by

inf
m∈M

Es ‖ŝm − s‖2
.

In such a case, we recover the desired benchmark, which means that the
selected estimator performs (almost) as well as an “oracle”.

It is also worth noticing that Theorem 4.2 provides a link with Approxima-
tion Theory. To see this let us assume that, for every integer D, the cardinality
of the family of models with dimension D is finite. Then a typical choice of
the weights is xm = x (Dm) with x (D) = αD + ln |{m ∈M;Dm = D}| and
α > 0 so that those weights really represent the price to pay for redundancy
(i.e., many models with the same dimension). The penalty can be taken as

pen (m) = pen (Dm) = Kε2
(√

Dm +
√

2x (Dm)
)2

and (4.7) becomes

Es

[∥∥ŝ
m̂
− s

∥∥2
]
≤ C ′ inf

D≥1

⎧
⎨
⎩b2D (s) + Dε2

(
1 +

√
2x (D)

D

)2
⎫
⎬
⎭ ,

where
b2D (s) = inf

m∈M,Dm=D

(
‖sm − s‖2

)

and the positive constant C ′ depends on K and α. This bound shows that
the approximation properties of

⋃
Dm=D Sm are absolutely essential. One can

hope substantial gains in the bias term when considering redundant models
at some reasonable price since the dependency of x (D) with respect to the
number of models with the same dimension is logarithmic. This is typically
what happens when one uses wavelet expansions to denoise some signal. More
generally, most of the constructive methods of approximation of a function
s that we know are based on infinite dimensional expansions with respect to
some special bases (such as polynomials, piecewise polynomials, trigonometric
polynomials, wavelets, splines, etc.) and therefore naturally lead to collections
of finite dimensional linear models Sm for which the bias term b2D (s) can be
controlled in term of the various moduli of smoothness of s.

Many examples of applications of Theorem 4.2 are to be found in [23] and
several of them will be detailed in Section 4.3. We first focus here on two cases
example: variable selection and change points detection.
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Variable Selection

Let {ϕj , j ∈ Λ} be some collection of linearly independent functions. For every
subset m of Λ we define Sm to be the linear span of {ϕj , j ∈ m} and we
consider some collection M of subsets of Λ. We first consider the ordered
variable selection problem. In this case we take Λ = {1, . . . , N} or Λ = N

∗ and
define M as the collection of subsets of Λ of the form {1, . . . , D}. Then, one
can take pen (m) = K ′ |m| /n with K ′ > 1. This leads to an oracle inequality
of the form

Es

[∥∥ŝ
m̂
− s

∥∥2
]
≤ C ′ inf

m∈M
Es

[
‖ŝm − s‖2

]
.

Hence the selected estimator behaves like an oracle. It can be shown that
the restriction K ′ > 1 is sharp (see Section 4.2.2 below). Indeed, if K ′ < 1 the
selection criterion typically explodes in the sense that it systematically selects
models with large dimensions (or order N if Λ = {1, . . . , N} or tending to
infinity if Λ = N

∗) provided that ε is small enough.
In the complete variable selection context, M is the collection of all subsets

of Λ = {1, . . . , N}. Taking xm = |m| ln (N) leads to

Σ =
∑
m∈M

exp (−xm) =
∑
D≤N

(
N

D

)
exp (−D ln (N)) ≤ e

and

pen (m) = Kε2 |m|
(

1 +
√

2 ln (N)
)2

with K > 1. Then

Es

[∥∥ŝ
m̂
− s

∥∥2
]
≤ C ′ (K) inf

D≥1

{
b2D (s) + D (1 + ln (N)) ε2

}
, (4.8)

where
b2D (s) = inf

m∈M,|m|=D

(
‖sm − s‖2

)

and we see that the extra factor ln (N) is a rather modest price to pay as
compared to the potential gain in the bias term provided by the redundancy
of models with the same dimension. Interestingly, no orthogonality assump-
tion is required on the system of functions {ϕj , j ≤ N} to derive this result.
However whenever {ϕj , j ≤ N} is an orthonormal system, the penalized LSE
can be explicitly computed and one recover the hard-thresholding estimator
introduced by Donoho and Johnstone in the white noise framework (see [47]).
Indeed it is easy to check that ŝ

m̂
is simply equal to the thresholding estimator

defined by

s̃T =
N∑
j=1

β̂j1l∣∣β̂j

∣∣≥Tϕj (4.9)
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where the β̂j ’s are the empirical coefficients (i.e., β̂j = Yε (ϕj)) and T =√
Kε

(
1 +

√
2 ln (N)

)
. Again the restriction K > 1 turns out to be sharp

(see Section 4.2.2 below).
Note that the previous computations for the weights can be slightly refined.

More precisely it is possible to replace the logarithmic factor ln (N) above by
ln (N/ |m|). Indeed, we first recall the classical upper bound for the binomial
coefficient (which a fortiori derives from (2.9))

ln
(
N

D

)
≤ D ln

(
eN

D

)
. (4.10)

So defining xm as xm = |m| L(|m|) leads to

Σ =
∑
D≤N

(
N

D

)
exp[−DL(D)] ≤

∑
D≤N

(
eN

D

)D
exp[−DL(D)]

≤
∑
D≤N

exp
[
−D

[
L(D) − 1 − ln

(
N

D

)]]
.

Hence the choice L(D) = 1 + θ + ln(N/D) with θ > 0 leads to Σ ≤∑∞
D=0 e

−Dθ =
[
1 − e−θ

]−1. Choosing θ = ln 2 for the sake of simplicity we
may take

pen (m) = Kε2 |m|
(

1 +
√

2 (1 + ln (2N/ |m|))
)2

with K > 1 and derive the following bound for the corresponding penalized
LSE

Es

[∥∥ŝ
m̂
− s

∥∥2
]
≤ C ′′ inf

1≤D≤N

{
b2D (s) + D (1 + ln (N/D)) ε2

}
, (4.11)

where b2D (s) = infm∈M,|m|=D

(
‖sm − s‖2

)
. This bound is slightly better than

(4.8).
On the other hand, the penalized LSE is also rather easy to compute when

the system {ϕj}j≤N is orthonormal. Indeed

inf
m∈M

⎧
⎨
⎩−

∑
j∈m

β̂2
j + Kε2|m|

(
1 +

√
2L(|m|)

)2

⎫
⎬
⎭

= inf
0≤D≤N

⎧
⎨
⎩− sup

{m | |m|=D}

∑
j∈m

β̂2
j + Kε2|D|

(
1 +

√
2L(|D|)

)2

⎫
⎬
⎭

= inf
0≤D≤N

⎧
⎨
⎩−

D∑
j=1

β̂2
(j) + Kε2|D|

(
1 +

√
2L(|D|)

)2

⎫
⎬
⎭
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where β̂2
(1) ≥ . . . ≥ β̂2

(N) are the squared estimated coefficients of s in dec-
reasing order. We see that minimizing the penalized least squares criterion
amounts to select a value D̂ of D which minimizes

−
D∑
j=1

β̂2
(j) + Kε2|D|

(
1 +

√
2L(|D|)

)2

and finally compute the penalized LSE as

ŝ
m̂

=
D̂∑
j=1

β̂(j)ϕ(j). (4.12)

The interesting point is that the risk bound 4.11 which holds true for this
estimator cannot be further improved since it turns out to be optimal in a
minimax sense on each set S

N
D =

⋃
|m|=D Sm, D ≤ N as we shall see in

Section 4.3.1.

Change Points Detection

We consider the change points detection on the mean problem described
above. Recall that one observes the noisy signal

ξj = s (j/n) + εj , 1 ≤ j ≤ n

where the errors are i.i.d. random standard normal variables. Defining Sm
as the linear space of piecewise constant functions on the partition m, the
change points detection problem amounts to select a model among the family
{Sm}m∈M, where M denotes the collection of all possible partitions by inter-
vals with end points on the grid {j/n, 0 ≤ j ≤ n}. Since the number of models
with dimension D, i.e., the number of partitions with D pieces is equal to(
n−1
D−1

)
, this collection of models has about the same combinatorial properties

as the family of models corresponding to complete variable selection among
N = n − 1 variables. Hence the same considerations concerning the penalty
choice and the same resulting risk bounds as for complete variable selection
hold true.

4.2.2 Lower Bounds for the Penalty Term

Following [23], our aim in this section is to show that a choice of K < 1
in (4.6) may lead to penalized LSE which behave in a quite unsatisfactory
way. This means that the restriction K > 1 in Theorem 4.2 is, in some sense,
necessary and that a choice of K smaller than one should be avoided. In the
results presented below we prove that under-penalized least squares criteria
explode when s = 0. Further results in the same direction are provided in [25]
that include a study of the explosion phenomenon when s belongs to a low
dimensional model for more general collections of model than below.
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A Small Number of Models

We first assume that, for each D, the number of elements m ∈ M such that
Dm = D grows at most sub-exponentially with respect to D. In such a case,
(4.5) holds with xm = LDm for all L > 0 and one can apply Theorem 4.2

with a penalty of the form pen (m) = Kε2
(

1 +
√

2L
)2

Dm, where K − 1 and
L are positive but arbitrarily close to 0. This means that, whatever K ′ > 1,
the penalty pen (m) = K ′ε2Dm is allowed. Alternatively, the following result
shows that if the penalty function satisfies pen (m) = K ′ε2Dm with K ′ < 1,
even for one single model Sm, provided that the dimension of this model is
large enough (depending on K ′), the resulting procedure behaves quite poorly
if s = 0.

Proposition 4.3 Let us assume that s = 0. Consider some collection of mod-
els {Sm}m∈M such that

∑
m∈M

e−xDm < ∞, for any x > 0. (4.13)

Given pen : M → R+ we set

crit (m) = −‖ŝm‖2 + pen (m)

and either set D
m̂

= +∞ if infm∈M crit (m) = −∞ or define m̂ such that
crit (m̂) = infm∈M crit (m) otherwise. Then, for any pair of real numbers
K, δ ∈ (0, 1), there exists some integer N , depending only on K and δ, with
the following property: if for some m ∈M with Dm ≥ N

pen (m) ≤ Kε2Dm , (4.14)

whatever the value of the penalty pen (m) for m �= m one has

P0

[
D
m̂
≥ (1 −K)

2
Dm

]
≥ 1 − δ and E0

[∥∥ŝ
m̂

∥∥2
]
≥ (1 − δ)(1 −K)

4
Dmε2.

Proof. Let us define, for any m ∈ M, the nonnegative random variable χm
by χ2

m = ε−2 ‖ŝm‖2. Then,

crit (m) − crit (m) = ‖ŝm‖2 − ‖ŝm‖2 + pen (m) − pen (m̂) for all m ∈ M,

and therefore, by (4.14),

ε−2[crit (m) − crit (m)] ≥ χ2
m − χ2

m −KDm. (4.15)

The following proof relies on an argument about the concentration of the vari-
ables χ2

m around their expectations. Indeed choosing some orthonormal basis
{ϕλ, λ ∈ Λm} of Sm and recalling that s = 0, we have χ2

m =
∑
λ∈Λm

W 2(ϕλ),
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which means that χm is the Euclidean norm of a standard Gaussian random
vector. We may use the Gaussian concentration inequality. Indeed, setting
Zm = χm − E0 [χm] or Zm = −χm + E0 [χm], on the one hand by Theorem
3.4 , we derive that

P0

[
Zm ≥

√
2x
]
≤e−x

and on the other hand (3.5) implies that

0 ≤ E0

[
χ2
m

]
− (E0 [χm])2 ≤ 1.

Since E0

[
χ2
m

]
= Dm, combining these inequalities yields

P0

[
χm ≤

√
Dm − 1 −

√
2x
]
≤e−x (4.16)

and
P0

[
χm ≥

√
Dm +

√
2x
]
≤e−x (4.17)

Let us now set

η = (1 −K) /4 < 1/4; D = 2Dmη < Dm/2; L = η2/12 (4.18)

and assume that N is large enough for the following inequalities to hold:

e−LD
∑
m∈M

e−LDm ≤ δ; LD ≥ 1/6. (4.19)

Let us introduce the event

Ω =

[ ⋂
Dm<D

{
χm ≤

√
Dm +

√
2L (Dm + D)

}]

⋂
⎡
⎣ ⋂
Dm≥D

{
χm ≥

√
Dm − 1 −

√
2L (Dm + D)

}
⎤
⎦ .

Using either (4.17) if Dm < D or (4.16) if Dm ≥ D , we get by (4.19)

P0

[
Ω
c
]
≤

∑
m∈M

e−L(Dm+D) ≤ δ.

Moreover, on Ω, χ2
m ≤

(
1 + 2

√
L
)2

D, for all m such that Dm < D and,

by (4.18) and (4.19), χm ≥
√
Dm − 1 −

√
3LDm and LDm > 1/3. Therefore

χ2
m ≥ Dm

(
1 − 2

√
3L

)
. Hence, on Ω, (4.15) and (4.18) yield

ε−2[crit (m) − crit (m)] ≥ Dm

(
1 − 2

√
3L

)
−
(

1 + 2
√
L
)2

D −KDm

> (1 − η)Dm − 3ηDm − (1 − 4η)Dm = 0,



4.2 Selecting Linear Models 97

for all m such that Dm < D. This immediately implies that D
m̂

cannot be
smaller than D on Ω and therefore,

P0[D
m̂
≥ D] ≥ P0[Ω] ≥ 1 − δ. (4.20)

Moreover, on the same set Ω, χm ≥
√
Dm − 1 −

√
2L (Dm + D) if m is such

that Dm ≥ D. Noticing that D > 32 and recalling that η ≤ 1/4, we derive
that on the set Ω if m is such that Dm ≥ D

χm ≥
√
D

(√
1 − 1

32
− 1

8

)
>

√
D

2
≥
√

ηDm.

Hence, on Ω, D
m̂

≥ D and χm ≥
√
ηDm for all m such that Dm ≥ D.

Therefore χ
m̂
≥
√
ηDm. Finally,

E0

[∥∥ŝ
m̂

∥∥2
]

= ε2
E0

[
χ2

m̂

]
≥ ε2ηDmP0

[
χ
m̂
≥
√

ηDm

]
≥ ε2ηDmP0[Ω],

which, together with (4.18) and (4.20) concludes the proof.

In order to illustrate the meaning of this proposition, let us assume that we are
given some orthonormal basis {ϕj}j≥1 of H and that Sm is the linear span of
ϕ1, . . . , ϕm for m ∈ N. Assume that s = 0 and pen (m) = Kε2m with K < 1.
If M = N, then Proposition 4.3 applies with Dm arbitrarily large and letting
Dm go to infinity and δ to zero, we conclude that infm∈M crit (m) = −∞ a.s.
If we set M = {0, 1, . . . , N}, then m̂ is well defined but, setting Dm = N , we
see that E0

[∥∥ŝ
m̂

∥∥2
]

is of the order of Nε2 when N is large. If, on the contrary,

we choose pen (m) = Kmε2 with K = 2, for instance, as in Mallows’ Cp, then

E0

[∥∥ŝ
m̂

∥∥2
]
≤ Cε2

This means that choosing a penalty of the form pen (m) = Kε2m with K < 1
is definitely not advisable..

A Large Number of Models

The previous result corresponds to a situation where the number of models
having the same dimension D is moderate in which case we can choose the
weights xm as LDm for an arbitrary small positive constant L. This means
that the influence of the weights on the penalty is limited in the sense that
they only play the role of a correction to the main term Kε2Dm. The situation
becomes quite different when the number of models having the same dimension
D grows much faster with D. More precisely, if we turn back to the case of
complete variable selection as described above and take {ϕj , 1 ≤ j ≤ N} to be
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some orthonormal system, M to be the collection of all subsets of {1, . . . , N}.
If for every subset m of {1, . . . , N} we define Sm to be the linear span of
{ϕj , j ∈ m}, setting

pen (m) = Kε2 |m|
(

1 +
√

2 ln (N)
)2

with K > 1, then the penalized LSE is merely the thresholding estimator s̃T

with T = ε
√
K
(

1 +
√

2 lnN
)

as defined by (4.9). If s = 0, we can analyze the
quadratic risk of the thresholding estimator. Indeed, if ξ is a standard normal
random variable

E0

[
‖s̃T ‖2

]
= =

N∑
λ=1

E0

[
β̂2
λ1l{|β̂λ|>T}

]
= Nε2

E
[
ξ21l{|εξ|>T}

]
.

It suffices now to apply the next elementary lemma (the proof of which is left
as an exercise).

Lemma 4.4 If ξ is standard normal and t ≥ 0, then

E
[
ξ21l{ξ>t}

]
≥
(

t√
2π

∨ 1
2

)
exp

(
− t2

2

)
.

Hence,

E0

[
‖s̃T ‖2

]
≥ N

2
ε2

(
T
√

2
ε
√
π
∨ 1

)
exp

(
− T 2

2ε2

)
(4.21)

so that if T = ε
√
K
(

1 +
√

2 lnN
)

2E0

[
‖s̃T ‖2

]
≥ ε2 exp

[
(1 −K) lnN −K

(√
2 lnN + 1/2

)]
. (4.22)

If K < 1, this grows like ε2 times a power of N when N goes to infinity,
as compared to the risk bound C ′(K)ε2 lnN which derives from (4.8) when
K > 1. Clearly the choice K < 1 should be avoided. The situation for Mallows’
Cp is even worse since if pen (m) = 2ε2 |m| then the penalized LSE is still a
thresholding estimator s̃T but this time with T = ε

√
2 and therefore by (4.21)

2eE0

[
‖s̃T ‖2

]
≥ Nε2.

This means that Mallows’ Cp is definitely not suitable for complete variable
selection involving a large number of variables, although it is a rather common
practice to use them in this situation, as more or less suggested for instance
in [55] p. 299.

4.2.3 Mixing Several Strategies

Looking at model selection as a way of defining some adaptive estimators of s,
the initial choice of a collection of models becomes a prior and heavily depends
on the type of problem we consider or the type of result we are looking for.
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Going back to one of our initial examples of a function s belonging to some
unknown Sobolev ball Wα(R), a consequence of what we shall see in the
next section is that a good strategy to estimate s is to consider the ordered
variable selection strategy on the trigonometric basis {ϕi}i≥1 as described
above. The resulting estimator will be shown to be minimax, up to constants,
over all Sobolev balls of radius R ≥ ε. Unfortunately, such a strategy is good
if s belongs to some Sobolev ball, but it may be definitely inadequate when
s belongs to some particular Besov ball. In this case, one should use quite
different strategies, for instance a thresholding method (which, as we have
seen, is a specific strategy for complete variable selection) in connection with
a wavelet basis, rather than the trigonometric one.

These examples are illustrations of a general recipe for designing simple
strategies in view of solving the more elementary problems of adaptation:
choose some orthonormal basis {ϕλ}λ∈Λ and a countable family M of finite
subsets m of Λ, then define Sm to be the linear span of {ϕλ}λ∈m and find
a family of weights {xm}m∈M satisfying (4.5). In this view, the choice of a
proper value of m amounts to a problem of variable selection from an infinite
set of variables which are the coordinates vectors in the Gaussian sequence
framework associated with the basis {ϕλ}λ∈Λ. Obviously, the choice of a basis
influences the approximation properties of the induced families of models.
For instance the Haar basis is not suitable for approximating functions s

which are “too smooth” (such that
∫ 1

0
[s′′(x)]2 dx is not large, say). If we have

at hand a collection of bases, the choice of a “best” basis given s, ε and a
strategy for estimating within each of the bases would obviously increase our
quality of estimation of s. Therefore one would like to be able to use all bases
simultaneously rather than choosing one in advance. This is, in particular, a
reason for preferring the Gaussian linear process approach to the Gaussian
sequence framework.

The problem of the basis choice has been first considered and solved by
Donoho and Johnstone (see [49]) for selecting among the different thresholding
estimators built on the various bases. The following theorem provides a generic
way of mixing several strategies in order to retain the “best one” which is not
especially devoted to thresholding.

Theorem 4.5 Let J be a finite or countable set and µ a probability distri-
bution on J . For each j ∈ J we are given a collection {Sm}m∈Mj

of finite
dimensional linear models with respective dimensions Dm and a collection of
weights {Lm,j}m∈Mj

and we assume that the distribution µ satisfies

∑
j∈J

µ({j})

⎛
⎝ ∑

{m∈Mj |Dm>0}
exp[−DmLm,j ]

⎞
⎠ = Σ < +∞.

Let us consider for each j ∈ J a penalty function penj(·) on Mj such that

penj(m) ≥ Kε2Dm

(
1 +

√
2Lm,j

)2

with K > 1,
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and the corresponding penalized LSE s̃j = ŝ
m̂j

where m̂j minimizes the penal-

ized least squares criterion −‖ŝm‖2 + penj(m) over Mj. Let ĵ be a minimizer
with respect to j ∈ J of

−‖s̃j‖2 + penj(m̂j) +
2xK
1 − x

ε2lj with K−1 < x < 1 and lj = − ln[µ({j})].

The resulting estimator s̃ = s̃̂
j

then satisfies for some constant C(x,K)

Es

[
‖s̃− s‖2

]
≤ C(x,K)

[
inf
j∈J

{
Rj +

2xK
1 − x

ε2lj

}
+ ε2 (1 + Σ)

]
,

with
Rj = inf

m∈Mj

{
d2(s, Sm) + penj(m)

}
.

Proof. Let M =
⊕

j∈J Mj × {j} and set for all (m, j) ∈ M such that
Dm > 0, L′

(m,j) = Lm,j + D−1
m lj . Then

∑
{(m,j)∈M|Dm>0}

exp[−DmL′
(m,j)] = Σ.

Let pen(m, j) = penj(m) + [(2xK)/(1 − x)]ε2lj , for all (m, j) ∈ M. Using√
a + b ≤ √

a +
√
b, we derive that

(√
Dm +

√
2Lm,jDm + 2lj

)2

≤ Dm

(
1 +

√
2Lm,j

)2

+ 2lj + 2
√

2ljDm,

which implies since 2
√

2ljDm ≤ 2ljx/(1 − x) + Dm(1 − x)/x that

(√
Dm +

√
2Lm,jDm + 2lj

)2

≤ x−1Dm

(
1 +

√
2Lm,j

)2

+ 2lj/(1 − x).

It then follows that

pen(m, j) ≥ xKε2

[
x−1Dm

(
1 +

√
2Lm,j

)2

+ 2lj/(1 − x)
]

≥ xKε2
(√

Dm +
√

2Lm,jDm + 2lj
)2

,

and therefore

pen(m, j) ≥ xKε2Dm

(
1 +

√
2L′

(m,j)

)2

. (4.23)

We can now apply Theorem 4.2 to the strategy defined for all (m, j) ∈ M by
the model Sm and the penalty pen(m, j). By definition, the resulting estimator
is clearly s̃ and the risk bound follows from (4.7) with K replaced by xK > 1
because of (4.23).
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Comments.

• The definition of M that we used in the proof of the theorem may lead to
situations where the same model Sm appears several times with possibly
different weights. This is indeed not a problem since such a redundancy is
perfectly allowed by Theorem 4.2.

• Note that the choice of a suitable value of x leads to the same difficulties
as the choice of K and one should avoid to take xK close to 1.

The previous theorem gives indeed a solution to the problems we consid-
ered before. If one wants to mix a moderate number of strategies one can build
a “superstrategy” as indicated in the theorem, with µ the uniform distribution
on J , and the price to pay in the risk is an extra term of order ε2 ln(|J |).
In this case, the choice of ĵ is particularly simple since it should merely satisfy
‖s̃̂
j
‖2−pen̂

j
(m̂

ĵ
) = supj∈J

{
‖s̃j‖2 − penj(m̂j)

}
. If J is too large, one should

take a different “prior” than the uniform on the set of available strategies. One
should put larger values of µ({j}) for the strategies corresponding to values
of s we believe are more likely and smaller values for the other strategies. As
for the choice of the weights the choice of µ may have some Bayesian flavor
(see [23]).

4.3 Adaptive Estimation in the Minimax Sense

The main advantage of the oracle type inequality provided by Theorem 4.2 is
that it holds for every given s. Its main drawback is that it allows a comparison
of the risk of the penalized LSE with the risk of any estimator among the
original collection {ŝm}m∈M but not with the risk of other possible estimators
of s. Of course it is well known that there is no hope to make a pointwise
risk comparison with an arbitrary estimator since a constant estimator equal
to s0 for instance is perfect at s0 (but otherwise terrible). Therefore it is
more reasonable to take into account the risk of estimators at different points
simultaneously. One classical possibility is to consider the maximal risk over
suitable subsets T of H. This is the minimax point of view: an estimator is
“good” if its maximal risk over T is close to the minimax risk given by

RM (T , ε) = inf
ŝ

sup
s∈T

Es

[
‖ŝ− s‖2

]

where the infimum is taken over all possible estimators of ŝ, i.e., measurable
functions of Yε which possibly also depend on T . The performance of an
estimator ŝ (generally depending on ε) can then be measured by the ratio

sup
s∈T

Es

[
‖ŝ− s‖2

]

RM (T , ε)
,
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and the closer this ratio to one, the better the estimator. In particular,
if this ratio is bounded independently of ε, the estimator ŝ will be called
approximately minimax with respect to T . Many approximately minimax esti-
mators have been constructed for various sets T . As for the case of Sobolev
balls, they typically depend on T which is a serious drawback. One would
like to design estimators which are approximately minimax for many sub-
sets T simultaneously, for instance all Sobolev balls Wα(R), with α > 0 and
R ≥ ε. The construction of such adaptive estimators has been the concern
of many statisticians. We shall mention below some of Donoho, Johnstone,
Kerkyacharian and Picard’s works on hard thresholding of wavelet coefficients
(see [53] for a review). This procedure can be interpreted as a model selection
via penalization procedure but many other methods of adaptive estimation
have been designed. All these methods rely on selection (or aggregation) pro-
cedures among a list of estimators. Of course the selection principles on which
they are based (we typically have in mind Lepskii’s method in [80] and [81])
may substantially differ from penalization. It is not our purpose here to open
a general discussion on this topic and we refer to [12], Section 5 for a detailed
discussion of adaptation with many bibliographic citations.

In order to see to what extent our method allows to build adaptive esti-
mators in various situations, we shall consider below a number of examples
and for any such example, use the same construction. Given a class of sets
{Tθ}θ∈Θ we choose a family of models {Sm}m∈M which adequately approx-
imate those sets. This means that we choose the models in such a way that
any s belonging to some Tθ can be closely approximated by some model of
the family. Then we choose a convenient family of weights {xm}m∈M. Theses
choices completely determine the construction of the penalized LSE s̃ (up to
the choice of K which is irrelevant in term of rates since it only influences
the constants). In order to analyze the performances of s̃, it is necessary to
evaluate, for each θ ∈ Θ

sup
s∈Tθ

inf
m∈M

(
‖sm − s‖2 + pen (m)

)

Hence we first have to bound the bias term ‖sm − s‖2 for each m ∈M, which
derives from Approximation Theory, then proceed to the minimization with
respect to m ∈ M. In order to be able to compare the maximal risk of a
penalized LSE on a set Tθ with the minimax risk on Tθ we need to establish
lower bounds for the minimax risk for various classes of sets {Tθ}θ∈Θ.

4.3.1 Minimax Lower Bounds

In order to use Birgé’s lemma (more precisely Corollary 2.19), our first task
is to compute the mutual Kullback–Leibler information numbers between
Gaussian distributions given by (4.1). Note that in the white noise framework,
identity (4.24) below is nothing else than the celebrated Girsanov formula.
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Lemma 4.6 Let us denote by Ps the distribution of Yε given by (4.1) on R
H.

Then firstly Ps is absolutely continuous with respect to P0 with

dPs

dP0
(y) = exp

[
ε−2

(
y (s) − ‖s‖2

2

)]
(4.24)

and secondly, for every t, s ∈ H

K (Pt,Ps) =
1

2ε2
‖s− t‖2 . (4.25)

Proof. Let W be an isonormal process on H. To check that (4.24) holds true,
setting

Zε (s) = ε−2

(
εW (s) − ‖s‖2

2

)

it is enough to verify that for every finite subset m of H and any bounded and
measurable function h on R

m

E
[
h
(
(εW (u))u∈m

)
exp (Zε (s))

]
= E

[
h
(
(〈s, u〉 + εW (u))u∈m

)]
. (4.26)

Let Πm denote the orthogonal projection operator onto the linear span 〈m〉 of
m and {ϕj}1≤j≤k be some orthonormal basis of 〈m〉. Since W (s)−W (Πms) is
independent from

(
(W (u))u∈m ,W (Πms)

)
the left-hand side of (4.26) equals

L = E

[
h
(
(εW (u))u∈m

)
exp

(
ε−2

(
εW (Πms) − ‖s‖2

2

))]

× E

[
exp

(
W (s) −W (Πms)

ε

)]
.

But W (s) − W (Πms) is a centered normal random variable with variance
‖s−Πms‖2, hence

E

[
exp

(
W (s) −W (Πms)

ε

)]
= exp

(
‖s−Πms‖2

ε−2

2

)

and therefore by Pythagore’s identity

L = E

[
h
(
(εW (u))u∈m

)
eε

−2(εW (Πms)−(‖Πms‖2/2))
]

. (4.27)

Now for every t ∈ 〈m〉, we can write

W (t) =
k∑
j=1

〈t, ϕj〉W (ϕj)
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and the W (ϕj)’s are i.i.d. standard normal random variables. So, setting
|x|22 =

∑k
j=1 x

2
j for all x ∈ R

k, the right-hand side of (4.26) can be written as

R = (2π)−k/2
∫

Rk

h

⎛
⎝
⎛
⎝〈s, u〉 + ε

k∑
j=1

〈u, ϕj〉xj

⎞
⎠
u∈m

⎞
⎠ e−|x|22/2dx

which leads, setting xj = yj − 〈s, ϕj〉 ε−1 and, for every t ∈ 〈m〉, w (t, y) =∑k
j=1 〈t, ϕj〉 yj , to

R = (2π)−k/2
∫

Rk

h
(
(εw (u, y))u∈m

)
e−ε

−2(‖Πms‖2/2)+ε−1w(Πms,y)−(|y|22)/2dy

and therefore L = R via (4.27). Hence (4.26) and (4.24) hold true. We
turn now to the computation of the Kullback–Leibler information number.
By (4.24) we have

K (Pt,Ps) =
ε−2

2

(
‖s‖2 − ‖t‖2

)
+ ε−1

E

[
(W (t) −W (s)) eZε(t)

]
. (4.28)

Introducing the orthogonal projection s̃ =
(
〈s, t〉 / ‖t‖2

)
t of s onto the linear

span of t and using the fact that W (s̃)−W (s) is centered at expectation and
independent from W (t) leads to

E

[
(W (t) −W (s)) eε

−1W (t)
]

= E

[
(W (t) −W (s̃)) eε

−1W (t)
]

=
1

‖t‖2

(
‖t‖2 − 〈s, t〉

)
E

[
W (t) eε

−1W (t)
]

To finish the computation it remains to notice that W (t) / ‖t‖ is a standard
normal random variable and use the fact that for such a variable ξ one has
for every real number λ

E
[
ξeλξ

]
= λeλ

2/2.

Hence

E

[
W (t) eε

−1W (t)
]

=
‖t‖2

ε
eε

−2(‖t‖2/2)

and therefore

E

[
(W (t) −W (s)) eε

−1W (t)−ε−2(‖t‖2/2)
]

=
‖t‖2 − 〈s, t〉

ε
.

Plugging this identity in (4.28) finally yields

K (Pt,Ps) =
1

2ε2

(
‖s‖2 − ‖t‖2

)
+

1
ε2

(
‖t‖2 − 〈s, t〉

)

and (4.25) follows.
One readily derives from (4.24) (which is merely the Girsanov–Cameron–

Martin formula in the white noise framework), that the least squares criterion
is equivalent to the maximum likelihood criterion (exactly as in the finite
dimensional case).
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A Minimax Lower Bound on Hypercubes and �p-Bodies

Assume H to be infinite dimensional and consider some orthonormal basis
(ϕj)j≥1of H. Let (cj)j≥1 be a nonincreasing sequence converging to 0 as n
goes to infinity. For p ≤ 2, we consider the �p-body

Ep (c) =

⎧
⎨
⎩t ∈ H :

∑
j≥1

|〈t, ϕj〉 /cj |p ≤ 1

⎫
⎬
⎭ .

Apart from Corollary 2.19 the main argument that we need is a combinatorial
extraction Lemma known under the name of Varshamov–Gilbert’s lemma and
which derives from Chernoff’s inequality for a symmetric binomial random
variable.

Lemma 4.7 (Varshamov–Gilbert’s lemma) Let {0, 1}D be equipped with
Hamming distance δ. Given α ∈ (0, 1), there exists some subset Θ of {0, 1}D
with the following properties

δ (θ, θ′) > (1 − α)D/2 for every (θ, θ′) ∈ Θ2 with θ �= θ′ (4.29)

ln |Θ| ≥ ρD/2, (4.30)

where ρ = (1 + α) ln (1 + α) + (1 − α) ln (1 − α). In particular ρ > 1/4 when
α = 1/2.

Proof. Let Θ be a maximal family satisfying (4.29) and denote by B (θ, r)
the closed ball with radius r and center θ. Then, the maximality of Θ implies
that ⋃

θ∈Θ
B (θ, (1 − α)D/2) = {0, 1}D

and therefore
2−D

∑
θ∈Θ

|B (θ, (1 − α)D/2)| ≥ 1.

Now, if SD follows the binomial distribution Bin (D, 1/2) one clearly has for
every θ ∈ Θ

2−D |B (θ, (1 − α)D/2)| = P [SD ≤ (1 − α)D/2] = P [SD ≥ (1 + α)D/2] ,

which implies by Chernoff’s inequality (2.2) and (2.37) that

2−D |B (θ, (1 − α)D/2)| ≤ e−Dh1/2((1+α)/2) = e−ρD/2

and therefore
|Θ| ≥ eρD/2.

Hence the result.
We can now prove a lower bound on a hypercube which will in turn lead

to a minimax lower bound on some arbitrary �p-body.
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Proposition 4.8 Let D be some positive integer and r be some arbitrary
positive number. Define the hypercube CD (r) =

{
r
∑D
j=1 θjϕj , θ ∈ [0, 1]D

}
,

then there exists some absolute constant κ0 such that for any estimator ŝ of
s one has

sup
s∈CD(r)

Es

[
‖ŝ− s‖2

]
≥ κ0 (r ∧ ε)2 D. (4.31)

Proof. Combining (4.25), Varshamov–Gilbert’s lemma (Lemma 4.7) and
Corollary 2.19, we derive that

4 sup
s∈CD(r)

Es

[
‖ŝ− s‖2

]
≥ r2D

4
(1 − κ)

provided that
ε−2Dr2

2
≤ κD

8
i.e., r ≤ ε

√
κ/2, which implies the desired result with κ0 = κ (1 − κ) /64.

Choosing r = ε, a trivial consequence of Proposition 4.8 is that the LSE
on a given D-dimensional linear subspace of H is approximately minimax.
Of course a much more precise result can be proved. It is indeed well known
that the LSE on a linear finite dimensional space is exactly minimax. In other
words, the minimax risk is exactly equal to Dε2 (this is a classical undergrad-
uate exercise: one can compute exactly the Bayes quadratic risk when the
prior is the D-dimensional centered Gaussian measure and covariance matrix
σ2ID and see that it tends to Dε2 when σ tends to infinity). It is now easy
to derive from the previous lower bound on a hypercube, a minimax lower
bound on some arbitrary �p-body, just by considering a sub-hypercube with
maximal size of the �p-body.

Theorem 4.9 Let κ0 be the absolute constant of Proposition 4.8, then

inf
ŝ

sup
s∈Ep(c)

Es

[
‖ŝ− s‖2

]
≥ κ0 sup

D≥1

(
D1−2/pc2D ∧Dε2

)
(4.32)

where the infimum in the left-hand side is taken over the set of all estimators
based on the observation of Yε given by (4.1).

Proof. Let D be some arbitrary positive integer and define r = D−1/pcD.
Consider the hypercube CD (r), then since by definition of r and monotonicity
of (cj)j≥1 one has

rp
D∑
j=1

c−pj ≤ rpDc−pD ≤ 1,

the hypercube CD (r) is included in the �p-body Ep (c). Hence for any estimator
ŝ, we derive from (4.31) that
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sup
s∈Ep(c)

Es

[
‖ŝ− s‖2

]
≥ sup
s∈CD(r)

Es

[
‖ŝ− s‖2

]
≥ κ0D

(
r2 ∧ ε2

)
.

This leads to the desired lower bound.
We shall see in the next section that this lower bound is indeed sharp (up

to constant) for arbitrary ellipsoids and also for �p-bodies with p < 2 with
some arithmetic decay of (cj)j≥1 (the Besov bodies). For arbitrary �p-bodies,
the problem is much more delicate and this lower bound may miss some
logarithmic factors (see the results on �p-balls in [23]). We turn now to a
possible refinement of the previous technique which precisely allows to exhibit
necessary logarithmic factors in the lower bounds. We shall not present here
the application of this technique to �p-balls which would lead us too far from
our main goal (we refer the interested reader to [23]). We content ourselves
with the construction of a lower bound for complete variable selection.

A Minimax Lower Bound for Variable Selection

Our aim is here to analyze the minimax risk of estimation for the complete
variable selection problem. Starting from a finite orthonormal system
{ϕj , 1 ≤ j ≤ N} of elements of H, we want to show that the risk of esti-
mation for a target of the form s =

∑N
j=1 βjϕj , knowing that at most D

among the coefficients β’s are nonzero is indeed influenced by the knowledge
of the set where those coefficients are nonzero. In other words, there is a
price to pay if you do not know in advance what is this set. More precisely,
we consider for every subset m of {1, . . . , N} the linear span Sm of {ϕj , j ∈ m}
and the set S

N
D =

⋃
|m|=D Sm. Our purpose is to evaluate the minimax risk

for the quadratic loss on the parameter space S
N
D =

⋃
|m|=D Sm. The app-

roach is the same as in the previous section, except that we work with a
more complicated object than a hypercube which forces us to use a somehow
more subtle version of the Varshamov–Gilbert Lemma. Let us begin with
the statement of this combinatorial Lemma due to [21]. The proof that we
present here is borrowed from [102] and relies on exponential hypergeometric
tail bounds rather than tail bounds for the symmetric binomial as in the
previous section.

Lemma 4.10 Let {0, 1}N be equipped with Hamming distance δ and given
1 ≤ D < N define {0, 1}ND =

{
x ∈ {0, 1}N : δ (0, x) = D

}
. For every α ∈

(0, 1) and β ∈ (0, 1) such that D ≤ αβN , there exists some subset Θ of
{0, 1}ND with the following properties

δ (θ, θ′) > 2 (1 − α)D for every (θ, θ′) ∈ Θ2 with θ �= θ′ (4.33)

ln |Θ| ≥ ρD ln
(
N

D

)
, (4.34)
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where
ρ =

α

− ln (αβ)
(− ln (β) + β − 1) .

In particular, one has ρ ≥ 0.233 for α = 3/4 and β = 1/3.

Proof. Let Θ be a maximal subset of {0, 1}ND satisfying property (4.33), then
the closed balls with radius 2 (1 − α)D which centers belong to Θ are covering
{0, 1}ND . Hence (

N

D

)
≤
∑
x∈Θ

|B (x, 2 (1 − α)D)|

and it remains to bound |B (x, 2 (1 − α)D)|. To do this we notice that for
every y ∈ {0, 1}ND one has

δ (x, y) = 2 (D − |{i : xi = yi = 1}|)

so that

B (x, 2 (1 − α)D) =
{
y ∈ {0, 1}ND : |{i : yi = xi = 1}| ≥ αD

}
.

Now, on {0, 1}ND equipped with the uniform distribution, as a function of y,
the number of indices i such that xi = yi = 1 appears as the number of
success when sampling without replacement with D trials among a population
of size N containing D favorable elements. Hence this variable follows an
hypergeometric distribution H (N,D,D/N), so that if X is a random variable
with distribution H (N,D,D/N) one has

1 ≤ |Θ|P [X ≥ αD] .

In order to get an exponential bound for P [X ≥ αD], we use Chernoff’s
inequality

P [X ≥ αD] ≤ exp (−ψ∗
X (αD))

and then an argument due to Aldous (see [3]), which allows to compare the
Cramér transform of X with that of a binomial random variable. Indeed,
one can define X and a variable Y with binomial distribution Bin (D,D/N)
in such a way that X = E [Y | X]. In particular Jensen’s inequality implies
that the moment generating function of X is not larger than the moment
generating function of Y and therefore ψ∗

X (αD) ≥ ψ∗
Y (αD). But, according

to (2.37) and (2.40), one has

ψ∗
Y (αD) = DhD/N (α) ≥ D2

N
h

(
α−D/N

D/N

)
,

where h (u) = (1 + u) ln (1 + u)−u. Hence, collecting the above upper bounds
leads to

D−1 ln (Θ) ≥ D

N
h

(
α−D/N

D/N

)
= fα (D/N) ,
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where, for every u ≤ α,

fα (u) = α ln
(α
u

)
− α + u.

One can easily check that

u → fα (u)
ln (1/u)

is nonincreasing on (0, α) which implies that for every u ≤ βα

fα (u) ≥ fα (βα)
− ln (αβ)

ln (1/u) = ρ ln (1/u)

and therefore
D−1 ln (Θ) ≥ fα (D/N) ≥ ρ ln (N/D) . �

We can derive from this combinatorial lemma and Birgé’s lemma the foll-
owing analogue of Proposition 4.8.

Proposition 4.11 Let D and N be integers such that 1 ≤ D ≤ N and r be
some arbitrary positive number. Define

CND (r) =

⎧
⎨
⎩r

N∑
j=1

θjϕj , θ ∈ [0, 1]N with
N∑
j=1

1Iθj �=0 ≤ D

⎫
⎬
⎭ ,

then there exists some absolute positive constant κ1 such that for any estimator
ŝ of s one has

sup
s∈CN

D
(r)

Es

[
‖ŝ− s‖2

]
≥ κ1D

(
r2 ∧ ε2 (1 + ln (N/D))

)
. (4.35)

Proof. Keeping the same notations as the statement of Lemma 4.10 we notice
that

{0, 1}ND ⊆

⎧
⎨
⎩θ ∈ [0, 1]N with

N∑
j=1

1Iθj �=0 ≤ D

⎫
⎬
⎭ .

Assuming first that N ≥ 4D, we can therefore combine (4.25), Corollary 2.19
and Lemma 4.10 with α = 3/4 and β = 1/3. Hence one has

4 sup
s∈CN

D
(r)

Es

[
‖ŝ− s‖2

]
≥ r2D

2
(1 − κ)

provided that
ε−2Dr2 ≤ κρD ln (N/D)
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i.e., r2 ≤ κρε2 ln (N/D), where ρ = 0.2. Since N ≥ 4D, we notice that

ln (N/D)
1 + ln (N/D)

≥ 2 ln (2)
1 + 2 ln (2)

,

and derive that (4.11) holds true provided that

κ1 ≤
ρκ (1 − κ) ln (2)
4 (1 + 2 ln (2))

.

If N < 4D, we may use this time that CD (r) ⊆ CND (r) and derive from (4.31)
that (4.35) is valid at least if

κ1 ≤
κ0

1 + 2 ln (2)
.

Finally choosing

κ1 =
κ0

1 + 2 ln (2)
∧ ρκ (1 − κ) ln (2)

4 (1 + 2 ln (2))
,

(4.35) holds true in any case.
Of course since any set CND (r) is included in S

N
D , choosing

r = ε (1 + ln (N/D))1/2

we derive an immediate corollary from the previous proposition.

Corollary 4.12 Let D and N be integers such that 1 ≤ D ≤ N , then for any
estimator ŝ of s one has

sup
s∈S

N
D

Es

[
‖ŝ− s‖2

]
≥ κ1Dε2 (1 + ln (N/D)) . (4.36)

This minimax lower bound obviously shows that since the penalized LSE
defined by (4.12) satisfies to (4.11), it is simultaneously approximately mini-
max on each set S

N
D for every D ≤ N .

A Lower Bound Under Metric Entropy Conditions

We turn now to a somehow more abstract version of what we have done before.
Following [16], in order to build a lower bound based on metric properties of
some totally bounded parameter space S ⊂ H with respect to the Hilbertian
distance, the idea is to construct some δ-net (i.e., a maximal set of points
which are δ-separated), such that the mutual distances between the elements
of this net stay of order δ, less or equal to 2Cδ say for some constant C > 1.
To do that, we may use an argument borrowed from [126] and goes as follows.
Consider some δ-net C′ and some Cδ-net C′′ of S. Any point of C′ must belong
to some ball with radius Cδ centered at some point of C′′, hence if C denotes
an intersection of C′ with such a ball with maximal cardinality one has for
every t, t′ ∈ C with t �= t′
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δ ≤ ‖t− t′‖ ≤ 2Cδ (4.37)

and
ln (|C|) ≥ H (δ, S) −H (Cδ, S) . (4.38)

Combining (4.25) and Corollary 2.19 again, we derive from (4.37) and (4.38)
that for any estimator ŝ one has

4 sup
s∈S

Es

[
‖s− ŝ‖2

]
≥ δ2 (1 − κ) ,

provided that 2C2δ2 ≤ κε2 (H (δ, S) −H (Cδ, S)), where κ denotes the abso-
lute constant of Lemma 2.18. The lower bound (4.38) is too crude to capture
the metric structure of the unit ball of a Euclidean space for instance. A refined
approach of this kind should involve the notion of metric dimension rather
than metric entropy as explained in [16]. However if H (δ, S) behaves like a
negative power of δ for instance, then it leads to some relevant minimax lower
bound. Indeed, if we assume that for some δ ≤ R one has

C1

(
R

δ

)1/α

≤ H (δ, S) ≤ C2

(
R

δ

)1/α

, (4.39)

choosing C = (2C2/C1)α warrants that

H (δ, S) −H (Cδ, S) ≥ (C1/2)
(
R

δ

)1/α

for every δ ≤ R/C. It suffices now to take

δ =

(
1
C

∧
(
C1κ

4C2

)α/(2α+1)
)(

R

ε

)1/(2α+1)

ε

to obtain the following result.

Proposition 4.13 Let S be some totally bounded subset of H. Let H (., S)
denote the metric entropy of S and assume that (4.39) holds for every δ ≤ R
and some positive constants α,C1and C2. Then, there exists some positive
constant κ1 (depending on α,C1 and C2) such that for every estimator ŝ

sup
s∈S

Es

[
‖s− ŝ‖2

]
≥ κ1R

2/(2α+1)ε4α/(2α+1),

provided that ε ≤ R.

It is a quite classical result of approximation theory that a Besov ellipsoid
B2 (α,R) satisfies to (4.39). Indeed we can prove the following elementary
bounds for the metric entropy of a Euclidean ball and then on a Besov ellip-
soid. We recall that the notions of packing number N and metric entropy H
that we use below are defined in Section 3.4.1.
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Lemma 4.14 Let BD denote the unit ball of the Euclidean space R
D. Then,

for every positive numbers δ and r with δ ≤ r

(r
δ

)D
≤ N (δ, rBD) ≤

(r
δ

)D (
2 +

δ

r

)D
(4.40)

Moreover for every positive α,R and δ with δ ≤ R, one has

κα

(
R

δ

)1/α

≤ H (δ,B2 (α,R)) ≤ κ′
α

(
R

δ

)1/α

(4.41)

for some positive constants κα and κ
′
α depending only on α.

Proof. By homogeneity we may assume that r = 1. Let Sδ be some δ-net of
BD. Then by definition of Sδ the following properties hold true

⋃
x∈Sδ

(x + δBD) ⊇ BD

and conversely ⋃
x∈Sδ

(
x +

δ

2
BD

)
⊆
(

1 +
δ

2

)
BD.

Hence, since on the one hand each ball x + δBD has volume δD Vol (BD)
and on the other hand the balls x + (δ/2) BD are disjoints with volume
(δ/2)D Vol (BD), we derive that

δD |Sδ|Vol (BD) ≥ Vol (BD)

and

(δ/2)D |Sδ|Vol (BD) ≤
(

1 +
δ

2

)D
Vol (BD)

which leads to (4.40). Turning now to the proof of (4.41) we first notice that
since B2 (α,R) = RB2 (α, 1), it is enough to prove (4.41) for R = 1. Introdu-
cing for every j ≥ 0, the set of integers Ij =

{
2j , 2j + 1, . . . , 2j+1 − 1

}
, we note

that for every integer J ,

B2 (α, 1) ⊇
{
β ∈ �2 : βk = 0 for every k /∈ IJ and

∑
k∈IJ

β2
kk

2α ≤ 1

}

⊇
{
β ∈ �2 : βk = 0 for every k /∈ IJ and

∑
k∈IJ

β2
k ≤ 2−2(J+1)α

}
.

Since
{
β ∈ �2 : βk = 0 for every k /∈ IJ and

∑
k∈IJ

β2
k ≤ 2−2(J+1)α

}
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is isometric to the Euclidean ball 2−(J+1)α
BD with D = 2J , setting δJ =

2−1−(J+1)α, we derive from (4.40) that

H (δJ ,B2 (α, 1)) ≥ 2J ln (2) . (4.42)

Now either δ0 ≤ δ and in this case we set J = 0 so that

H (δ,B2 (α, 1)) ≥ ln (2) ≥ ln (2) δ1/α
0 δ−1/α,

or δ0 > δ, in which case we take J = sup {j ≥ 0 : δj > δ} and we deduce from
(4.42) that

H (δ,B2 (α, 1)) ≥ 2J ln (2) = δ
−1/α
J+1 2−1/α−2 ln (2) ≥ δ−1/α2−1/α−2 ln (2) .

In any case we therefore have

H (δ,B2 (α, 1)) ≥ δ−1/α2−1/α−2 ln (2) .

Conversely, we notice that

B2 (α, 1) ⊆ E =

⎧
⎨
⎩β ∈ �2 :

∑
j≥0

22jα

⎛
⎝∑
k∈Ij

β2
k

⎞
⎠ ≤ 1

⎫
⎬
⎭ .

Given δ ≤ 1, noticing that
{
j ≥ 0 : 2−2jα > δ2/2

}
�= ∅, let us define

J = sup
{
j ≥ 0 : 2−2jα > δ2/2

}
.

Then J satisfies to

2−2(J+1)α ≤ δ2/2 (4.43)

2J ≤ 21/(2α)δ−1/α. (4.44)

Let us introduce the truncated ellipsoid

EJ =

⎧
⎨
⎩β ∈ �2 :

J∑
j=0

22jα

⎛
⎝∑
k∈Ij

β2
k

⎞
⎠ ≤ 1 and βk = 0 whenever k /∈

J⋃
j=0

Ij

⎫
⎬
⎭ .

Since for every β ∈ E one has

∞∑
j>J

⎛
⎝∑
k∈Ij

β2
k

⎞
⎠ ≤ 2−2(J+1)α,

we derive from (4.43) that

N ′ (δ, E) ≤ N ′
(
δ/
√

2, EJ
)

, (4.45)
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where we recall that N ′ (., S) denotes the covering number of S. Let us define
for every j ≤ J

δj =
√

32−Jα+j−J−1−α,

then by (4.43)

J∑
j=0

δ2
j ≤ 32−2Jα−2−2α

∞∑
k=0

2−2k ≤ 2−2(J+1)α ≤ δ2/2.

Introducing for every integer j ≤ J

Bj =

⎧
⎨
⎩β ∈ �2 : βk = 0 if k /∈ Ij and 22jα

⎛
⎝∑
k∈Ij

β2
k

⎞
⎠ ≤ 1

⎫
⎬
⎭ ,

we notice that Bj is isometric to 2−jαB2j . Hence, in order to construct some
δ/
√

2 covering of EJ , we simply use (4.40) which ensures, for every j ≤ J , the
existence of an δj-net {β (λj , j) , λj ∈ Λj} of Bj with

|Λj | ≤ 32j

(
2−jα

δj

)2j

.

Then we define for every λ ∈ Λ =
∏J
j=0 Λj , the sequence β (λ) belonging to

EJ by

βk (λ) = βk (λj , j) whenever k ∈ Ij for some j ≤ J and βk (λ) = 0 otherwise.

If β is some arbitrary point in EJ , for every j ≤ J there exists λj ∈ Λj such
that ∑

k∈Ij

(βk − βk (λj , j))
2 ≤ δ2

j

and therefore

‖β − β (λ)‖2 =
J∑
j=0

∑
k∈Ij

(βk − βk (λj , j))
2 ≤

J∑
j=0

δ2
j ≤ δ2/2.

This shows that the balls centered at some point of {β (λ) , λ ∈ Λ} with radius
δ/
√

2 are covering EJ . Hence

lnN ′
(
δ/
√

2, EJ
)
≤

J∑
j=0

ln |Λj | ≤
J∑
j=0

2j ln
(
32−jα/δj

)

and therefore, since
∑J
j=0 2j = 2J+1 = 2J

∑∞
k=0 2−kk,
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lnN ′
(
δ/
√

2, EJ
)
≤ ln

(√
321+α

)
⎛
⎝

J∑
j=0

2j

⎞
⎠ + 2J

∞∑
k=0

2−k ln
(

2k(1+α)
)

≤ 2J+1 ln
(√

341+α
)

.

Combining this inequality with (4.44) and (4.45) yields

lnN ′ (δ, E) ≤ 21+(1/2α) ln
(√

341+α
)
δ−1/α

and the conclusion follows since H (δ,B2 (α, 1)) ≤ lnN ′ (δ/2, E).
As a consequence we can use Proposition 4.13 to re-derive (4.32) in the

special case of Besov ellipsoids.

4.3.2 Adaptive Properties of Penalized Estimators for Gaussian
Sequences

The ideas presented in Section 4.1.1 are now part of the statistical folklore.
To summarize: for a suitable choice of an orthonormal basis {ϕj}j≥1 of some
Hilbert space H of functions, smoothness properties of the elements of H can
be translated into properties of their coefficients in the space �2. Sobolev or
Besov balls in the function spaces correspond to ellipsoids or more generally
�p-bodies when the basis is well chosen. Moreover, once we have chosen a
suitable basis, an isonormal process can be turned to an associated Gaussian
sequence of the form

β̂j = βj + εξj , j ≥ 1, (4.46)

for some sequence of i.i.d. standard normal variables ξjs. Since Theorem 4.5
allows to mix model selection procedures by using possibly different basis,
we can now concentrate on what can be done with a given basis i.e., on the
Gaussian sequence framework. More precisely we shall focus on the search
for good strategies for estimating (βj)j≥1 ∈ �2 from the sequence (β̂j)j≥1

under the assumption that it belongs to various types of �p-bodies. These
strategies will all consist in selecting (from the data) some adequate finite
subset m̂ of N

∗ and consider β̃ = (β̂j)j∈m̂ as an estimator of β = (βj)j≥1.
In other words, we consider our original nonparametric problem as an infinite
dimensional variable selection problem: we are looking at some finite family
of “most significant” coordinates among a countable collection.

In our treatment of the Gaussian sequence framework (4.46), we shall stick
to the following notations: the family {Λm}m∈M is a countable family of finite
subsets of N

� and for each m ∈ M, Sm is the finite dimensional linear space of
sequences (βj)j≥1 such that βj = 0 whenever j /∈ Λm. Selecting a value of m
amounts to select a set Λm orequivalently some finite subset of the coordinates.
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Our purpose will be to define proper collections {Λm}m∈M of subsets of N
∗

together with weights {xm}m∈M of the form xm = DmLm such that
∑
m∈M

exp (−DmLm) = Σ < ∞. (4.47)

and consider the penalized LSE corresponding to the penalty

pen (m) = Kε2Dm

(
1 +

√
2Lm

)2

, for every m ∈M (4.48)

with K > 1. In this context Theorem 4.2 takes the following form.

Corollary 4.15 Let {Lm}m∈M be some family of positive numbers such that
(4.47) holds. Let K > 1 and take the penalty function pen satisfying (4.48).
Then, almost surely, there exists some minimizer m̂ of the penalized least-
squares criterion

−
∑
j∈Λm

β̂2
j + pen (m) ,

over M and the corresponding penalized LSE β̃ = (β̂j)j∈m̂ is unique. Moreover

and upper bound for the quadratic risk Eβ

[∥∥∥β̃ − β
∥∥∥

2
]

is given by

C (K)

⎧
⎨
⎩ inf
m∈M

⎛
⎝
⎛
⎝ ∑
j /∈Λm

β2
j

⎞
⎠ + ε2Dm

(
1 +

√
2Lm

)2

⎞
⎠ + Σε2

⎫
⎬
⎭ , (4.49)

where C (K) depends only on K.

Finally we shall optimize the oracle type inequality (4.49) using the knowl-
edge that (βj)j≥1belongs to some typical �p-bodies. Such computations will
involve the approximation properties of the models Sm in the collection with
respect to the considered �p bodies since our work will consist in bounding
the bias term

∑
j /∈Λm

β2
j .

4.3.3 Adaptation with Respect to Ellipsoids

We first consider the strategy of ordered variable selection which is suitable
when β belongs to some unknown ellipsoid. This strategy is given by M = N,
Λ0 = ∅, Λm = {1, 2, . . . ,m} for m > 0 and Lm ≡ L where L is some arbitrary
positive constant. Hence we may take

pen (m) = K ′mε2

where K ′ > 1 and (4.49) becomes

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C ′ (K ′)

⎧
⎨
⎩ inf
m≥1

⎛
⎝∑
j>m

β2
j + ε2m

⎞
⎠
⎫
⎬
⎭ .
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Since
∑
j>m β2

j converges to zero when m goes to infinity, it follows that

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]

goes to zero with ε and our strategy leads to consistent esti-

mators for all β ∈ �2.
Let us now assume that β belongs to some ellipsoid E2(c). We deduce from

the monotonicity of the sequence c that
∑
j>m

β2
j =

∑
j>m

c2j
(
β2
j /c

2
j

)
≤ c2m+1

∑
j>m

(
β2
j /c

2
j

)
≤ c2m+1

and therefore

sup
β∈E2(c)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C ′ (K ′)

{
inf
m≥1

(
c2m+1 + ε2m

)}
. (4.50)

Note that if one assumes that c1 ≥ ε, then by monotonicity of c

sup
D≥1

(
c2D ∧Dε2

)
= max

(
c2m0+1,m0ε

2
)
≥ 1

2
(
c2m0+1 + m0ε

2
)

,

where m0 = sup
{
D ≥ 1 : Dε2 ≤ c2D

}
and therefore

sup
D≥1

(
c2D ∧Dε2

)
≥ 1

2
inf
m≥1

(
c2m+1 + ε2m

)
.

Combining this inequality with (4.50) and the minimax lower bound (4.32)
we derive that

sup
β∈E2(c)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ 2C ′ (K ′)

κ0
inf
β̂

sup
β∈E2(c)

Es

[∥∥∥β̂ − β
∥∥∥

2
]

,

which means that β̃ is simultaneously minimax (up to some constant) on all
ellipsoids E2(c) which are nondegenerate, i.e., such that c1 ≥ ε.

4.3.4 Adaptation with Respect to Arbitrary �p-Bodies

We choose for M the collection of all finite subsets m of N
∗ and set Λm = m

and Nm = supm; then, if m �= ∅, 1 ≤ Dm = |m| ≤ Nm . Finally, in order to
define the weights, fix some θ > 0 and set for all m �= ∅, Lm = L(Dm, Nm)
with

L(D,N) = ln
(
N

D

)
+ (1 + θ)

(
1 +

lnN

D

)
. (4.51)

Let us now check that (4.47) is satisfied with Σ bounded by some Σθ depend-
ing only on θ. We first observe that M\ ∅ is the disjoint union of all the sets
M(D,N), 1 ≤ D ≤ N , where

M(D,N) = {m ∈M|Dm = D and Nm = N}, (4.52)
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and that by (2.9)

|M(D,N)| =
(
N − 1
D − 1

)
≤
(
N

D

)
≤
(
eN

D

)D
,

from which we derive that

Σ ≤
∑
N≥1

N∑
D=1

|M(D,N)| exp[−D ln(N/D) − (1 + θ)(D + lnN)]

≤
∑
N≥1

∑
D≥1

exp[−θD]N−θ−1 ≤ e−θ

1 − e−θ

∫ +∞

1/2

x−θ−1 dx

≤ e−θ

1 − e−θ
2θ

θ
= Σθ. (4.53)

Computation of the Estimator

The penalty is a function of Dm and Nm and can therefore be written as
pen′(Dm, Nm). In order to compute the penalized LSE one has to find the
minimizer m̂ of

crit (m) = −
∑
j∈m

β̂2
j + pen′(Dm, Nm).

Given N and D, the minimization of crit over the set M(D,N) amounts to
the maximization of

∑
j∈m β̂2

j over this set. Since by definition all such m’s
contain N and D − 1 elements of the set {1, 2, . . . , N − 1}, it follows that
the minimizer m(D,N) of crit over M(D,N) is the set containing N and
the indices of the D − 1 largest elements β̂2

j for 1 ≤ j ≤ N − 1 denoted by
{1, 2, . . . , N − 1}[D − 1]. So

inf
m∈M(D,N)

crit (m) = −
∑

j∈m(D,N)

β̂2
j + pen′(D,N),

with m(D,N) = {N} ∪ {1, 2, . . . , N − 1}[D− 1]. The computation of m̂ then
results from an optimization with respect to N and D. In order to perform
this optimization, let us observe that if J = max {1, 2, . . . , N}[D] < N ,
then

∑
j∈m(D,N) β̂

2
j ≤

∑
j∈m(D,J) β̂

2
j . On the other hand, it follows

from the definition of L(D, ·) that L(D,J) < L(D,N) and therefore
crit (m (D,N)) > crit (m (D,J)). This implies that, given D, the opti-
mization with respect to N should be restricted to those N ’s such that
max {1, 2, . . . , N}[D] = N . It can easily be deduced from an iterative compu-
tation of the sets {β̂2

λ}λ∈{1,2,...,N}[D]
starting with N = D. It then remains to

optimize our criterion with respect to D.
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Performance of the Estimator

We observe that (lnN) /D < ln(N/D) + 0.37 for any pair of positive integers
D ≤ N , which implies that

L(D,N) ≤ (2 + θ) ln
(
N

D

)
+ 1.37(1 + θ). (4.54)

We derive from (4.54), (4.53) and (4.49) that for some positive constant
C (K, θ)

Eβ

∥∥∥β̃ − β
∥∥∥

2

≤ C (K, θ) inf
{(D,N) | 1≤D≤N}

{
b2D + ε2D

(
ln
(
N

D

)
+ 1

)}
,

where b2D =
(

infm∈M(D,N)

∑
j /∈m β2

j

)
. The basic remark concerning the per-

formance of β̃ is therefore that it is simultaneously approximately minimax
on the collection of all sets S

N
D when D and N vary with D ≤ N . On the other

hand, if we restrict to those ms such that Nm = Dm, then Lm ≤ 1.37(1 + θ).
Moreover, if β ∈ Ep (c) with 0 < p ≤ 2

∑
j>N

β2
j ≤

⎛
⎝∑
j>N

|βj |p
⎞
⎠

2/p

≤ c2N+1, (4.55)

which leads to the following analogue of (4.50)

sup
β∈Ep(c)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C(K, θ) inf

N≥1

{
c2N+1 + ε2N

}
. (4.56)

This means that at least this estimator performs as well as the previous one
and is therefore approximately minimax on all nondegenerate ellipsoids simul-
taneously.

Let us now turn to an improved bound for �p-bodies with p < 2. This
bound is based on the following:

Lemma 4.16 Given N nonnegative numbers {ai}i∈I , we consider a permu-
tation

{
a(j)

}
1≤j≤N of the set {ai}i∈I such that a(1) ≥ . . . ≥ a(N) . Then for

every real number 0 < p ≤ 2 and any integer n satisfying 0 ≤ n ≤ N − 1,

N∑
j=n+1

a2
(j) ≤

(∑
i∈I

api

)2/p

(n + 1)1−2/p.

Proof. The result being clearly true when n = 0, we can assume that n ≥ 1.
Let a = a(n+1). Then a ≤ a(j) whatever j ≤ n and therefore (1 + n)ap ≤∑
i∈I a

p
i . We then conclude from

N∑
j=n+1

a2
(j) ≤ a2−p

N∑
j=n+1

ap(j) ≤
(∑

i∈I a
p
i

1 + n

)2/p−1 ∑
i∈I

api . �
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We are now in position to control the bias term in (4.49). More precisely
we intend to prove the following result.

Proposition 4.17 Given θ > 0, let β̃ be the penalized LSE with penalty
pen (m) = Kε2Dm

(
1 +

√
2Lm

)2 on every finite subset of N
∗, where Lm =

L (|m| , sup (m)), the function L (depending on θ) being defined by (4.51), then
there exists some positive constant C ′ (K, θ) such that for every β ∈ Ep (c)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C ′(K, θ) inf

1≤D≤N

{
c2N+1 + c2DD

1−2/p + ε2D ln
(
eN

D

)}
.

(4.57)

Proof. Setting M(J,M) = ∪J≤N≤MM(J,N) where M(J,N) is defined by
(4.52), we derive from (4.54), (4.53) and (4.49) that for some positive constant
C (K, θ)

C−1 (K, θ) Eβ

[∥∥∥β̃ − β
∥∥∥

2
]

≤ inf
{(J,N) | 1≤J≤N}

⎧
⎨
⎩

⎛
⎝ inf
m∈M(J,N)

∑
j /∈m

β2
j

⎞
⎠ + ε2J (L(J,N) + 1)

⎫
⎬
⎭

≤ inf
{(J,M) | 1≤J<M}

{F (J,M)} , (4.58)

where

F (J,M) = inf
m∈M(J,M)

∑
j /∈m

β2
j + ε2J

[
ln
(
M

J

)
+ 1

]
.

Let us fix some pair (J,M) and some m ∈ M(J,M). It follows from (4.55)
that ∑

j /∈m
β2
j =

∑
j>M

β2
j +

∑
1≤j≤M,j /∈m

β2
j ≤ c2M+1 +

∑
1≤j≤M,j /∈m

β2
j ,

so that

F (J,M) ≤ c2M+1 +
M∑

j=J+1

β2
(j) + ε2J

[
ln
(
M

J

)
+ 1

]
,

where
(
β2

(j)

)
1≤j≤M

are the ordered squared coefficients
(
β2
j

)
1≤j≤M such that

β2
(1) ≥ . . . ≥ β2

(M). It then follows from Lemma 4.16 with N = M −D+ 1 and
n = J −D + 1 that

M∑
j=J+1

β2
(j) ≤

⎛
⎝

M∑
j=D

βp(j)

⎞
⎠

2/p

(J −D + 2)1−2/p.

Observing that if 1 ≤ D ≤ J + 1 ≤ M ,
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M∑
j=D

βp(j) ≤
M∑
j=D

|βj |p ≤ cpD,

we derive from the previous inequality that

M∑
j=J+1

β2
(j) ≤ c2D(J −D + 2)1−2/p.

Let us now define
�x� = inf{n ∈ N | n≥x} (4.59)

and fix D = �(J + 1)/2� and N = �(M − 1)/2�. Then J − D + 2 ≥ D and
J/2 < D ≤ J , which implies that

F (J,M) ≤ c2N+1 + c2DD
1−2/p + 2ε2D

(
ln
(

2N + 1
D

)
+ 1

)
.

Finally, since N ≥ D implies that M > J , (4.57) easily follows from (4.58).

The Case of Besov Bodies

In the case of general �p-bodies, we cannot, unfortunately, handle the min-
imization of the right-hand side of (4.57) as we did for the ellipsoids since
it involves cD and cN+1 simultaneously. We now need to be able to compare
c2DD

1−2/p with c2N+1 which requires a rather precise knowledge about the rate
of decay of cj as a function of j. This is why we shall restrict ourselves to some
particular �p-bodies. Following [52], we define the Besov body Bp (α,R) where
α > 1/p−1/2 as an �p-body Ep (c) with cj = Rj−(α+1/2−1/p) for every integer
j ≥ 1 (see also [23] for the definition of extended Besov bodies which allow
to study sharp effects in the borderline case where α = 1/p− 1/2). As briefly
recalled in the appendix these geometrical objects correspond to Besov balls
in function spaces for a convenient choice of the basis.

In order to keep the discussion as simple as possible we shall assume that
R/ε ≥ e. From (4.57) we derive the following upper bound for every β ∈ Ep (c)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]

≤ C ′ inf
1≤D≤N

{
N−2(α+1/2−1/p)R2 + D−2αR2 + ε2D ln

(
eN

D

)}
.

Setting
∆ = (R/ε)

2
2α+1 (ln(R/ε))−1/(2α+1) ,



122 4 Gaussian Model Selection

we choose D = �∆� and N =
⌈
∆

α
α+1/2−1/p

⌉
and some elementary computa-

tions lead to

sup
β∈Ep(c)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C ′′R2/(2α+1)ε4α/(2α+1) (ln(R/ε))2α/(2α+1) , (4.60)

where C ′′ depends on K, θ, p and α.
As for the minimax lower bound, we simply use (4.32) which warrants that

the minimax risk is bounded from below by

κ0 sup
D≥1

(
R2D−2α ∧Dε2

)
≥ καR

2/(2α+1)ε4α/(2α+1). (4.61)

We can conclude that the upper bound (4.60) matches this lower bound up to
a power of ln(R/ε). As we shall see below, the lower bound is actually sharp
and a refined strategy, especially designed for estimation in Besov bodies, can
improve the upper bound.

4.3.5 A Special Strategy for Besov Bodies

Let us recall from the previous section that we have at hand a strategy for
model selection in the Gaussian sequence model which is, up to constants,
minimax over all sets S

N
D and all ellipsoids, but fails to be minimax for Besov

bodies since its risk contains some extra power of ln(R/ε) as a nuisance factor.
We want here to describe a strategy, especially directed towards estimation
in Besov bodies, which will turn to be minimax for all Besov bodies Bp (α,R)
when α > 1/p− 1/2.

The Strategy

The construction of the models is based on a decomposition of Λ = N
� into a

partition Λ = ∪j≥0Λ(j) with µ0 = 1 and

Λ(j) = {µj , . . . , µj+1 − 1} with 2j ≤ µj+1 − µj ≤ M2j for j ≥ 0, (4.62)

where M denotes some given constant that we shall assume to be equal to 1
in the sequel for the sake of simplicity. Typically, this kind of dyadic decom-
position fits with the natural structure of a conveniently ordered wavelet basis
as explained in the Appendix but piecewise polynomials could be considered
as well (see for instance [22]). We also have to choose a real parameter θ > 2
(the choice θ = 3 being quite reasonable) and set for J, j ∈ N,

A(J, j) =
⌊
2−j(j + 1)−θ|Λ(J + j)|

⌋
with �x� = sup{n ∈ N | n≤x}.

It follows that
⌊
2J (j + 1)−θ

⌋
≥ A(J, j) > 2J(j + 1)−θ − 1, (4.63)
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which in particular implies that A(J, j) = 0 for j large enough (depending on
J). Let us now set for J ∈ N

MJ =

⎧
⎨
⎩m ⊂ Λ

∣∣∣∣∣∣
m =

⎡
⎣⋃
j≥0

m(J + j)

⎤
⎦⋃

⎡
⎣
J−1⋃
j=0

Λ(j)

⎤
⎦
⎫
⎬
⎭ ,

with
m(J + j) ⊂ Λ(J + j) and |m(J + j)| = A(J, j).

Clearly, each m ∈ MJ is finite with cardinality Dm = M(J) satisfying

M(J) =
J−1∑
j=0

|Λ(j)| +
∑
j≥0

A(J, j)

and therefore by (4.63)

2J ≤ M(J) ≤ 2J

⎡
⎣1 +

∑
n≥1

n−θ

⎤
⎦ . (4.64)

We turn now to the fundamental combinatorial property of the collection MJ .
Since x → x ln (eN/x) is increasing on [0, N ], (4.10) via (4.63) yields

ln |MJ | ≤
n∑
j=0

ln
(
|Λ (J + j)|
A (J, j)

)
≤

n∑
j=0

A (J, j) ln
(
e |Λ (J + j)|

A (J, j)

)

≤ 2J
∞∑
j=0

(j + 1)−θ ln
(
e2j (j + 1)θ

)

so that
ln |MJ | ≤ cθ2J , (4.65)

with some constant cθ depending only on θ. Let us now set M = ∪J≥0MJ

and Lm = cθ + L with L > 0 for all m. Then by (4.64) and (4.65)
∑
m∈M

e−LmDm ≤
∑
J≥0

|MJ | exp
[
−cθ2J − L2J

]
≤
∑
J≥0

exp
[
−L2J

]
= ΣL,

and it follows that (4.47) is satisfied with Σ ≤ ΣL.

The Construction of the Estimator

One has to compute the minimizer m̂ of crit (m) = pen (m) −
∑
λ∈m β̂2

λ. The
penalty function, as defined by (4.48), only depends on J when m ∈MJ since
Lm is constant and Dm = M(J). Setting pen (m) = pen′(J) when m ∈ MJ ,
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we see that m̂ is the minimizer with respect to J of pen′(J)−
∑

λ∈m̂J
β̂2
λ where

m̂J ∈MJ maximizes

∑
k≥0

∑
λ∈m(J+k)

β̂2
λ +

J−1∑
j=0

∑
λ∈Λ(j)

β̂2
λ

or equivalently
∑
k≥0

∑
λ∈m(J+k) β̂

2
λ with respect to m ∈ MJ . Since the car-

dinality A(J, k) of m(J + k) only depends of J and k, one should choose for
the m(J + k) corresponding to m̂J the subset of Λ(J + k) of those A(J, k)
indices corresponding to the A(J, k) largest values of β̂2

λ for λ ∈ Λ(J + k).
In practice of course, the number of coefficients β̂λ at hand, and therefore the
maximal value of J is bounded. A practical implementation of this estimator
is therefore feasible and has actually been completed in [96].

The Performances of the Estimator

We derive from (4.49) that

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C (K, θ, L)

{
inf
J≥0

(
inf

m∈MJ

(∑
λ/∈m

β2
λ

)
+ ε22J

)}
(4.66)

so that the main issue is to bound the bias term infm∈MJ

(∑
λ/∈m β2

λ

)
knowing

that β ∈ Bp (α,R). For each j ≥ 0 we set Bj =
[∑

λ∈Λ(J+j) |βλ|p
]1/p

and
denote the coefficients |βλ| in decreasing order, for λ ∈ Λ(J + j), k ≥ 0 by
|β(k),j |. The arguments we just used to define m̂J immediately show that

inf
m∈MJ

(∑
λ/∈m

β2
λ

)
=
∑
j≥0

µJ+j+1−µJ+j∑
k=A(J,j)+1

β2
(k),j ,

and it follows from Lemma 4.16 and (4.63) that

µJ+j+1−µJ+j∑
k=A(J,j)+1

β2
(k),j ≤ B2

j (A (J, j) + 1)1−2/p

≤ B2
j 2J(1−2/p)(j + 1)θ(2/p−1),

from which we get

inf
m∈MJ

(∑
λ/∈m

β2
λ

)
≤
∑
j≥0

B2
j 2J(1−2/p)(j + 1)θ(2/p−1). (4.67)

We recall that β ∈ Bp (α,R) means that β ∈ Ep (c) with cλ = Rλ−(α+1/2−1/p).
Observe now that for every j
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cµJ+j
≤ R2−(J+j)(α+1/2−1/p), (4.68)

since by (4.62) µJ+j ≥ 2J+j . So β ∈ Bp (α,R) also implies that Bj ≤
supλ∈Λ(J+j) cλ = cµJ+j

and it then follows from (4.67) that

inf
m∈MJ

(∑
λ/∈m

β2
λ

)
≤ R22−2Jα

∑
j≥0

2−2j(α+1/2−1/p) (j + 1)θ(2/p−1) . (4.69)

Now, the series in (4.69) converges with a sum bounded by C = C(α, p, θ)
and we finally derive from (4.69) and (4.66) that

sup
β∈Bp(α,R)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C(α, p,K,L, θ) inf

J≥0
{R22−2Jα + 2Jε2}. (4.70)

To optimize (4.70) it suffices to take J = inf
{
j ≥ 0

∣∣2j ≥ (R/ε)2/(2α+1)
}

.
Then 2J = ρ∆(R/ε) with 1 ≤ ρ < 2 provided that R/ε ≥ 1 and we finally get

sup
β∈Bp(α,R)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C ′(α, p,K,L, θ)R2/(2α+1)ε4α/(2α+1).

If we compare this upper bound with the lower bound (4.61) we see that they
match up to constant. In other words the penalized LSE is simultaneously
approximately minimax over all Besov bodies Bp (α,R) with α > 1/p − 1/2
which are nondegenerate, i.e., with R ≥ ε.

Using the model selection theorem again, it would be possible to mix the
two above strategies in order to build a new one with the advantages of both.
Pushing further this idea one can also (in the spirit of [49]) use several bases
at the same time and not a single one as we did in the Gaussian sequence
framework.

4.4 A General Model Selection Theorem

4.4.1 Statement

Our purpose is to propose a model selection procedure among a collection
of possibly nonlinear models. This procedure is based on a penalized least
squares criterion which involves a penalty depending on some extended notion
of dimension allowing to deal with nonlinear models.

Theorem 4.18 Let {Sm}m∈M be some finite or countable collection of sub-
sets of H. We assume that for any m ∈M, there exists some a.s. continuous
version W of the isonormal process on Sm. Assume furthermore the exis-
tence of some positive and nondecreasing continuous function φm defined on
(0,+∞) such that φm (x) /x is nonincreasing and

2E

[
sup
t∈Sm

(
W (t) −W (u)
‖t− u‖2 + x2

)]
≤ x−2φm (x) (4.71)
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for any positive x and any point u in Sm. Let us define τm = 1 if Sm is closed
and convex and τm = 2 otherwise. Let us define Dm > 0 such that

φm

(
τmε

√
Dm

)
= εDm (4.72)

and consider some family of weights {xm}m∈M such that

∑
m∈M

e−xm = Σ < ∞.

Let K be some constant with K > 1 and take

pen (m) ≥ Kε2
(√

Dm +
√

2xm
)2

. (4.73)

We set for all t ∈ H, γε (t) = ‖t‖2 − 2Yε (t) and consider some collection of
ρ-LSEs (ŝm)m∈M i.e., for any m ∈ M,

γε (ŝm) ≤ γε (t) + ρ, for all t ∈ Sm.

Then, almost surely, there exists some minimizer m̂ of γε (ŝm)+pen (m) over
M. Defining a penalized ρ-LSE as s̃ = ŝ

m̂
, the following risk bound holds for

all s ∈ H

Es

[
‖s̃− s‖2

]
≤ C (K)

[
inf
m∈M

(
d2 (s, Sm) + pen (m)

)
+ ε2 (Σ + 1) + ρ

]

(4.74)

Proof. We first notice that by definition of τm in any case for every positive
number η and any point s ∈ H, there exists some point sm ∈ Sm satisfying to
the following conditions

‖s− sm‖ ≤ (1 + η) d (s, Sm) (4.75)
‖sm − t‖ ≤ τm (1 + η) ‖s− t‖ , for all t ∈ Sm. (4.76)

Indeed, whenever Sm is closed and convex, one can take sm as the projection
of s onto Sm. Then ‖s− sm‖ = d (s, Sm) and since the projection is known
to be a contraction one has for every s, t ∈ H

‖sm − tm‖ ≤ ‖s− t‖

which a fortiori implies (4.76) with η = 0. In the general case, one can always
take sm such that (4.75) holds. Then for every t ∈ Sm

‖sm − t‖ ≤ ‖sm − s‖ + ‖s− t‖ ≤ 2 (1 + η) ‖s− t‖

so that (4.76) holds.
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Let us first assume for the sake of simplicity that ρ = 0 and that conditions
(4.75) and (4.76) hold with η = 0. We now fix some m ∈ M and define
M′ = {m′ ∈M, γε (ŝm′) + pen (m′) ≤ γε (ŝm) + pen (m)}. By definition, for
every m′ ∈ M′

γε (ŝm′) + pen (m′) ≤ γε (ŝm) + pen (m) ≤ γε (sm) + pen (m)

which implies, since ‖s‖2 + γε (t) = ‖t− s‖2 − 2εW (t), that

‖ŝm′ − s‖2 ≤ ‖s− sm‖2+2ε [W (ŝm′) −W (sm)]−pen (m′)+pen (m) . (4.77)

For any m′ ∈ M, we consider some positive number ym′ to be chosen later,
define for any t ∈ Sm′

2wm′ (t) = [‖s− sm‖ + ‖s− t‖]2 + y2
m′

and finally set

Vm′ = sup
t∈Sm′

[
W (t) −W (sm)

wm′ (t)

]
.

Taking these definitions into account, we get from (4.77)

‖ŝm′ − s‖2 ≤ ‖s− sm‖2 + 2εwm′ (ŝm′)Vm′ − pen (m′) + pen (m) . (4.78)

It now remains to control the variables Vm′ for all possible values of m′ in M.
To do this we use the concentration inequality for the suprema of Gaussian
processes (i.e., Proposition 3.19) which ensures that, given z > 0, for any
m′ ∈M,

P

[
Vm′ ≥ E [Vm′ ] +

√
2vm′ (xm′ + z)

]
≤ e−xm′ e−z (4.79)

where

vm′ = sup
t∈Sm′

Var [W (t) −W (sm) /wm′ (t)] = sup
t∈Sm′

[
‖t− sm‖2

/w2
m′ (t)

]
.

Since wm′ (t) ≥ ‖t− sm‖ ym′ , then vm′ ≤ y−2
m′ and therefore, summing up

inequalities (4.79) over m′ ∈M we derive that, on some event Ωz with prob-
ability larger than 1 −Σe−z , for all m′ ∈ M

Vm′ ≤ E [Vm′ ] + y−1
m′
√

2 (xm′ + z). (4.80)

We now use assumption (4.71) to bound E [Vm′ ]. Indeed

E [Vm′ ] ≤ E

[
sup
t∈Sm′

(
W (t) −W (sm′)

wm′ (t)

)]

+ E

[
(W (sm′) −W (sm))+

inft∈Sm′ [wm′ (t)]

]
(4.81)
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and since by (4.76) (with η = 0), 2wm′ (t) ≥ τ−2
m′ ‖t− sm′‖2 + y2

m′ for all
t ∈ Sm′ we derive from (4.71) with u = sm′ and the monotonicity assumption
on φm′ that

E

[
sup
t∈Sm′

(
W (t) −W (sm′)

wm′ (t)

)]
≤ y−2

m′φm′ (τm′ym′)

≤ y−1
m′φm′

(
τm′ε

√
Dm′

)
ε−1D

−1/2
m′

whenever ym′ ≥ ε
√
Dm′ . Hence, by (4.72),

E

[
sup
t∈Sm′

(
W (t) −W (sm′)

wm′ (t)

)]
≤ y−1

m′
√

Dm′

which achieves the control of the first term in the right-hand side of (4.81).
For the second term in (4.81), we use (4.75) (with η = 0) to get

inf
t∈Sm′

[wm′ (t)] ≥ 2−1
[
‖sm − sm′‖2 + y2

m′

]
≥ ym′ ‖sm − sm′‖ ,

hence

E

[
(W (sm′) −W (sm))+

inft∈Sm′ [wm′ (t)]

]
≤ y−1

m′ E

[
W (sm′) −W (sm)

‖sm − sm′‖

]

+

and since [W (sm′) −W (sm)] / ‖sm − sm′‖ is a standard normal variable

E

[
(W (sm′) −W (sm))+

inft∈Sm′ [wm′ (t)]

]
≤ y−1

m′ (2π)−1/2 .

Collecting these inequalities we get from (4.81)

E [Vm′ ] ≤ y−1
m′

[√
Dm′ + (2π)−1/2

]
, for all m′ ∈M.

Hence, (4.80) implies that on the event Ωz

Vm′ ≤ y−1
m′

[√
Dm′ +

√
2xm′ + (2π)−1/2 +

√
2z
]

, for all m′ ∈ M.

Given K ′ ∈
(

1,
√
K
]

to be chosen later, if we define

ym′ = K ′ε
[√

Dm′ +
√

2xm′ + (2π)−1/2 +
√

2z
]

,

we know that, on the event Ωz, εVm′ ≤ K ′−1 for all m′ ∈ M, which in
particular implies via (4.78) for every m′ ∈M′

‖ŝm′ − s‖2 ≤ ‖s− sm‖2 + 2K ′−1wm′ (ŝm′) − pen (m′) + pen (m)
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and therefore

‖ŝm′ − s‖2 ≤ ‖s− sm‖2 + K ′−1
[
[‖s− sm‖ + ‖s− ŝm′‖]2 + y2

m′

]

− pen (m′) + pen (m) .

Using repeatedly the elementary inequality

(a + b)2 ≤ (1 + θ) a2 +
(
1 + θ−1

)
b2

for various values of θ > 0, we derive that for every m′ ∈ M′, on the one
hand,

y2
m′ ≤ K ′2ε2

[
K ′

(√
Dm′ +

√
2xm′

)2

+
2K ′

K ′ − 1

(
1

2π
+ 2z

)]

and on the other hand

[‖s− sm‖ + ‖s− ŝm′‖]2 ≤
√
K ′

(
‖s− ŝm′‖2 +

‖s− sm‖2

√
K ′ − 1

)
.

Hence, setting A′ =
(

1 + K ′−1/2
(√

K ′ − 1
)−1

)
, on the event Ωz, the fol-

lowing inequality is valid for every m′ ∈M′

‖ŝm′ − s‖2 ≤ A′ ‖s− sm‖2 + K ′−1/2 ‖s− ŝm′‖2

+ K ′2ε2
(√

Dm′ +
√

2xm′
)2

− pen (m′)

+ pen (m) +
2K ′2ε2

K ′ − 1

(
1

2π
+ 2z

)
,

which in turn implies because of condition (4.73)
(√

K ′ − 1√
K ′

)
‖ŝm′ − s‖2 +

(
1 − K ′2

K

)
pen (m′)

≤ A′ ‖s− sm‖2 + pen (m) +
2K ′2ε2

K ′ − 1

(
1

2π
+ 2z

)
. (4.82)

We may now use (4.82) in two different ways. Choosing first

K ′ =

√
1 + K

2
,

we derive from (4.82) that, on the event Ωz, the following inequality holds for
every m′ ∈ M′

(
K − 1

2K

)
pen (m′) ≤ A′ ‖s− sm‖2 + pen (m) +

2K ′2ε2

K ′ − 1

(
1

2π
+ 2z

)
.
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Hence, the random variable M = supm′∈M′ pen (m′) is finite a.s. Now observe
that by (4.73), 2Kxm′ε2 ≤ M for every m′ ∈M′, hence

Σ ≥
∑

m′∈M′
exp (−xm′) ≥ |M′| exp

(
− M

2Kε2

)

and therefore M′ is almost surely a finite set. This proves of course that some
minimizer m̂ of γε (ŝm′) + pen (m′) over M′ and hence over M does exist.
Choosing this time K ′ =

√
K, we derive from (4.82) that on the event Ωz

(
K1/4 − 1
K1/4

)∥∥ŝ
m̂
− s

∥∥2 ≤ ‖s− sm‖2

(
1 + K−1/4

(
K1/4 − 1

)−1
)

+ pen (m) +
2Kε2

√
K − 1

(
1

2π
+ 2z

)
.

Integrating this inequality with respect to z straightforwardly leads to the
required risk bound (4.74) at least whenever ρ = 0 and η = 0. It is easy
to check that our proof remains valid (up to straightforward modifications
of the constants involved) under the more general assumptions given in the
statement of the theorem.

In the statement of Theorem 4.18, the function φm plays a crucial role
in order to define Dm and therefore the penalty pen (m). Let us study the
simplest example where Sm is linear with dimension D′

m in which case τm = 1.
Then, noticing that ‖t− u‖2 +x2 ≥ 2 ‖t− u‖x we get via Jensen’s inequality

2E

[
sup
t∈Sm

(
W (t) −W (u)
‖t− u‖2 + x2

)]
≤ x−1

E

[
sup
t∈Sm

(
W (t) −W (u)

‖t− u‖

)]

≤ x−1

[
E

[
sup
t∈Sm

(
W (t) −W (u)

‖t− u‖

)2
]]1/2

.

Now taking some orthonormal basis {ϕj , j = 1, . . . , D′
m} of Sm we have by

linearity of W and Cauchy–Schwarz inequality

sup
t∈Sm

(
W (t) −W (u)

‖t− u‖

)2

=
D′

m∑
j=1

W 2 (ϕj) .

Since W (ϕj) is a standard normal random variable for any j, we derive that

2E

[
sup
t∈Sm

(
W (t) −W (u)
‖t− u‖2 + x2

)]
≤ x−1

⎡
⎣E

⎡
⎣
D′

m∑
j=1

W 2 (ϕj)

⎤
⎦
⎤
⎦

1/2

≤ x−1
√

D′
m.

Therefore assumption (4.71) is fulfilled with φm (x) = x
√

D′
m, which implies

that the solution of equation (4.72) is exactly Dm = D′
m. This shows that our

Theorem 4.18 indeed implies Theorem 4.2.
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The main interest of the present statement is that it allows to deal with
nonlinear models. For a linear model Sm we have seen that the quantity Dm

can be taken as the dimension of Sm. Let us see what this gives now for
ellipsoids.

4.4.2 Selecting Ellipsoids: A Link with Regularization

Considering some Hilbert–Schmidt ellipsoid E2 (c) our purpose is to evaluate

2x2
E

[
sup

t∈E2(c)

(
W (t) −W (u)
‖t− u‖2 + x2

)]

where W is an a.s. continuous version of the isonormal process on H, in order
to be able to apply the model selection theorem for possibly nonlinear models.
We prove the following

Lemma 4.19 Let {ϕj}j≥1 be some orthonormal basis of H and (cj)j≥1 be
some nonincreasing sequence belonging to �2. Consider the Hilbert–Schmidt
ellipsoid

E2 (c) =

⎧
⎨
⎩
∑
j≥1

βjϕj :
∑
j≥1

β2
j

c2j
≤ 1

⎫
⎬
⎭ .

Then for every positive real number x, one has

2x2
E

[
sup

t∈E2(c)

(
W (t)

‖t‖2 + x2

)]
≤
√

5
∑
j≥1

(
c2j ∧ x2

)
. (4.83)

Proof. Let t =
∑
j≥1 βjϕj be some element of E2 (c) and consider

tx =
2x2t

‖t‖2 + x2
.

Defining γj = θ (cj ∧ x), where θ is some positive constant to be chosen later,
we notice that

〈tx, ϕj〉2 ≤
(
4β2

j

)
∧
(
x2β2

j

‖t‖2

)
.

Hence

∑
j≥1

〈tx, ϕj〉2

γ2
j

≤ 1
θ2

⎛
⎝∑
j≥1

〈tx, ϕj〉2

c2j
+
∑
j≥1

〈tx, ϕj〉2

x2

⎞
⎠

≤ 1
θ2

⎛
⎝∑
j≥1

4β2
j

c2j
+
∑
j≥1

β2
j

‖t‖2

⎞
⎠ ≤ 5

θ2
,
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which means that tx ∈ E2 (γ) if we choose θ =
√

5. Therefore (4.83) follows
from (3.42).

Since t− u belongs to E2 (2c) when t and u belong to E2 (c), Lemma 4.19
also implies that

2x2
E

[
sup

t∈E2(c)

[
W (t) −W (u)
‖t− u‖2 + x2

]]
≤
√

20
∑
j≥1

(
c2j ∧ x2

)
≤ 5

√∑
j≥1

(
c2j ∧ x2

)
.

We have now in view to apply Theorem 4.18 in order to select among some
collection of ellipsoids, using penalties which will depend on the pseudodimen-
sions of the ellipsoids as defined by (4.72). Defining such a pseudodimension
for a given ellipsoid E2 (c) requires to use the preceding calculations. Since

the function φ : x →
√∑

j≥1

(
c2j ∧ x2

)
is nondecreasing and x → φ (x) /x is

nonincreasing, (4.83) implies that we may define the pseudodimension D (ε)
of the ellipsoid E2 (c) by solving equation (4.72), i.e.,

5φ
(
ε
√

D (ε)
)

= εD (ε) . (4.84)

Adaptation over Besov Ellipsoids

Let us consider the Gaussian sequence framework (4.46) and specialize to
Besov ellipsoids B2 (r,R), i.e., those for which cj = Rj−r for every j ≥ 1,
where r is some real number larger than 1/2. It is then easy to compute φ (x),
at least if R ≥ x. Indeed, introducing N = sup {j : x ≤ Rj−r} we observe
that

1
2

(
R

x

)1/r

≤ N ≤
(
R

x

)1/r

. (4.85)

Moreover

φ2 (x) = x2N +
∑

j≥N+1

R2j−2r ≤ x2N +
1

2r − 1
N−2r+1R2

and we get from (4.85)

φ2 (x) ≤ R1/rx2−1/r +
22r−1

2r − 1

(
R

x

)(−2r+1)/r

R2.

Hence
φ (x) ≤ κrx

1−1/(2r)R1/(2r)

where

κr =

√
1 +

22r−1

2r − 1
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and, provided that R ≥ ε, we derive from (4.84) that

εD (ε) ≤ 5κrε1−1/(2r)R1/(2r) (D (ε))(1/2)−1/(4r) .

Finally

D (ε) ≤ Cr

(
R

ε

)2/(2r+1)

, (4.86)

with Cr = (5κr)
4r/(2r+1).

Given r > 1/2, let us now consider as a collection of models the family
{Sm}m≥1 of Besov ellipsoids Sm = B2 (r,mε). If we apply Theorem 4.18,
we derive from (4.86) that, setting Dm = Crm

2/(2r+1) and xm = m2/(2r+1),
we can take a penalty pen (m) which satisfies

pen (m) ≥ K
(√

Cr +
√

2
)2

m2/(2r+1)ε2, (4.87)

where K > 1 is a given constant. This leads to a risk bound for the corres-
ponding penalized LSE β̃ of β which has the following form:

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C (K)

[
inf
m≥1

(
d2 (β, Sm) + pen (m)

)
+ ε2 (Σr + 1) ,

]

where Σr = Σm≥1 exp
(
−m2/(2r+1)

)
and therefore, since pen (m) ≥ ε2,

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C (K, r)

[
inf
m≥1

(
d2 (β,B2 (r,mε)) + pen (m)

)
.
]

(4.88)

A First Penalization Strategy

In view of the constraint (4.87) on the penalty, it is tempting to choose the
penalty as

pen (m) = Krm
2/(2r+1)ε2, (4.89)

where Kr is an adequate constant depending only on r. In this case we may
rewrite (4.88) as

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C (r) inf

m≥1

(
d2 (β,B2 (r,mε)) + m2/(2r+1)ε2

)
. (4.90)

Of course whenever β ∈ B2 (r,R) with R ≥ ε, we may consider the smallest
integer m larger than R/ε, then β ∈ Sm and the oracle type inequality (4.90)
implies that

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C (r)m2/(2r+1)ε2.
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But m ≤ 2R/ε, so that

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ 2C (r)R2/(2r+1)ε4r/(2r+1),

which, via the minimax lower bound (4.61), means that β̃ is minimax over all
Besov ellipsoids B2 (r,R) when R varies with R ≥ ε. This is of course an expec-
ted result. The penalized LSE being built on the collection of (discretized)
homothetics of the given Besov ellipsoid B2 (r, 1), it is indeed expected that
the resulting selected estimator should be minimax over all these homothetics
simultaneously. This simply means that the penalty is well designed and that
the discretization does not cause any nuisance. The next result is maybe
more surprising. Indeed Proposition 4.20 below together with the minimax
lower bound (4.61) ensure that β̃ is also minimax on the whole collection of
Besov ellipsoids B2 (α,R) when R varies with R ≥ ε, for all regularity indices
α ∈ (0, r].

Proposition 4.20 Let r > 1/2 be given. Let β̃ be the penalized LSE defined
from the collection of Besov ellipsoids (B2 (r,mε))m≥1 with a penalty given by
(4.89), then there exists some constant C ′ (r) such that for every α ∈ (0, r]
and every real number R ≥ ε one has

sup
β∈B2(α,R)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C ′ (r)R2/(2α+1)ε4α/(2α+1). (4.91)

Proof. The main issue is to bound the bias term d2 (β,B2 (r,mε)) appearing
in (4.90) knowing that β ∈ B2 (α,R). Let us consider

D =

⌊(
R

ε

)2/(2α+1)
⌋

.

Since R ≥ ε we have
(
R

ε

)2/(2α+1)

− 1 < D ≤
(
R

ε

)2/(2α+1)

. (4.92)

Let us now take as an approximation of β the D-dimensional approximating
sequence β (D) defined by βj (D) = βj whenever j ≤ D and βj (D) = 0
otherwise. Then since β ∈ B2 (α,R), we derive from (4.92) that

d2 (β, β (D)) =
∑
j>D

β2
j ≤ (D + 1)−2α

R2 ≤ R2/(2α+1)ε4α/(2α+1). (4.93)

Moreover using again that β ∈ B2 (α,R) and the fact that r ≥ α we also get
via (4.92)

D∑
j=1

β2
j j

2r ≤ D2(r−α)R2 ≤
(
R

ε

)4(r−α)/(2α+1)

R2.



4.4 A General Model Selection Theorem 135

Hence, defining

m =

⌈(
R

ε

)(2r+1)/(2α+1)
⌉

we derive that

m ≥
(
R

ε

)(2r+1)/(2α+1)

and therefore that

D∑
j=1

β2
j j

2r ≤
(
R

ε

)4(r−α)/(2α+1)

R2 ≤ m2ε2.

The later inequality expresses that β (D) ∈ B2 (r,mε) so that we get from
(4.90)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C (r)

(
d2 (β, β (D)) + m2/(2r+1)ε2

)
,

and finally from (4.93) and the definition of m

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ C (r)

(
1 + 22/(2r+1)

)
R2/(2α+1)ε4α/(2α+1). �

We now wish to turn to another penalization strategy for selecting ellip-
soids which is directly connected to what is usually called regularization.

Regularization

Here is some alternative view on ellipsoids selection. Given some nonincreasing
sequence c = (cj)j≥1 in �2, one can define the space Hc of elements θ of �2

such that
∑
j≥1

(
θ2
j/c

2
j

)
< ∞ and consider on Hc the new Hilbertian norm

‖θ‖c =

⎛
⎝∑
j≥1

(
θ2
j/c

2
j

)
⎞
⎠

1/2

.

Considering the least squares criterion

γε (θ) = −2
∑
j≥1

β̂jθj +
∑
j≥1

θ2
j ,

if pen is some nondecreasing function on R+, one has

inf
θ∈Hc

{γε (θ) + pen (‖θ‖c)} = inf
R>0

{
inf

‖θ‖c≤R
{γε (θ) + pen (R)}

}
. (4.94)
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This means that, provided that all these quantities do exist, if β̂ (R) denotes
some minimizer of γε (θ) on the ellipsoid {θ ∈ �2 : ‖θ‖c ≤ R} and R̂ denotes a
minimizer of the penalized least squares criterion

γε

(
β̂ (R)

)
+ pen (R) ,

then the corresponding penalized LSE β̃ = β̂(R̂) can also be interpreted as
a minimizer of γε (θ) + pen (‖θ‖c) over Hc. The case where pen (R) = λεR

2

corresponds to what is usually called regularization. The special role of the
R → R2 function comes from the fact that in this case one can explicitly
compute the minimizer β̃ of

γε (θ) + λε ‖θ‖2
c

on Hc. Indeed, it is not hard to check that it is merely a linear estimator
given by

β̃j =
β̂j

1 + λεc
−2
j

. (4.95)

One can find in the literature many papers devoted to the regularization
methods. The special instance that we are looking at here is especially easy to
develop and to explain due to the simplicity of the Gaussian sequence frame-
work. Nevertheless it remains true even in more sophisticated frameworks that
the main reasons for choosing a quadratic shape for the penalty function is
computational. For regularization in a fixed design regression setting with a
Sobolev smoothing norm for instance, the regularized LSE can be nicely com-
puted as a spline with knots on the design. A very interesting account of the
theory of regularization is given in [124].

Turning now to the case where cj = j−r, in view of the results of the
previous section one would be tempted to take in (4.94) pen (R) = λεR

2/(2r+1)

rather than pen (R) = λεR
2. Of course Theorem 4.18 allows to overpenalize

(which then be the case for values of the radius R larger than 1). But if we do
so we should be ready to pay the price in the risk bound (4.74). In particular
we can expect that if the true β really belongs to a given ellipsoid E2 (Rc)
we should get a risk of order λεR

2. Since we do not know in advance the
value of R, it is reasonable to take λε = Kε4r/(2r+1) in order to preserve our
chance to match the minimax rate. But then the factor R2 is suboptimal as
compared to R2/(2r+1), at least for reasonably large values of R. This is indeed
what we intend to prove now. More than that, we shall show that unlike the
penalized LSE of the previous section, the regularized estimator misses the
right minimax rate on each Besov ellipsoid B2 (α, 1) where 0 < α < r.

Our result is based on the following elementary lower bound.

Lemma 4.21 Assume that β̃ is the estimator given by (4.95) with λε ≤ c21
and define J = sup

{
j : λεc−2

j ≤ 1
}
. Let R > 0 be given and define the

sequence β as

βj =
RcJ√
J

if j ≤ J and βj = 0 if j > J , (4.96)
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then

4Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≥
(
R2c2J
J

)
λ2
ε

⎛
⎝

J∑
j=1

c−4
j

⎞
⎠ + Jε2 (4.97)

which in particular implies that

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≥
(

2−2r−2

4r + 1

){
λεR

2 + ε2λ−1/(2r)
ε

}
, (4.98)

whenever cj = j−r for every j ≥ 1.

Proof. It follows from (4.95) that β̃j = θj β̂j with θj =
(
1 + λεc

−2
j

)−1
, hence

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]

=
∑
j≥1

(θj − 1)2 β2
j + ε2

∑
j≥1

θ2
j

= λ2
ε

⎛
⎝∑
j≥1

c−4
j θ2

jβ
2
j

⎞
⎠ + ε2

∑
j≥1

θ2
j .

Hence, noticing that J has been defined such that θj ≥ 1/2 whenever j ≤ J ,
we derive from the previous identity that

4Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≥ λ2

ε

⎛
⎝

J∑
j=1

c−4
j β2

j

⎞
⎠ + Jε2

and (4.97) follows from the definition of β. Assuming now that cj = j−r,
we have on the one hand

J∑
j=1

c−4
j ≥

∫ J

0

x4rdx =
J4r+1

(4r + 1)

and on the other hand, by the definition of J ,

2J ≥ J + 1 ≥ λ−1/(2r)
ε .

Using these two lower bounds we easily derive (4.98) from (4.97).
Note that the sequence β defined by (4.96) belongs to the ellipsoid E2 (Rc)

or equivalently to B2 (r,R) whenever cj = j−r. We learn from the first term
in the right-hand side of (4.98) that (up to some constant) the quantity λεR

2

that we used as a penalty does appear in the risk. As for the second term, it
tells us that too small values of λε should be avoided. We can say even more
about the choice of λε. More precisely, taking R = 1, we seefrom (4.98) that if
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one wants to recover the minimax rate of convergence ε4r/(2r+1) on the Besov
ellipsoid B2 (r, 1) for the maximal risk of β̃, i.e., if we assume that

sup
β∈B2(r,1)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≤ Cε4r/(2r+1),

then on the one hand one should have(
2−2r−2

4r + 1

)
λε ≤ Cε4r/(2r+1)

and on the other hand(
2−2r−2

4r + 1

)
ε2λ−1/(2r)

ε ≤ Cε4r/(2r+1).

This means that for adequate positive constants C1 (r) and C2 (r) one should
have

C1 (r) ε4r/(2r+1) ≤ λε ≤ C2 (r) ε4r/(2r+1).

In other words λε must be taken of the order of ε4r/(2r+1). So, let us take
λε = Kε4r/(2r+1) to be simple. Then, we derive from Lemma 4.21 the result
that we were expecting i.e.,

sup
β∈B2(r,R)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≥ K

(
2−2r−2

4r + 1

)
R2ε4r/(2r+1).

This tells us that, at least when ε is small and R is large, the estimator β̃ is
not approximately minimax on B2 (r,R) since we do not recover the R2/(2r+1)

factor. Since the rate ε4r/(2r+1) is correct, one could think that we only loose
in the constants. This is indeed not the case.

Corollary 4.22 Let r > 1/2, λε = Kε4r/(2r+1) and β̃ be the estimator
defined by

β̃j =
β̂j

1 + λεj2r
.

Then, there exists some positive constant κr such that for every α ∈ (0, r], the
following lower bound holds

sup
β∈B2(α,1)

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≥ κr (K ∧ 1) ε4α/(2r+1). (4.99)

Proof. The proof is quite trivial, it is enough to notice that the sequence β
defined by (4.96) satisfies

∑
j≥1

β2
j j

2α = R2J−2r−1
J∑
j=1

j2α ≤ R2J−2r−1 (J + 1)2α+1

(2α + 1)

≤ R2J2(α−r) 22α+1

(2α + 1)
≤ R2J2(α−r)22r.
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Hence, choosing R = Jr−α2−r warrants that β ∈ B2 (α, 1) and (4.98) leads to

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≥
(

2−4r−2

4r + 1

)
λεJ

2(r−α).

To finish the proof, we have to remember that by the definition of J , 2J ≥
λ
−1/(2r)
ε and therefore

Eβ

[∥∥∥β̃ − β
∥∥∥

2
]
≥
(

2−6r−2

4r + 1

)
λα/rε

which yields (4.99).
Since when α < r, 4α/ (2r + 1) < 4α/ (2α + 1), Corollary 4.22 proves

that the regularized estimator β̃ is suboptimal in terms of minimax rates of
convergence on the Besov ellipsoids B2 (α, 1) with α < r.

4.4.3 Selecting Nets Toward Adaptive Estimation for Arbitrary
Compact Sets

We intend to close this chapter with less constructive but somehow concep-
tually more simple and more general adaptive estimation methods based on
metric properties of statistical models. Our purpose is first to show that the
quantity Dm defined in Theorem 4.18 is generally speaking measuring the
massiveness of Sm and therefore can be viewed as a pseudodimension (which
depends on the scale parameter ε).

A Maximal Inequality for Weighted Processes

We more precisely intend to relate Dm with the metric entropy numbers.
In order to do so we need a tool which allows, for a given process, to derive
global maximal inequalities for a conveniently weighted version of the initial
process from local maximal inequalities. This is the purpose of the following
Lemma which is more or less classical and well known. We present some
(short) proof of it for the sake of completeness. This proof is based on the
pealing device introduced by Alexander in [4]. Note that in the statement and
the proof of Lemma 4.23 below we use the convention that supt∈A g (t) = 0
whenever A is the empty set.

Lemma 4.23 (Pealing lemma) Let S be some countable set, u ∈ S and
a : S → R+ such that a (u) = inft∈S a (t). Let Z be some process indexed by
S and assume that the nonnegative random variable supt∈B(σ) [Z (t) − Z (u)]
has finite expectation for any positive number σ, where

B (σ) = {t ∈ S, a (t) ≤ σ} .
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Then, for any function ψ on R+ such that ψ (x) /x is nonincreasing on R+

and satisfies to

E

[
sup
t∈B(σ)

Z (t) − Z (u)

]
≤ ψ (σ) , for any σ ≥ σ∗ ≥ 0

one has for any positive number x ≥ σ∗

E

[
sup
t∈S

[
Z (t) − Z (u)
a2 (t) + x2

]]
≤ 4x−2ψ (x) .

Proof. Let us introduce for any integer j

Cj =
{
t ∈ S, rjx < a (t) ≤ rj+1x

}
,

with r > 1 to be chosen later. Then
{
B (x) , {Cj}j≥0

}
is a partition of S and

therefore

sup
t∈S

[
Z (t) − Z (u)
a2 (t) + x2

]
≤ sup
t∈B(x)

[
(Z (t) − Z (u))+

a2 (t) + x2

]

+
∑
j≥0

sup
t∈Cj

[
(Z (t) − Z (u))+

a2 (t) + x2

]
,

which in turn implies that

x2 sup
t∈S

[
Z (t) − Z (u)
a2 (t) + x2

]
≤ sup
t∈B(x)

(Z (t) − Z (u))+

+
∑
j≥0

(
1 + r2j

)−1
sup

t∈B(rj+1x)

(Z (t) − Z (u))+ .

(4.100)

Since a (u) = inft∈S a (t), u ∈ B
(
rkx

)
for every integer k for which B

(
rkx

)
is nonempty and therefore

sup
t∈B(rkx)

(Z (t) − Z (u))+ = sup
t∈B(rkx)

(Z (t) − Z (u)) .

Hence, taking expectation in (4.100) yields

x2
E

[
sup
t∈S

[
Z (t) − Z (u)
a2 (t) + x2

]]
≤ ψ (x) +

∑
j≥0

(
1 + r2j

)−1
ψ
(
rj+1x

)
.

Now by our monotonicity assumption, ψ
(
rj+1x

)
≤ rj+1ψ (x), thus
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x2
E

[
sup
t∈S

[
Z (t) − Z (u)
a2 (t) + x2

]]
≤ ψ (x)

⎡
⎣1 + r

∑
j≥0

rj
(
1 + r2j

)−1

⎤
⎦

≤ ψ (x)

⎡
⎣1 + r

⎛
⎝1

2
+
∑
j≥1

r−j

⎞
⎠
⎤
⎦

≤ ψ (x)
[
1 + r

(
1
2

+
1

r − 1

)]

and the result follows by choosing r = 1 +
√

2.
This Lemma warrants that in order to check assumption (4.71) it is enough

to consider some nondecreasing function φm such that φm (x) /x is nonincreas-
ing and satisfies

E

[
sup

t∈Sm,‖u−t‖≤σ
[W (t) −W (u)]

]
≤ φm (σ) /8 (4.101)

for every u ∈ Sm and any positive σ. Now we know from Theorem 3.18 that
one can always take

φm (σ) = κ

∫ σ

0

√
H (x, Sm)dx,

where H (., Sm) is the metric entropy of Sm and κ is some absolute constant.
Then (4.101) and therefore (4.71) are satisfied. This shows that the pseudo-
dimension Dm defined by (4.72) is directly connected to the metric entropy
and is therefore really measuring the massiveness of model Sm. In particular
if Sm is a finite set with cardinality exp (∆m), we can take φm (σ) = κσ

√
∆m

(we could even specify that in this case κ = 8
√

2 works because of (2.3)) and
the solution Dm of (4.72) with τm = 2 is given by Dm = 4κ2∆m. This leads
to the following completely discrete version of Theorem 4.18 (in the spirit
of [10]).

Corollary 4.24 Let {Sm}m∈M be some at most countable collection of finite
subsets of H. Consider some family of positive real numbers {∆m}m∈M and
{xm}m∈M such that

for every m ∈M, ln |Sm| ≤ ∆m and
∑
m∈M

e−xm = Σ < ∞.

Take
pen (m) = κ′ε2 (∆m + xm) , (4.102)

where κ′ is a suitable numerical constant. If, for every m ∈ M we denote by
ŝm the LSE over Sm, we select m̂ minimizing γε (ŝm) + pen (m) over M and
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define the penalized LSE s̃ = ŝ
m̂

. Then, the following risk bound holds for all
s ∈ H

Es

[
‖s̃− s‖2

]
≤ C ′

[
inf
m∈M

(
d2 (s, Sm) + pen (m)

)
+ ε2 (Σ + 1)

]
. (4.103)

The general idea for using such a result in order to build some adaptive
estimator on a collection of compact sets of H can be roughly described as
follows. Given some countable collection of totally bounded subsets (Tm)m∈M
of H, one can consider, for each m ∈ M, some δm-net Sm of Tm, where
δm will be chosen later. We derive from Corollary 4.24 that, setting ∆m =(
ε−2δ2

m

)
∨H (δm, Tm) and xm = ∆m, provided that

Σ =
∑
m∈M

e−∆m < ∞,

the penalized LSE with penalty given by (4.102) satisfies for all m ∈ M

Es

[∥∥ŝ
m̂
− s

∥∥2
]
≤ C ′ε2 (2κ′∆m + (1 + Σ)) , for every s ∈ Tm. (4.104)

Now the point is that choosing δ2
m in such a way that ε2H (δm, Tm) is of order

δm leads to a risk bound of order δ2
m (at least if Σ remains under control).

In view of Proposition 4.13, we know that, under some proper conditions,
δ2
m can be taken of the order of the minimax risk on Tm, so that if Σ is

kept under control, (4.104) implies that ŝ
m̂

is approximately minimax on
each parameter set Tm. One can even hope that the δm-nets which are tuned
for the countable collection of parameter spaces (Tm)m∈M can also provide
adequate approximations on a wider class of parameter spaces.

As an exercise illustrating these general ideas, let us apply Corollary 4.24
to build an adaptive estimator in the minimax sense over some collection of
compact sets of H

{Sα,R = RSα,1, α ∈ N
∗, R > 0} ,

where Sα,1 is star shaped at 0 (i.e., θt ∈ Sα,1 for all t ∈ Sα,1 and θ ∈ [0, 1])
and satisfies for some positive constants C1 (α) and C2 (α),

C1 (α) δ−1/α ≤ H (δ,Sα,1) ≤ C2 (α) δ−1/α

for every δ ≤ 1. This implies that Sα,R fulfills (4.39). Hence, it comes from
Proposition 4.13 that for some positive constant κ (α) depending only on α

sup
s∈Sα,R

Es

[
‖s− ŝ‖2

]
≥ κ (α)R2/(2α+1)ε2α/(2α+1).

In order to build an estimator which achieves (up to constants) the minimax
risk over all the compact sets Sr,R, we simply consider for every positive
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integers α and k a k1/(2α+1)ε-net Sα,k of Sα,kε and apply Corollary 4.24 to
the collection (Sα,k)α≥1,k≥1. Since

H (δ,Sα,kε) ≤ C2 (α)
(
kε

δ

)1/α

,

we may take ∆α,k = C2 (α) k2/(2α+1). Defining xα,k = 4αk2/(2α+1) leads to
the penalty

pen (α, k) = (C2 (α) + 4α) k2/(2α+1)ε2.

Noticing that xα,k ≥ α + 2 ln (k) one has

Σ =
∑
α,k

e−xα,k ≤

⎛
⎝∑
α≥1

e−α

⎞
⎠
⎛
⎝∑
k≥1

k−2

⎞
⎠ < 1

and it follows from (4.103) that if s̃ denotes the penalized LSE one has

Es

[
‖s− s̃‖2

]
≤ C (α) inf

α,k

(
d2 (s, Sα,k) + k2/(2α+1)ε2

)
.

Because of the star shape property, given α, the family {Sα,R;R > 0} is nested.
In particular if s ∈ Sα,R for some integer α and some real number R ≥ ε,
setting k = �R/ε� we have s ∈ Sα,kε and since Sα,k is a k1/(2α+1)ε-net of
Sα,kε, the previous inequality implies that

sup
s∈Sα,R

Es

[
‖s− s̃‖2

]
≤ 2C (α) k2/(2α+1)ε2

≤ 2C (α) 22/(2α+1)

(
R

ε

)2/(2α+1)

ε2.

Hence s̃ is minimax (up to constants) on each compact set Sα,R with α ∈ N
∗

and R ≥ ε. Note that Lemma 4.14 implies that this approach can be applied
to the case where Sα,R is the Besov ellipsoid B2 (α,R). Constructing mini-
max estimators via optimally calibrated nets in the parameter space is quite
an old idea which goes back to Le Cam (see [75]) for parameter spaces with
finite metric dimension. Indeed MLEs on nets are not always the right pro-
cedures to consider in full generality (from this perspective the “ideal” white
noise framework does not reflect the difficulties that may be encountered with
MLEs in other functional estimation contexts). Hence Le Cam’s estimators
differ from discretized MLEs in a rather subtle way. They are based on families
of tests between balls rather than between their centers (which is in fact what
discretized MLEs do when they are viewed as testing procedures) in order
to warrant their robustness . The same kind of ideas have been developed at
length by Birgé in [16] for arbitrary parameter spaces and in various func-
tional estimation frameworks. Recently Birgé in [18] has shown that the same
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estimation procedure based on discretization of parameter spaces and robust
tests becomes adaptive if one considers families of nets instead of a given
net. In some sense, the results that we have presented above in the especially
simple Gaussian framework where MLEs on nets are making a good job, are
illustrative of the metric point of view for adaptive estimation promoted by
Birgé in [18].

4.5 Appendix: From Function Spaces to Sequence Spaces

Our purpose here is to briefly recall, following more or less [52], why it is
natural to search for adaptive procedures over various types of �p-bodies and
particularly Besov bodies.

We recall that, given three positive numbers p, q ∈ (0,+∞] and α > 1/p−
1/2 one defines the Besov seminorm |t|Bα

q (Lp) of any function t ∈ L2([0, 1]) by

|t|Bα
q (Lp) =

⎧
⎨
⎩

(∑∞
j=0

[
2jαωr(t, 2−j , [0, 1])p

]q)1/q

when q < +∞,

supj≥0 2jαωr(t, 2−j , [0, 1])p when q = +∞,
(4.105)

where ωr(t, x, [0, 1])p denotes the modulus of smoothness of t, as defined by
DeVore and Lorentz (see [44] p. 44) and r = �α� + 1. When p ≥ 2, since

ωr(t, 2−j , [0, 1])p ≥ ωr(t, 2−j , [0, 1])2,

then
{
t | |t|Bα

q (Lp) ≤ R
}
⊂
{
t | |t|Bα

q (L2) ≤ R
}

. Keeping in mind that we are
interested in adaptation and therefore comparing the risk of our estimators
with the minimax risk over such Besov balls, we can restrict our study to the
case p ≤ 2. Indeed, our nonasymptotic computations can only be done up
to constants and it is known that the influence of p on the minimax risk is
limited to those constants. It is therefore natural to ignore the smaller balls
corresponding to p > 2.

If one chooses of a convenient wavelet basis, the Besov balls
{
t | |t|Bα

q (Lp) ≤ R
}

can be identified with subsets of �2 that have some nice geometrical proper-
ties. Given a pair (father and mother) of compactly supported orthonormal
wavelets (ψ̄, ψ), any t ∈ L2([0, 1]) can be written on [0, 1] as

t =
∑

k∈Λ(−1)

αkψ̄k +
∞∑
j=0

∑
k∈Λ(j)

βj,kψj,k, (4.106)

with

|Λ(−1)| = M ′ < +∞ and 2j ≤ |Λ(j)| ≤ M2j for all j ≥ 0. (4.107)
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For a suitable choice of the wavelet basis and provided that the integer r
satisfies 1 ≤ r ≤ r̄ with r̄ depending on the basis,

2j(1/2−1/p)

⎛
⎝ ∑
k∈Λ(j)

|βj,k|p
⎞
⎠

1/p

≤ Cωr(t, 2−j , [0, 1])p, (4.108)

for all j ≥ 0, p ≥ 1, with a constant C > 0 depending only on the basis (see
[38] and Theorem 2 in [52]). This result remains true if one replaces the wavelet
basis by a piecewise polynomial basis generating dyadic piecewise polynomial
expansions as shown in [22] Section 4.1.1. With some suitable restrictions on
ωr, this inequality still holds for 0 < p < 1 and C depending on p (see [43] or
[22]). In particular, if we fix p ∈ [1, 2], q ∈ (0,+∞], α > 1/p− 1/2 and R′ > 0
and consider those ts satisfying |t|Bα

q (Lp) ≤ R′, one derives from (4.108) that
the coefficients βj,k of t in the expansion (4.106) satisfy

∞∑
j=0

⎡
⎢⎣(R′C)−12j(α+1/2−1/p)

⎛
⎝ ∑
k∈Λ(j)

|βj,k|p
⎞
⎠

1/p
⎤
⎥⎦
q

≤ 1 when q < +∞,

(4.109)

sup
j≥0

(R′C)−12j(α+1/2−1/p)

⎛
⎝ ∑
k∈Λ(j)

|βj,k|p
⎞
⎠

1/p

≤ 1 when q = +∞, (4.110)

and one can show that such inequalities still hold for p < 1 (with C depending
on p). Clearly, if (4.109) is satisfied for some q, it is also satisfied for all q′ > q.
The choice q = +∞ dominates all other choices but does not allow us to deal
with the limiting case α = 1/p − 1/2 (when p < 2) since, with such a choice
of α, (4.110) does not warrant that the coefficients βj,k belong to �2(Λ). It
is therefore necessary, in this case, to restrict to q = p. For this reason, only
two values of q are of interest for us: q = p and q = +∞, results for other
values deriving from the results concerning those two ones. For the sake of
simplicity, we shall actually focus on the case q = p, only minor modifications
being needed to extend the results, when α > 1/p− 1/2, to the case q = +∞.

If q = p ≤ 2, (4.109) becomes

∞∑
j=0

⎡
⎣2jp(1/2−1/p)

[
ω(2−j)

]−p ∑
k∈Λ(j)

|βj,k|p
⎤
⎦ ≤ 1, (4.111)

with ω(x) = Rxα and R = R′C. Apart from the fact that it corresponds to
some smoothness of order α in the usual sense, there is no special reason to
restrict to functions ω of this particular form . If for instance,

∞∑
j=0

[
ωr(t, 2−j , [0, 1])p

ω(2−j)

]p
≤ C−p
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for some nonnegative continuous function ω such that x1/2−1/pω(x) is bounded
on [0, 1], it follows from (4.108) that (4.111) still holds and the set of βs
satisfying (4.111) is a subset of �2(Λ), where Λ =

⋃
j≥0 {(j, k) , k ∈ Λ (j)}. Now

one can order Λ according to the lexicographical order and this correspondence
gives

if j ≥ 0, k ∈ Λ(j), (j, k) ←→ λ with M2j ≤ λ ≤ M
(
2j+1 − 1

)
. (4.112)

Identifying Λ and N
∗ through this correspondence, if the function x �→

x1/2−1/pω(x) is nondecreasing and tends to zero when x → 0, the above
set is indeed an �p-body. These considerations are in fact the main motivation
for the introduction of the notion of �p-body. Besov bodies are suitable for an-
alyzing sets of functions of the form {t | |t|Bα

p (Lp) ≤ R}. Indeed assuming that
(4.108) holds and α′ = α + 1/2 − 1/p > 0, we derive that {t | |t|Bα

p (Lp) ≤ R}
is included in the set of t’s with coefficients satisfying

∞∑
j=0

⎡
⎣2jpα

′
(CR)−p

∑
k∈Λ(j)

|βj,k|p
⎤
⎦ =

∞∑
j=0

∑
k∈Λ(j)

∣∣∣∣
βj,k

2−jα′RC

∣∣∣∣
p

≤ 1,

and it follows from (4.112) that the coefficients βs of t belong to the �p-body
Ep (c) with a sequence (cλ)λ≥1 defined by

cλ = R′λ−α′

with R′ = RC(2M)α+1/2−1/p, which means that it indeed belongs to the
Besov body Bp (α,R′).
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Concentration Inequalities

5.1 Introduction

The purpose of this chapter is to present concentration inequalities for real
valued random variables Z of the form Z = ζ (X1, . . . , Xn) where (X1, . . . , Xn)
are independent random variables under some assumptions on ζ. Typically we
have already seen that if ζ is Lipschitz on R

n with Lipschitz constant 1 and if
X1, . . . , Xn are i.i.d. standard normal random variables then, for every x ≥ 0,

P [Z −M ≥ x] ≤ exp
(
−x2

2

)
, (5.1)

where M denotes either the mean or the median of Z. Extending such
results to more general product measures is not easy. Talagrand’s approach
to this problem relies on isoperimetric ideas in the sense that concentration
inequalities for functionals around their median are derived from probabil-
ity inequalities for enlargements of sets with respect to various distances.
A typical result which can be obtained by his methods is as follows (see
Corollary 2.2.3. in [112]). Let Ωn be equipped with the Hamming distance
and ζ be some Lipschitz function on Ωn with Lipschitz constant 1. Let P be
some product probability measure on Ωn and M be some median of ζ (with
respect to the probability P ), then, for every x ≥ 0

P

[
ζ −M ≥

(
x +

√
ln (2)

2

)
√
n

]
≤ exp

(
−2x2

)
. (5.2)

Moreover, the same inequality holds for −ζ instead of ζ. For this problem,
the isoperimetric approach developed by Talagrand consists in proving that
for any measurable set A of Ωn,

P

[
d (., A) ≥

(
x +

√
ln (1/P (A))

2

)
√
n

]
≤ exp

(
−2x2

)
,
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where d (., A) denotes the Euclidean distance function to A. The latter
inequality can be proved by at least two methods: the original proof by
Talagrand in [112] relies on a control of the moment generating function
of d (., A) which is proved by induction on the number of coordinates while
Marton’sor Dembo’s proofs (see [87] and [42] respectively) are based on some
transportation cost inequalities. For the applications that we have in view,
deviation inequalities of a functional from its mean (rather than from its
median) are more suitable and therefore we shall focus on proofs which directly
lead to such kind of results. We begin with Hoeffding type inequalities which
have been originally obtained by using martingale arguments (see [93]) and
are closely connected to Talagrand’s results (at least those mentioned above
which are in some sense the basic ones) as we shall see below. The proof
that we give here is completely straightforward when starting from Marton’s
transportation cost inequality presented in Chapter 2. We shall sometimes
need some sharper bounds (namely Bernstein type inequalities) which can-
not be obtained through by this way. This will be the main motivation for
introducing the “entropy method” in Section 5.3 which will lead to refined
inequalities, especially for empirical processes.

5.2 The Bounded Difference Inequality via Marton’s
Coupling

As mentioned above Marton’s transportation cost inequality leads to a
simple and elegant proof of the bounded difference inequality (also called
Mc Diarmid’s inequality). Note that the usual proof of this result relies on a
martingale argument.

Theorem 5.1 Let Xn = X1 × · · · × Xn be some product measurable space
and ζ : Xn → R be some measurable functional satisfying for some positive
constants (ci)1≤i≤n, the bounded difference condition

|ζ (x1, . . . , xi, . . . , xn) − ζ (x1, . . . , yi, . . . , xn)| ≤ ci

for all x ∈ Xn, y ∈ Xnand all integer i ∈ [1, n]. Then the random variable
Z = ζ (X1, . . . , Xn) satisfies to

ψZ−E[Z] (λ) ≤
λ2

(∑n
i=1 c

2
i

)
8

, for all λ ∈ R.

Hence, for any positive x

P [Z − E [Z] ≥ x] ≤ exp
(
− 2x2

∑n
i=1 c

2
i

)

and similarly

P [E [Z] − Z ≥ x] ≤ exp
(
− 2x2

∑n
i=1 c

2
i

)
.
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Proof. From the bounded difference condition we derive that for every x ∈
Xnand y ∈ Xn

|ζ (x) − ζ (y)| ≤ |ζ (x1, . . . , xn) − ζ (y1, x2, . . . , xn)|
+ |ζ (y1, x2, . . . , xn) − ζ (y1, y2,x3, . . . , xn)|
+ · · ·
+ |ζ (y1, . . . , yn−1, xn) − ζ (y1, y2, . . . , yn)|

≤
n∑
i=1

ci1lxi �=yi
.

This means that the bounded difference condition is equivalent to the following
Lipschitz type condition:

|ζ (x) − ζ (y)| ≤
n∑
i=1

ci1lxi �=yi
for all x ∈ Xn and y ∈ Xn.

Denoting by P the (product) probability distribution of (X1, . . . , Xn) on Xn,
let Q be some probability distribution which is absolutely continuous with
respect to P and Q ∈P (P,Q). Then

EQ [ζ] − EP [ζ] =
∫

Xn×Xn

[ζ (y) − ζ (x)] dQ (x, y)

≤
n∑
i=1

ci

(∫

Xn×Xn

1lxi �=yi
dQ (x, y)

)

and therefore by Cauchy–Schwarz inequality

EQ [ζ] −EP [ζ] ≤
[

n∑
i=1

c2i

]1/2 [ n∑
i=1

Q
2 {(x, y) ∈ Xn ×Xn;xi �= yi}

]1/2

.

So, it comes from Lemma 2.21 that some clever choice of Q leads to

EQ [ζ] − EP [ζ] ≤
√

2vK (Q,P ),

where v =
[∑n

i=1 c
2
i

]
/4 and we derive from Lemma 2.13 that for any

positive λ

EP [exp [λ (ζ − EP [ζ])]] ≤ eλ
2v/2.

Since we can change ζ into −ζ the same inequality remains valid for negative
values of λ. The conclusion follows via Chernoff’s inequality.

Comment. Note that the transportation method which is used above to
derive the bounded difference inequality from Marton’s transportation cost
inequality can also be used to derive the Gaussian concentration inequality
from Talagrand’s transportation cost inequality for the Gaussian measure.
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It is indeed proved in [114] that if P denotes the standard Gaussian measure
on R

N , Q is absolutely continuous with respect to P , and d denotes the
Euclidean distance then

min
Q∈P(P,Q)

EQ [d (X,Y )] ≤
√

2K (Q,P ).

Hence if ζ : R
N → R is some 1-Lipschitz function with respect to d, choosing

Q as an optimal coupling (i.e., achieving the minimum in the left-hand side
of the above transportation cost inequality)

EQ [ζ] − EP [ζ] = EQ [ζ (Y ) − ζ (X)]

≤ EQ [d (X,Y )] ≤
√

2K (Q,P )

and therefore by Lemma 2.13

EP [exp [λ (ζ − EP [ζ])]] ≤ eλ
2v/2,

for any positive λ.
The connection between Talagrand’s isoperimetric approach and the boun-

ded difference inequality can be made through the following straightforward
consequence of Theorem 5.1.

Corollary 5.2 Let Ωn =
∏n
i=1 Ωi, where, for all i ≤ n, (Ωi, di) is a metric

space with diameter ci. Let P be some product probability measure on Ωn and
ζ be some 1-Lipschitz function ζ : Ωn → R, in the sense that

|ζ (x) − ζ (y)| ≤
n∑
i=1

di (xi, yi) .

Then, for any positive x

P [ζ − EP [ζ] ≥ x] ≤ exp
(
− 2x2

∑n
i=1 c

2
i

)
. (5.3)

Moreover, if MP [ζ] is a median of ζ under P , then for any positive x

P

⎡
⎣ζ −MP [ζ] ≥ x +

√√√√
[

n∑
i=1

c2i

]
ln (2)

2

⎤
⎦ ≤ exp

(
− 2x2

∑n
i=1 c

2
i

)
. (5.4)

Proof. Obviously ζ fulfills the bounded difference condition and therefore
Theorem 5.1 implies that (5.3) holds. Since (5.3) also holds for −ζ instead of
ζ, we get

|EP [ζ] −MP [ζ]| ≤

√√√√
[

n∑
i=1

∆2
i

]
ln (2)

2

and therefore (5.3) yields (5.4).
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Comments.

• Note that Corollary 5.2 can be applied to the Hamming distance. Indeed,
if one considers on some arbitrary set Ω the trivial distance d defined by

d (s, t) = 0 if s = t and d (s, t) = 1 if s �= t

then, the Hamming distance on Ωn is defined by

(x, y) →
n∑
i=1

d (xi, yi)

and since Ω has diameter equal to 1, we derive from Corollary 5.2 that
for any functional ζ which is 1−Lipschitz on Ωn with respect to Hamming
distance and any product probability measure P on Ωn, one has for any
positive x

P
[
ζ − EP [ζ] ≥ x

√
n
]
≤ exp

(
−2x2

)

and

P

[
ζ −MP [ζ] ≥

(
x +

√
ln (2)

2

)
√
n

]
≤ exp

(
−2x2

)
.

We exactly recover here the concentration inequality for the Hamming
distance due to Talagrand for the median (easy consequence of Corollary
2.2.3. in [112]).

• We can also derive from Corollary 5.2 an isoperimetric type inequality.
Under the assumptions of Corollary 5.2, let us consider the distance δ :
(x, y) →

∑n
i=1 di (xi, yi) on Ωn. Then for any measurable subset A of

Ωn, δ (., A) : x → δ (x,A) is 1-Lipschitz. Assume that P (A) > 0. Since
δ (., A) = 0 on the set A, P [δ (., A) ≤ t] < P (A) implies that t < 0 and
therefore we derive from (5.3) with ζ = −δ (., A) that

EP [δ (., A)] ≤

√√√√
[

n∑
i=1

∆2
i

]
ln (1/P (A))

2

which finally yields via (5.3) with ζ = δ (., A)

P

⎡
⎣δ (., A) ≥ x +

√√√√
[

n∑
i=1

∆2
i

]
ln (1/P (A))

2

⎤
⎦ ≤ exp

(
− 2x2

∑n
i=1 ∆

2
i

)
. (5.5)

Inequality (5.5) generalizes on Talagrand’s isoperimetric inequality for the
Hamming distance (see Corollary 2.2.3 in [112]). We turn now to the
application of Corollary 5.2 to sums of independent infinite dimensional
and bounded random vectors (or empirical processes).



152 5 Concentration Inequalities

Theorem 5.3 Let X1, . . . , Xn be independent random variables with values
in R

T , where T is a finite set. We assume that for some real numbers ai,t and
bi,t

ai,t ≤ Xi,t ≤ bi,t, for all i ≤ n and all t ∈ T ,

and set L2 =
∑n
i=1 supt∈T (bi,t − ai,t)

2
. Setting

Z = sup
t∈T

n∑
i=1

Xi,t or Z = sup
t∈T

∣∣∣∣∣
n∑
i=1

Xi,t

∣∣∣∣∣ ,

one has for every x ≥ 0

P [Z − E [Z] ≥ x] ≤ exp
(
−2x2

L2

)
. (5.6)

Moreover, the same inequality holds for −Z instead of Z.

Proof.
The proof is immediate from Theorem 5.2. We define for every i ≤ n

Ωi =
{
u ∈ R

T : ai,t ≤ ut ≤ bi,t
}

and ζ :
∏n
i=1 Ωi → R as

ζ (x1, . . . , xn) = sup
t∈T

n∑
i=1

xi,t or ζ (x1, . . . , xn) = sup
t∈T

∣∣∣∣∣
n∑
i=1

xi,t

∣∣∣∣∣ .

Then

|ζ (x1, . . . , xn) − ζ (y1, . . . , yn)| ≤
n∑
i=1

sup
t∈T

|xi,t − yi,t|

which shows that ζ is 1-Lipschitz in the sense of Theorem 5.2 when setting
for all i ≤ n, di (u, v) = supt∈T |ut − vt| for all u, v ∈ Ωi. Since the diame-
ter of Ωi is equal to supt∈T (bi,t − ai,t), applying Theorem 5.2 leads to the
conclusion.

Comments.

• It should be noticed that a similar concentration inequality holds for the
median instead of the mean. Indeed, since (5.6) holds for −Z instead of Z,
denoting by M a median of Z, one has

|M − E [Z]| ≤ L

√
ln (2)

2

and therefore (5.6) implies that for every x ≥ 0

P

[
Z −M ≥ x + L

√
ln (2)

2

]
≤ exp

(
−2x2

L2

)
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• The constant 2 involved in the exponential probability bound of Theorem
5.3 is of course optimal since actually, it cannot be improved in the one
dimensional case where |T | = 1.

• We would prefer to get supt∈T
∑n
i=1 (bi,t − ai,t)

2 as a variance factor
rather than

∑n
i=1 supt∈T (bi,t − ai,t)

2. Hence the present statement is more
interesting for situations where

n∑
i=1

sup
t∈T

(bi,t − ai,t)
2 = sup

t∈T

n∑
i=1

(bi,t − ai,t)
2
.

This is typically the case when one wants to study independent random
variables ξ1, . . . , ξn with values in a separable Banach space, which are
strongly bounded in the sense that ‖ξi‖ ≤ bi for all i ≤ n. Then one can
apply Theorem 5.3 with T being arbitrary finite subset of a countable
and dense subset of the unit ball of the dual of the Banach space, Xi,t =
〈t, ξi〉 − E [〈t, ξi〉] and −ai,t − E [〈t, ξi〉] = bi,t + E [〈t, ξi〉] = bi for all i ≤ n
and t ∈ T . Setting Sn = ξ1 + · · ·+ ξn, this leads by monotone convergence
to the following concentration inequality for Z = ‖Sn − E [Sn]‖ around its
expectation

P [|Z − E [Z]| ≥ x] ≤ 2 exp
(
− x2

2
∑n
i=1 b

2
i

)
.

A useful consequence of Theorem 5.3 concerns empirical processes. Indeed,
if ξ1, . . . , ξn are independent random variables and F is a finite or countable
class of functions such that, for some real numbers a and b, one has a ≤ f ≤ b
for every f ∈ F , then setting Z = supf∈F

∑n
i=1 f (ξi) − E [f (ξi)], we get by

monotone convergence

P [Z − E [Z] ≥ x] ≤ exp

(
− 2x2

n (b− a)2

)
, (5.7)

(the same inequality remaining true if one changes Z into −Z).
It should be noticed that (5.7) does not generally provide a sub-Gaussian

inequality. The reason is that the maximal variance

σ2 = sup
f∈F

Var

[
n∑
i=1

f (ξi)

]

can be substantially smaller than n (b− a)2 /4 and therefore (5.7) can be much
worse than its “sub-Gaussian” version which should make σ2 appear instead
of n (b− a)2 /4. It is precisely our purpose now to provide sharper bounds
than Hoeffding type inequalities. The method that we shall use to derive such
bounds has been initiated by Michel Ledoux (see [77]) and further developed
in [90], [31], [32], [103], [30] or [33].
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5.3 Concentration Inequalities via the Entropy Method

At the root of this method is the tensorization inequality for φ-entropy. We
recall from Chapter 2 that this inequality holds under the condition that
φ belongs to the Latala and Oleskiewicz class of functions LO. The case
φ : x → x ln (x) leads to the classical definition of entropy while another case
of interest is when φ is a power function x → xp with exponent p ∈ [1, 2].
All along this section, for every integer i ∈ [1, n], we shall denote by X(i) the
random vector (X1, . . . , Xi−1,Xi+1, . . . , Xn).

The Class LO
In the sequel, we shall need the following properties of the elements of LO.

Proposition 5.4 Let φ ∈ LO, then both φ′ and x → (φ (x) − φ (0)) /x are
concave functions on R

∗
+.

Proof. Without loss of generality we may assume that φ (0) = 0. The con-
cavity of 1/φ′′ implies a fortiori that for every λ ∈ (0, 1) and every positive
x and u

λφ′′ ((1 − λ)u + λx) ≤ φ′′ (x) ,

which implies that for every positive t

λφ′′ (t + λx) ≤ φ′′ (x) .

Letting λ tend to 1, we derive from the above inequality that φ′′ is nonin-
creasing i.e., φ′ is concave. Setting ψ (x) = φ (x) /x, one has

x3ψ′′ (x) = x2φ′′ (x) − 2xφ′ (x) + 2φ (x) = f (x) .

The convexity of φ and its continuity at point 0 imply that xφ′ (x) tends to 0
as x goes to 0. Also, the concavity of φ′ implies that

x2φ′′ (x) ≤ 2x (φ′ (x) − φ′ (x/2))

hence x2φ′′ (x) tends to 0 as x goes to 0 and therefore f (x) tends to 0 as x
goes to 0. Denoting (abusively) by φ(3) the right derivative of φ′′ (which is well
defined since 1/φ′′ is concave) and by f ′ the right derivative of f , we have
f ′ (x) = x2φ(3) (x). Then f ′ (x) is nonpositive because φ′′ is nonincreasing.
Hence f is nonincreasing. Since f tends to 0 at 0, this means that f is a
nonpositive function and the same property holds true for the function ψ′′,
which completes the proof of the concavity of ψ.
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5.3.1 φ-Sobolev and Moment Inequalities

Our aim is to derive exponential moments or moment inequalities from the
tensorization inequality for φ-entropy via an adequate choice of the function
φ. As compared to the quadratic case, the extra difficulty is that we shall not
apply the tensorization inequality to the initial functional of interest Z but
rather to a conveniently chosen transformation f of it. This is precisely our
purpose now to understand how to couple φ and f to get interesting results
on the exponential moments or the moments of Z. As a guideline let us recall
from Chapter 1 how to derive Efron–Stein’s inequality (and a variant of it)
from the tensorization inequality for the variance, i.e., the φ-entropy when φ
is defined on the whole real line as φ (x) = x2

Var (Z) ≤ E

[
n∑
i=1

E

[(
Z − E

[
Z | X(i)

])2

| X(i)

]]
.

We can either use a symmetrization device and introduce an independent copy
X ′ of X. Defining

Z ′
i = ζ (X1, . . . , Xi−1,X

′
i,Xi+1, . . . , Xn) (5.8)

we use the property that, conditionally to X(i), Z ′
i is an independent copy of

Z to derive that

E

[(
Z − E

[
Z | X(i)

])2

| X(i)

]
=

1
2

E

[
(Z − Z ′

i)
2 | X(i)

]

= E

[
(Z − Z ′

i)
2
+ | X(i)

]
.

This leads to Efron–Stein’s inequality that we can write

Var (Z) ≤ E
[
V +

]
= E

[
V −] ,

where

V + = E

[
n∑
i=1

(Z − Z ′
i)

2
+ | X

]
(5.9)

and

V − = E

[
n∑
i=1

(Z − Z ′
i)

2
− | X

]
. (5.10)

A variant consists in using a variational argument, noticing that E
[
Z | X(i)

]
is the best X(i)-measurable approximation of Z in L2 which leads to

Var (Z) ≤
n∑
i=1

E

[
(Z − Zi)

2
]
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for any family of square integrable random variables Zi’s such that Zi is
X(i)-measurable. In other words one has

Var (Z) ≤
n∑
i=1

E [V ] , (5.11)

where

V =
n∑
i=1

(Z − Zi)
2 . (5.12)

Our purpose is now to generalize these symmetrization and variational
arguments. In what follows we shall keep the same notations as above. The
quantities V +, V − and V (respectively defined by (5.9), (5.10) and (5.12))
will turn to play a crucial role in what follows, quite similar to the quadratic
variation in the theory of martingales.

Symmetrization Inequalities

The following elementary Lemma provides symmetrization inequalities for φ-
entropy which, though elementary, will turn to be extremely useful.

Lemma 5.5 Let φ be some continuous and convex function on R+, Z ∈L
+
1

and Z ′ be some independent copy of Z ′. Then, denoting by φ′ the right deriv-
ative of φ one has

Hφ (Z) ≤ 1
2

E [(Z − Z ′) (φ′ (Z) − φ′ (Z ′))]

≤ E
[
(Z − Z ′)+ (φ′ (Z) − φ′ (Z ′))

]
(5.13)

If moreover ψ : x → (φ (x) − φ (0)) /x is concave on R
∗
+ then

Hφ (Z) ≤ 1
2

E [(Z − Z ′) (ψ (Z) − ψ (Z ′))]

≤ E
[
(Z − Z ′)+ (ψ (Z) − ψ (Z ′))

]
. (5.14)

Proof. Without loss of generality we assume that φ (0) = 0. Since Z ′ is an
independent copy of Z, we derive from (2.51) that

Hφ (Z) ≤ E [φ (Z) − φ (Z ′) − (Z − Z ′)φ′ (Z ′)]
≤ E [(Z − Z ′)φ′ (Z ′)]

and by symmetry

2Hφ (Z) ≤ E [(Z ′ − Z)φ′ (Z)] + E [(Z − Z ′)φ′ (Z ′)] ,
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which leads to (5.13). To prove (5.14), we simply note that

1
2

E [(Z − Z ′) (ψ (Z) − ψ (Z ′))] −Hφ (Z) = −E [Z] E [ψ (Z)] + φ (E [Z]) .

But the concavity of ψ implies that E [ψ (Z)] ≤ ψ (E [Z]) = φ (E [Z]) /E [Z]
and we derive from the previous identity that (5.14) holds.

Note that by Proposition 5.4, we can apply (5.14) whenever φ ∈ LO.
In particular, for our target example where φ (x) = xp, with p ∈ [1, 2], (5.14)
improves on (5.13) within a factor p.

5.3.2 A Poissonian Inequality for Self-Bounding Functionals

As a first illustration of the method we intend to present here the extension
to some nonnegative functionals of independent random variables due to [31]
of a Poissonian bound for the supremum of nonnegative empirical processes
established in [90] by using Ledoux’s approach to concentration inequalities.
The motivations for considering general nonnegative functionals of indepen-
dent random variables came from random combinatorics. Several illustrations
are given in [31] but we shall focus here on the case example of random combi-
natorial entropy since the corresponding concentration result will turn out to
be very useful for designing data-driven penalties to solve the model selection
problem for classification (see Section 8.2). Roughly speaking, under some self-
bounding condition (SB) to be given below, we shall show that a nonnegative
functional Z of independent variables concentrates around its expectation like
a Poisson random variable with expectation E [Z] (this comparison being ex-
pressed in terms of moment generating function). This Poissonian inequality
can be deduced from the integration of a differential inequality for the moment
generating function of Z which derives from the combination of the tensoriza-
tion inequality and the variational formula for entropy. Indeed applying (2.51)
for entropy (conditionally to X(i)) implies that for every positive measurable
function G(i) of X(i) one has

E
(i) [Φ (G)] − Φ

(
E

(i) [G]
)
≤ E

(i)
[
G
(

lnG− lnG(i)
)
−
(
G−G(i)

)]
.

Hence, if Z is some measurable function of X and for every i ∈ {1, . . . , n},
Zi is some measurable function of X(i), applying the above inequality to the
variables G = eλZ and G(i) = eλZi , one gets

E
(i) [Φ (G)] − Φ

(
E

(i) [G]
)
≤ E

(i)
[
eλZϕ(−λ(Z − Zi))

]
,

where ϕ denotes the function z → exp (z) − z − 1. Therefore, we derive
from (2.46), that

λE
[
ZeλZ

]
− E

[
eλZ

]
ln E

[
eλZ

]
≤

n∑
i=1

E
[
eλZϕ (−λ(Z − Zi))

]
, (5.15)
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for any λ such that E
[
eλZ

]
< ∞. A very remarkable fact is that Han’s

inequality for Kullback–Leibler information is at the heart of the proof of
this bound and is also deeply involved in the verification of condition (SB)
below for combinatorial entropies.

A Poissonian Bound

We now turn to the main result of this section (due to [31]) which derives
from (5.15).

Theorem 5.6 Let X1, . . . , Xn be independent random variables and define
for every i ∈ {1, . . . , n} X(i) = (X1, . . . , Xi−1,Xi+1, . . . , Xn). Let Z be some
nonnegative and bounded measurable function of X = (X1, . . . , Xn). Assume
that for every i ∈ {1, . . . , n}, there exists some measurable function Zi of X(i)

such that
0 ≤ Z − Zi ≤ 1. (5.16)

Assume furthermore that

n∑
i=1

(Z − Zi) ≤ Z. (SB)

Defining h as h (u) = (1 + u) ln (1 + u) − u, for u ≥ −1, the following
inequalities hold:

ln E

[
eλ(Z−E[Z])

]
≤ E [Z]ϕ (λ) for every λ ∈ R. (5.17)

and therefore

P [Z ≥ E [Z] + x] ≤ exp
[
−E [Z]h

(
x

E [Z]

)]
, for all x > 0 (5.18)

and

P [Z ≤ E [Z] − x] ≤ exp
[
−E [Z]h

(
− x

E [Z]

)]
, for 0 < x ≤ E [Z] . (5.19)

Proof. We know that (5.15) holds for any λ. Since the function ϕ is convex
with ϕ (0) = 0, ϕ(−λu) ≤ uϕ(−λ) for any λ and any u ∈ [0, 1]. Hence it
follows from (5.16) that for every λ, ϕ(−λ (Z − Zi)) ≤ (Z − Zi)ϕ(−λ) and
therefore we derive from (5.15) and (SB) that

λE
[
ZeλZ

]
− E

[
eλZ

]
ln E

[
eλZ

]
≤ E

[
ϕ(−λ)eλZ

n∑
i=1

(Z − Zi)

]

≤ ϕ(−λ)E
[
ZeλZ

]
.
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We introduce Z̃ = Z − E [Z] and define for any λ, F (λ) = E

[
eλZ̃

]
. Setting

v = E [Z], the previous inequality becomes

[λ− ϕ (−λ)]
F ′ (λ)
F (λ)

− lnF (λ) ≤ vϕ (−λ) ,

which in turn implies
(
1 − e−λ

)
Ψ ′ (λ) − Ψ (λ) ≤ vϕ (−λ) with Ψ (λ) = lnF (λ) . (5.20)

Now observe that vϕ is a solution of the ordinary differential equation(
1 − e−λ

)
f ′ (λ) − f (λ) = vϕ (−λ). In order to show that Ψ ≤ vϕ, we set

Ψ (λ) = vϕ (λ) +
(
eλ − 1

)
g(λ), (5.21)

for every λ �= 0 and derive from (5.20) that
(
1 − e−λ

) [
eλg(λ) +

(
eλ − 1

)
g′(λ)

]
−
(
eλ − 1

)
g(λ) ≤ 0,

which yields
(1 − e−λ)

(
eλ − 1

)
g′(λ) ≤ 0.

We derive from this inequality that g′ is nonpositive which means that g is
nonincreasing. Now, since Z̃ is centered at expectation Ψ ′ (0) = ϕ (0) = 0 and
it comes from (5.21) that g(λ) tends to 0 as λ goes to 0. This shows that g
is nonnegative on (−∞, 0) and nonpositive on (0,∞) which in turn means by
(5.21) that Ψ ≤ vϕ and we have proved that (5.17) holds. Thus, by Chernoff’s
inequality,

P [Z − E [Z] ≥ x] ≤ exp
[
− sup
λ>0

(xλ− vϕ (λ))
]

and

P [Z − E [Z] ≤ −x] ≤ exp
[
− sup
λ<0

(−xλ− vϕ (λ))
]

.

The proof can be completed by using the easy to check (and well known)
relations:

sup
λ>0

[xλ− vϕ (λ)] = vh (x/v)

for every x > 0 and

sup
λ<0

[−xλ− vϕ (λ)] = vh (−x/v)

for every 0 < x ≤ v.
The above inequalities are exactly the classical Cramér-Chernoff upper

bounds for the Poisson distribution with mean E [Z] and in this sense this
theorem establishes a comparison between the concentration around its mean
of a nonnegative functional Z satisfying the above assumptions and that of the
Poisson distribution with the same mean. Let us give some further comments.
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• This theorem can typically be applied to the supremum of sums of
nonnegative random variables. Indeed let X1, . . . , Xn be independent
[0, 1]N -valued random variables and consider

Z = sup
1≤t≤N

n∑
i=1

Xi,t

with Zi = sup1≤t≤N
∑
j �=iXj,t for all i ≤ n. Then denoting by τ some

random number such that Z =
∑n
i=1 Xi,τ , one obviously has

0 ≤ Z − Zi ≤ Xi,τ ≤ 1,

and therefore
n∑
i=1

(Z − Zi) ≤
n∑
i=1

Xi,τ = Z,

which means that the self-bounding condition (SB) is satisfied. It is easy to
see on this example that (5.18) and (5.19) are in some sense unimprovable.
Indeed, if N = 1, and X1, . . . , Xn are Bernoulli trials with parameter θ,
then Z follows the binomial distribution B (n, θ/n) and its asymptotic
distribution is actually a Poisson distribution with mean θ.

• Inequality (5.19) readily implies the sub-Gaussian inequality

P [Z ≤ E [Z] − x] ≤ exp
[
− x2

2E [Z]

]
(5.22)

which holds for every x > 0. Indeed, (5.22) is trivial when x > E [Z] and
follows from (5.19) otherwise since, for every ε ∈ [0, 1] one has h (−ε) ≥
ε2/2.

Let us turn now to a somehow more subtle application of Theorem 5.6 to
combinatorial entropy. Surprisingly, Han’s inequality will be involved again to
show that the combinatorial entropy satisfies condition (SB).

Application to Combinatorial Entropies

Let F be some class of measurable functions defined on some set X and taking
their values in {1, . . . , k}. We define the combinatorial entropy of F at point
x ∈ Xn by

ζ (x) = lnk |Tr (x)| ,
where Tr (x) = {(f (x1) , . . . , f (xn)) , f ∈ F} and |Tr (x)| denotes the car-
dinality of Tr (x). It is quite remarkable that, given some independent vari-
ables, X1, . . . , Xn, Z = ζ (X) satisfies to the assumptions of our Theorem 5.6.
Indeed, let Zi = ζ

(
X(i)

)
for every i. Obviously 0 ≤ Z − Zi ≤ 1 for all i.

On the other hand, given x ∈ Xn, let us consider some random variable Y with
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uniform distribution on the set Tr (x). It comes from Han’s inequality (see
Corollary 2.23) that,

ln |Tr (x)| = hS (Y ) ≤ 1
n− 1

n∑
i=1

hS

(
Y (i)

)
.

Now for every i, Y (i) takes its values in Tr
(
x(i)

)
and therefore by (2.48) we

have hS
(
Y (i)

)
≤ ln

∣∣Tr (x(i)
)∣∣. Hence

ln |Tr (x)| ≤ 1
n− 1

n∑
i=1

ln
∣∣∣Tr

(
x(i)

)∣∣∣ ,

which means that

ζ (x) ≤ 1
n− 1

n∑
i=1

ζ
(
x(i)

)
.

Thus the self-bounding condition (SB) is satisfied and Theorem 5.6 applies to
the combinatorial entropy lnk |Tr (X)|, which, in particular implies that

P

[
Z ≤ E [Z] −

√
2E [Z]x

]
≤ e−x, for all x > 0. (5.23)

This inequality has some importance in statistical learning theory as we shall
see later. Another interesting example for statistical learning is the following.

Rademacher Conditional Means

We consider here some finite class {ft, t ∈ T} of measurable functions on X ,
taking their values in [0, 1] and ε1, . . . , εn be i.i.d. Rademacher random vari-
ables. We define for every point x ∈ Xn the Rademacher mean by

ζ (x) = E

[
sup
t∈T

n∑
i=1

εift (xi)

]
.

Then for every integer i ∈ [1, n] one has on the one hand

ζ (x) = E

⎡
⎣E

⎡
⎣
⎛
⎝sup
t∈T

n∑
j=1

εjft (xj)

⎞
⎠ | εi

⎤
⎦
⎤
⎦

≥ E

⎡
⎣sup
t∈T

E

⎡
⎣

n∑
j=1

εjft (xj) | εi

⎤
⎦
⎤
⎦ = ζ

(
x(i)

)

and on the other hand, defining τ (depending on ε1, . . . , εn and x) such that

sup
t∈T

n∑
i=1

εift (xi) =
n∑
i=1

εifτ (xi)



162 5 Concentration Inequalities

one gets
ζ (x) − ζ

(
x(i)

)
≤ E [εifτ (xi)] . (5.24)

We derive from (5.24) that

ζ (x) − ζ
(
x(i)

)
≤ E [|εi|] = 1

and one also has
n∑
i=1

ζ (x) − ζ
(
x(i)

)
≤

n∑
i=1

E [εifτ (xi)] = ζ (x) .

This means that if (X1, . . . , Xn) are independent random variables, indepen-
dent from (ε1, . . . , εn), then the Rademacher conditional mean

Z = E

[
sup
t∈T

n∑
i=1

εift (Xi) | (X1, . . . , Xn)

]

satisfies to the assumptions of Theorem 5.6. Hence (5.23) is valid for the
Rademacher conditional mean Z as well.

Of course Theorem 5.6 is designed for self-bounding nonnegative function-
als and does not solve the problem of improving on Hoeffding type bounds
for the supremum of a centered empirical process. It is one of our main tasks
in what follows to produce such sharper bounds.

5.3.3 φ-Sobolev Type Inequalities

Our purpose is to derive from the tensorization inequality for φ-entropy and
the variational formula or the symmetrization inequality above a bound on
the φ-entropy of a conveniently chosen convex transformation f of the initial
variable Z. The results will heavily depend on the monotonicity of the trans-
formation f . We begin with the nondecreasing case. All along this section, the
quantities V + and V − are defined by (5.9) and (5.10) from the symmetrized
variables (Z ′

i)1≤i≤n and V is defined by (5.12) from X(i)-measurable variables

Zi such that Z ≥ Zi, for every integer 1 ≤ i ≤ n.

Theorem 5.7 Let X1, . . . , Xn be some independent random variables and Z
be some (X1, . . . , Xn)-measurable taking its values in some interval I. Let φ
belong to LO and f be some nonnegative and differentiable convex function
on I. Let ψ denote the function x → (φ (x) − φ (0)) /x. Under the assumption
that f is nondecreasing, one has

Hφ (f (Z)) ≤ 1
2

E
[
V f ′2 (Z)φ′′ (f (Z))

]
, (5.25)

whenever φ′ ◦ f is convex, while if ψ ◦ f is convex one has

Hφ (f (Z)) ≤ E
[
V +f ′2 (Z)ψ′ (f (Z))

]
. (5.26)
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Proof. We first assume f to be nondecreasing and fix x < y. Under the
assumption that g = φ′ ◦ f is convex, we notice that

φ (f (y)) − φ (f (x)) − (f (y) − f (x))φ′ (f (x)) ≤ 1
2

(y − x)2 f ′2 (y)φ′′ (f (y)) .

(5.27)
Indeed, setting

h (t) = φ (f (y)) − φ (f (t)) − (f (y) − f (t)) g (t) ,

we have
h′ (t) = −g′ (t) (f (y) − f (t)) .

But for every t ≤ y, the monotonicity and convexity assumptions on f and g
yield

0 ≤ g′ (t) ≤ g′ (y) and 0 ≤ f (y) − f (t) ≤ (y − t) f ′ (y) ,

hence
−h′ (t) ≤ (y − t) f ′ (y) g′ (y) .

Integrating this inequality with respect to t on [x, y] leads to (5.27). Under
the assumption that ψ ◦ f is convex we notice that

0 ≤ f (y) − f (x) ≤ (y − x) f ′ (y)

and
0 ≤ ψ (f (y)) − ψ (f (x)) ≤ (y − x) f ′ (y)ψ′ (f (y)) ,

which leads to

(f (y) − f (x)) (ψ (f (y)) − ψ (f (x))) ≤ (x− y)2 f ′2 (y)ψ′ (f (y)) . (5.28)

Now the tensorization inequality combined with (2.51) and (5.27) leads to

Hφ (f (Z)) ≤ 1
2

n∑
i=1

E

[
(Z − Zi)

2
f ′2 (Z)φ′′ (f (Z))

]

and therefore to (5.25), while we derive from the tensorization inequality via
(5.14) and (5.28) that

Hφ (f (Z)) ≤
n∑
i=1

E

[
(Z − Z ′

i)
2
+ f ′2 (Z)ψ′ (f (Z))

]
,

which means that (5.26) holds.
We are now dealing with the case where f is nonincreasing.

Theorem 5.8 Let X1, . . . , Xn be some independent random variables and Z
be some (X1, . . . , Xn)-measurable taking its values in some interval I. Let φ
belong to LO and f be some nonnegative and differentiable convex function
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on I. Let ψ denote the function x → (φ (x) − φ (0)) /x. Under the assumption
that f is nonincreasing, for any random variable Z̃ ≤ min1≤i≤n Zi, one has

Hφ (f (Z)) ≤ 1
2

E

[
V f ′2

(
Z̃
)
φ′′

(
f
(
Z̃
))]

, (5.29)

whenever φ′ ◦ f is convex, while if ψ ◦ f is convex, for any random variable
Z̃ ≤ min1≤i≤n Z

′
i one has

Hφ (f (Z)) ≤ E

[
V +f ′2

(
Z̃
)
ψ′
(
f
(
Z̃
))]

. (5.30)

or
Hφ (f (Z)) ≤ E

[
V −f ′2 (Z)ψ′ (f (Z))

]
. (5.31)

Proof. We proceed exactly as in the proof of Theorem 5.7. Fixing ỹ ≤ x ≤ y,
under the assumption that g = φ′ ◦ f is convex, we notice that this time

φ (f (y)) − φ (f (x)) − (f (y) − f (x))φ′ (f (x)) ≤ 1
2

(y − x)2 f ′2 (ỹ)φ′′ (f (ỹ)) .

(5.32)
Indeed, still denoting by h the function

h (t) = φ (f (y)) − φ (f (t)) − (f (y) − f (t)) g (t) ,

we have
h′ (t) = −g′ (t) (f (y) − f (t)) .

But for every t ≤ y, the monotonicity and convexity assumptions on f and g
yield

0 ≤ −g′ (t) ≤ −g′ (ỹ) and 0 ≤ − (f (y) − f (t)) ≤ − (y − t) f ′ (ỹ) ,

hence
−h′ (t) ≤ (y − t) f ′ (ỹ) g′ (ỹ) .

Integrating this inequality with respect to t on [x, y] leads to (5.32). Under
the assumption that ψ ◦ f is convex we notice that

0 ≤ − (f (y) − f (x)) ≤ − (y − x) f ′ (ỹ)

and
0 ≤ − (ψ (f (y)) − ψ (f (x))) ≤ − (y − x) f ′ (ỹ)ψ′ (f (ỹ)) ,

which leads to

(f (y) − f (x)) (ψ (f (y)) − ψ (f (x))) ≤ (x− y)2 f ′2 (y)ψ′ (f (y)) . (5.33)

The tensorization inequality again, combined with (2.51) and (5.32) leads to

Hφ (f (Z)) ≤ 1
2

n∑
i=1

E

[
(Z − Zi)

2
f ′2

(
Z̃
)
φ′′

(
f
(
Z̃
))]
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and therefore to (5.29), while we derive from the tensorization inequality (5.14)
and (5.33) that

Hφ (f (Z)) ≤
n∑
i=1

E

[
(Z − Z ′

i)
2
+ f ′2

(
Z̃
)
ψ′
(
f
(
Z̃
))]

,

which means that (5.30) holds. In order to prove (5.31) we simply define
f̃ (x) = f (−x) and Z̃ = −Z. Then f̃ is nondecreasing and convex and we can
use (5.26) to bound Hφ (f (Z)) = Hφ

(
f̃
(
Z̃
))

, which gives

Hφ

(
f̃
(
Z̃
))

≤
n∑
i=1

E

[(
Z̃ − Z̃ ′

i

)2

+
f̃ ′2

(
Z̃
)
ψ′
(
f̃
(
Z̃
))]

≤
n∑
i=1

E

[
(Z − Z ′

i)
2
− f ′2 (Z)ψ′ (f (Z))

]

completing the proof of the result.
As an exercise, we can derive from Theorem 5.7 and Theorem 5.8 some

Logarithmic Sobolev type inequalities. Indeed, taking f (z) = exp (λz) and
φ (x) = x ln (x) leads to

H (exp (λZ)) ≤ λ2
E
[
V + exp (λZ)

]
, (5.34)

if λ ≥ 0, while provided that Z − Z ′
i ≤ 1, one has

H (exp (−λZ)) ≤ eλλ2
E
[
V + exp (−λZ)

]
. (5.35)

We shall see in the next section how to derive exponential moment bounds
by integrating this inequality. Applying, this time Theorem 5.7 with f (z) =
(z − E [Z])α+ and φ (x) = xq/α, with 1 ≤ q/2 ≤ α ≤ q − 1 leads to

E
[
(Z − E [Z])q+

]
≤ E

[
(Z − E [Z])α+

]q/α +
q (q − α)

2
E

[
V (Z − E [Z])q−2

+

]
.

(5.36)

and

E
[
(Z − E [Z])q+

]
≤ E

[
(Z − E [Z])α+

]q/α + α (q − α) E

[
V + (Z − E [Z])q−2

+

]
,

(5.37)

Keeping the same definition for φ, if f (z) = (z − E [Z])α−, we can apply this
time Theorem 5.8 to get the exact analogue of (5.37)

E
[
(Z − E [Z])q−

]
≤ E

[
(Z − E [Z])α−

]q/α + α (q − α) E

[
V − (Z − E [Z])q−2

−

]
.

(5.38)
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If we can warrant that the increments Z − Zi or Z − Z ′
i remain bounded

by some positive random variable M , then we may also use the alternative
bounds for the lower deviations stated in Theorem 5.8 to derive that either

E
[
(Z − E [Z])q−

]
≤ E

[
(Z − E [Z])α−

]q/α

+
q (q − α)

2
E

[
V (Z − E [Z] −M)q−2

−

]
(5.39)

or

E
[
(Z − E [Z])q−

]
≤ E

[
(Z − E [Z])α−

]q/α

+ α (q − α) E

[
V + (Z − E [Z] −M)q−2

−

]
(5.40)

These inequalities will lead to moment inequalities by induction on the order
of the moment. This will be done in Section 5.3.5.

5.3.4 From Efron–Stein to Exponential Inequalities

We are now in position to prove the main result of [32].

Theorem 5.9 For every positive real numbers θ and λ such that θλ < 1 and
E [exp (λV +/θ)] < ∞, one has

ln E [exp (λ (Z − E [Z]))] ≤ λθ

1 − λθ
ln E

[
exp

(
λV +

θ

)]
(5.41)

while if Z − Z ′
i ≤ 1 for every 1 ≤ i ≤ n and 0 ≤ λ < 1/2

ln E [exp (−λ (Z − E [Z]))] ≤ 2λ
1 − 2λ

ln E
[
exp

(
λV +

)]
(5.42)

Proof. Starting from (5.34), we need to decouple the right-hand side. To do
this, we use the decoupling device proposed in [90]. Notice from the duality
formula (2.25) that for any random variable W such that E [exp (λV +/θ)] < ∞
one has

E
[(
W − ln E

[
eW

])
eλZ

]
≤ H

(
eλZ

)

or equivalently

E
[
WeλZ

]
≤ ln E

[
eW

]
E
[
eλZ

]
+ H

(
eλZ

)
.

Setting W = λV +/θ and combining this inequality with (5.34) yields

H
(
eλZ

)
≤ λθ

[
ln E

[
eλV

+/θ
]

E
[
eλZ

]
+ H

(
eλZ

)]

and therefore, setting for every positive x, ρ (x) = ln E

[
exV

+
]
,

(1 − λθ)H
(
eλZ

)
≤ λθρ (λ/θ) E

[
eλZ

]
.
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Let F (λ) = E [exp (λ (Z − E [Z]))]. The previous inequality can be re-written
as

λF ′ (λ) − F (λ) lnF (λ) ≤ λθ

1 − λθ
ρ (λ/θ)F (λ) ,

and it remains to integrate this differential inequality. We proceed as in the
proof of Proposition 2.14. Dividing each side by λ2F (λ), we get

1
λ

F ′ (λ)
F (λ)

− 1
λ2

lnF (λ) ≤ θρ (λ/θ)
λ (1 − λθ)

and setting G (λ) = λ−1 lnF (λ), we see that the differential inequality
becomes

G′ (λ) ≤ θρ (λ/θ)
λ (1 − λθ)

which in turn implies since G (λ) tends to 0 as λ tends to 0,

G (λ) ≤
∫ λ

0

θρ (u/θ)
u (1 − uθ)

du.

Now ρ (0) = 0 and the convexity of ρ implies that ρ (u/θ) /u (1 − uθ) is a
nondecreasing function, therefore

G (λ) ≤ θρ (λ/θ)
(1 − λθ)

and (5.41) follows. The proof of (5.42) is quite similar. We start this time from
(5.35) and notice that since λ < 1/2, one has eλ < 2. Hence

H (exp (−λZ)) ≤ 2λ2
E
[
V + exp (−λZ)

]

and we use the same decoupling device as above to derive that

−λF ′ (−λ) − F (−λ) lnF (−λ) ≤ 2λ
1 − 2λ

ρ (λ)F (−λ) .

Integrating this differential inequality and using again the convexity of ρ
leads to (5.42).

This inequality should be viewed as an analogue of Efron–Stein’s inequality
in the sense that it relates the exponential moments of Z − E [Z] to those of
V + while Efron–Stein’s inequality does the same for the second order mom-
ents. Several examples of applications of this inequality are given in [32].
Here, we will focus on the derivation of concentration inequalities for empirical
processes. Let us start by the simpler example of Rademacher processes and
complete the results obtained in Chapter 1.
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Rademacher Processes

Let Z = supt∈T
∑n
i=1 εiαi,t, where T is a finite set, (αi,t) are real numbers and

ε1, . . . , εn are independent random signs. We can now derive from Theorem
5.9 an analogue for exponential moments of what we got from Efron–Stein’s
inequality in Chapter 1. Taking ε′1, . . . , ε

′
n as an independent copy of ε1, . . . , εn

we set for every i ∈ [1, n]

Z ′
i = sup

t∈T

⎡
⎣
⎛
⎝

n∑
j �=i

εjαj,t

⎞
⎠ + ε′iαi,t

⎤
⎦ .

Considering t∗ such that supt∈T
∑n
j=1 εjαj,t =

∑n
j=1 εjαj,t∗ we have for every

i ∈ [1, n]
Z − Z ′

i ≤ (εi − ε′i)αi,t∗

which yields
(Z − Z ′

i)
2
+ ≤ (εi − ε′i)

2
α2
i,t∗

and therefore by independence of ε′i from ε1, . . . , εn

E

[
(Z − Z ′

i)
2
+ | ε

]
≤ E

(
1 + ε2

i

)
α2
i,t∗ ≤ 2α2

i,t∗ .

Hence
V + ≤ 2σ2,

where σ2 = supt∈T
∑n
i=1 α

2
i,t. Plugging this upper bound in (5.41) and letting

θ tend to 0, we finally recover an inequality which is due to Ledoux (see [77])

ln E [exp (λ (Z − E [Z]))] ≤ 2λ2σ2.

As compared to what we had derived from the coupling approach, we see that
this time we have got the expected order for the variance i.e., supt∈T

∑n
i=1 α

2
i,t

instead of
∑n
i=1 supt∈T α2

i,t, at the price of loosing a factor 4 in the constants.
Of course we immediately derive from this control for the moment generating
function that, for every positive x

P [Z − E [Z] ≥ x] ≤ exp
(
− x2

8σ2

)
. (5.43)

Talagrand’s Inequalities for Empirical Processes

In [113] (see Theorem 4.1), Talagrand obtained some striking concentration
inequality for the supremum of an empirical process which is an infinite
dimensional analogue of Bernstein’s inequality. Using the tools that we have
developed above it is not difficult to prove this inequality. Let us consider
some finite set T and some independent random vectors X1, . . . , Xn (not
necessarily i.i.d.), taking their values in R

T . Assume that
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E [Xi,t] = 0 and |Xi,t| ≤ 1 for every 1 ≤ i ≤ n and t ∈ T (5.44)

and define Z as

either sup
t∈T

n∑
i=1

Xi,t or sup
t∈T

∣∣∣∣∣
n∑
i=1

Xi,t

∣∣∣∣∣ .

Defining τ as a function of X1, . . . , Xn such that

either Z =
n∑
i=1

Xi,τ or Z =

∣∣∣∣∣
n∑
i=1

Xi,τ

∣∣∣∣∣ ,

we easily see that

Z − Z ′
i ≤

n∑
j=1

Xj,τ −
n∑
j �=i

Xj,τ −X ′
i,t ≤ Xi,τ −X ′

i,τ

and therefore, setting σ2
i,t = E

[
X2
i,t

]
= E

[
X ′2
i,t

]

V + ≤
n∑
i=1

E

[(
Xi,τ −X ′

i,τ

)2 | X
]

=
n∑
i=1

X2
i,τ +

n∑
i=1

σ2
i,τ .

Let v = supt∈T
∑n
i=1 σ

2
i,t and W = supt∈T

∑n
i=1 X

2
i,t, then

V + ≤ W + v.

We may apply Theorem 5.6 to W , hence, combining inequality (5.17) for W
and (5.41) with θ = 1 leads to

ln E [exp (λ (Z − E [Z]))] ≤ λ

1 − λ

(
λv +

(
eλ − 1

)
E [W ]

)
, for every λ ∈ (0, 1) .

Using the elementary remark that
(
eλ − 1

)
(1 − λ) ≤ λ, the previous

inequality implies that for every λ ∈ (0, 1/2)

ln E [exp (λ (Z − E [Z]))] ≤ λ2

(1 − λ)2
(v + E [W ]) ≤ λ2

(1 − 2λ)
(v + E [W ]) .

Using the calculations of Chapter 1, this evaluation for the moment generating
function readily implies the following pleasant form (with explicit constants)
for Talagrand’s inequality. For every positive x, one has

P

[
Z − E [Z] ≥ 2

√
(v + E [W ])x + 2x

]
≤ e−x. (5.45)

As for the left tail, using this time (5.42) we get the same kind of inequality
(with slightly worse constants)

P

[
−Z + E [Z] ≥ 2

√
2 (v + E [W ])x + 4x

]
≤ e−x (5.46)
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Actually, these inequalities are variants of those proved in [90]. Of course, by
monotone convergence the assumption that T is finite may be relaxed and
one can assume in fact T to be countable.

In order to use an inequality like (5.45), it is desirable to get a more
tractable formulation of it, involving just v instead of v and E [W ]. This can
be done for centered empirical processes at the price of additional technicalities
related to classical symmetrization and contraction inequalities as described
in [79]. One indeed has (see [90] for more details)

E [W ] ≤ v + 16E

[
sup
t∈T

∣∣∣∣∣
n∑
i=1

Xi,t

∣∣∣∣∣

]
. (5.47)

Hence, in the case where Z = supt∈T |
∑n
i=1 Xi,t|, one derives from (5.45) that

P

[
Z − E [Z] ≥ 2

√
(2v + 16E [Z])x + 2x

]
≤ e−x

The above inequalities in particular applies to empirical processes, since if we
consider n independent and identically distributed random variables ξ1, . . . , ξn
and a countable class of functions {ft, t ∈ T} such that

|ft − E [ft (ξ1)]| ≤ 1 for every t ∈ T (5.48)

we can use the previous result by setting Xi,t = ft (ξi) − E [ft (ξi)]. For
these i.i.d. empirical processes further refinements of the entropy method
due to Rio (see [103]) and then Bousquet (see [33]) are possible which
lead to even better constants (and indeed optimal constants as far as
Bousquet’sresult is concerned) and applies to the one sided suprema
Z = supt∈T

∑n
i=1 (ft (ξi) − E [ft (ξi)]) (instead of the two-sided suprema as

for the previous one). It is proved in [33] that under the uniform boundedness
assumption |ft − E [ft (ξ1)]| ≤ b for every t ∈ T , one has for every positive x

P

[
Z − E [Z] ≥

√
2 (v + 2bE [Z])x +

bx

3

]
≤ e−x. (5.49)

The very nice and remarkable feature of Bousquet’s inequality is that it
exactly gives Bernstein’s inequality in the one dimensional situation where
T is reduced to a single point! Using the simple upper bound

√
2 (v + 2bE [Z])x ≤

√
2vx + 2

√
bE [Z]x ≤

√
2vx + εE [Z] + bε−1x

for every positive ε, we derive from Bousquet’s version of Talagrand’s inequal-
ity the following upper bound which will be very useful in the applications
that we have in view

P

[
Z ≥ (1 + ε) E [Z] +

√
2vx + b

(
1
3

+ ε−1

)
x

]
≤ exp (−x) . (5.50)

A very simple example of application is the study of chi-square statis-
tics which was the initial motivation for advocating the use of concentration
inequalities in [20].
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A First Application to Chi-Square Statistics

One very remarkable feature of the concentration inequalities stated above
is that, despite of their generality, they turn out to be sharp when applied
to the particular and apparently simple problem of getting nonasymptotic
exponential bounds for chi-square statistics. Let X1, . . . , Xn be i.i.d. random
variables with common distribution P and define the empirical probability
measure Pn by

Pn =
n∑
i=1

δXi
.

Following [20], we denote by νn the centered empirical measure Pn−P , given
some finite set of bounded functions {ϕI}I∈m, we can indeed write

√∑
I∈m

ν2
n (ϕI) = sup

|a|2=1

νn

[∑
I∈m

aIϕI

]
, where |a|22 =

∑
I∈m

a2
I .

Let Z2 = n
∑

I∈m
ν2
n (ϕI). Applying (5.50) to the countable class of functions

{∑
I∈m

aIϕI : a ∈ S ′
m

}
,

where S ′
m denotes some countable and dense subset of the unit sphere Sm in

R
m, one derives that, for every positive numbers ε and x,

P

[
Z ≥ (1 + ε)

√
E [Z] +

√
2xvm + κ (ε)

√
‖Φm‖∞

n
x

]
≤ exp (−x) , (5.51)

where κ (ε) = 2
(

1
3 + ε−1

)

Φm =
∑
I∈m

ϕ2
I and vm = sup

a∈Sm

[
Var

(∑
I∈m

aIϕI (ξ1)

)]
.

Moreover by Cauchy–Schwarz inequality

E [Z] ≤
√

n
∑
I∈m

E [ν2
n (ϕI)] ≤

√∑
I∈m

Var (ϕI (ξ1)). (5.52)

Let us now turn to the case example of “classical” chi-square statistics, which
is of special interest by itself and also in view of the application to the problem
of histogram selection. Let us take m to be some finite partition of [0, 1] which
elements are intervals and define for every interval I ∈ m

ϕI = P (I)−1/2 1lI ,



172 5 Concentration Inequalities

then, the resulting functional Z2 is the chi-square statistics

χ2
n (m) =

∑
I∈m

n [Pn (I) − P (I)]2

P (I)
. (5.53)

In this case, we derive from (5.52) that

E [χn (m)] ≤
√∑
I∈m

(1 − P (I)) ≤
√

Dm,

where 1 +Dm denotes the number of pieces of m. We also notice that vm ≤ 1
and setting δm = supI∈m P (I)−

1
2 , that

‖Φm‖∞ ≤ δ2
m.

Therefore (5.51) becomes

P

[
χn (m) ≥ (1 + ε)

√
Dm +

√
2x + κ (ε)

δm√
n
x

]
≤ exp (−x) . (5.54)

We do not know of any other way for deriving this inequality while on the
other hand there already exists some deviation inequality on the right tail,
obtained by Mason and Van Zwet. As compared to Mason and Van Zwet’s
inequality in [89], (5.54) is sharper but however not sharp enough for our needs
in the problem of optimal histogram selection since for irregular partitions the
linear term δmx/

√
n can become too large. To do better, the above argument

needs to be substantially refined and this is precisely what we shall perform.

5.3.5 Moment Inequalities

The main results of this section are derived from (5.36), (5.37) and (5.38) or
(5.39) and (5.40) by using induction on the order of the moment. Bounding
the moments of the lower deviation (Z − E [Z])− will require slightly more
work than bounding the moments of the upper deviation (Z − E [Z])+.

Upper Deviations

Our main result has a similar flavor as Burkholder’s inequality but involves
better constants with respect to q, namely the dependency is of order

√
q

instead of q. This means that in some sense, for functionals of independent
variables, the quantities V or V + are maybe nicer than the quadratic variation.

Theorem 5.10 For any real number q ≥ 2, let us define

κq =
1
2

(
1 −

(
1 − 1

q

)q/2)−1

, (5.55)
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then (κq) increases to κ =
√
e (2 (

√
e− 1))−1

< 1.271 as q goes to infinity.
One has for any real number q ≥ 2

∥∥(Z − E [Z])+
∥∥
q
≤
√(

1 − 1
q

)
2κqq ‖V +‖q/2 ≤

√
2κq ‖V +‖q/2, (5.56)

and similarly

∥∥(Z − E [Z])−
∥∥
q
≤
√(

1 − 1
q

)
2κqq ‖V −‖q/2 ≤

√
2κq ‖V −‖q/2. (5.57)

Moreover ∥∥(Z − E [Z])+
∥∥
q
≤
√

κqq ‖V ‖q/2 ≤
√

κq ‖V ‖q/2. (5.58)

Proof. It is enough to prove (5.56) and (5.58) since (5.57) derives from (5.56)
by changing Z into −Z. It follows from Efron–Stein’s inequality and its variant
(5.11) respectively that for every q ∈ [1, 2]

∥∥(Z − E [Z])+
∥∥
q
≤ ‖Z − E [Z]‖2 ≤

√
‖V+‖1 (5.59)

and ∥∥(Z − E [Z])+
∥∥
q
≤ ‖Z − E [Z]‖2 ≤

√
‖V ‖1 (5.60)

We intend to prove by induction on k that for every q ∈ [k, k + 1) one has
∥∥(Z − E [Z])+

∥∥
q
≤ √

cqq (5.61)

where either cq = 2 (1 − 1/q)κq ‖V+‖q/2 or cq = κq ‖V ‖q/2 for q ≥ 2 and
either cq = ‖V+‖1 or cq = ‖V ‖1 for q ∈ [1, 2). κ′

q = κq = 1 for q ∈ [1, 2).
For k = 1, (5.61) follows either from (5.59) or (5.60). We assume now that
(5.61) holds for some integer k ≥ 1 and every q ∈ [k, k + 1). Let q be some
real number belonging to [k + 1, k + 2). We want to prove that (5.61) holds.
Hölder’s inequality implies that for every nonnegative random variable Y

E

[
Y (Z − E [Z])q−2

+

]
≤ ‖Y ‖q/2

∥∥(Z − E [Z])+
∥∥q−2

q
,

hence, using either (5.37) or (5.36) with α = q − 1 we get

∥∥(Z − E [Z])+
∥∥q
q
≤
∥∥(Z − E [Z])+

∥∥q
q−1

+
q

2κq
cq
∥∥(Z − E [Z])+

∥∥q−2

q
.

Defining for every real number p ≥ 1

xp =
∥∥(Z − E [Z])+

∥∥p
p

(pcp)
−p/2 ,
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we aim at proving that xq ≤ 1 and the previous inequality becomes

xqq
q/2cq/2q ≤ x

q/q−1
q−1 (q − 1)q/2 cq/2q−1 +

1
2
x1−2/q
q qq/2cq/2q κ−1

q ,

from which we derive since cq−1 ≤ cq

xq ≤ x
q/q−1
q−1

(
1 − 1

q

)q/2
+

1
2κq

x1−2/q
q . (5.62)

Knowing by induction that xq−1 ≤ 1, we derive from (5.62) that

xq ≤
(

1 − 1
q

)q/2
+

1
2κq

x1−2/q
q .

Now the function

fq : x →
(

1 − 1
q

)q/2
+

1
2κq

x1−2/q − x

is strictly concave on R+ and positive at point x = 0. Hence, since fq (1) = 0
(because of our choice of κq) and fq (xq) ≥ 0 we derive that xq ≤ 1, which
means that (5.61) holds, achieving the proof of the result.

The next result establishes a link between the Poissonian bound estab-
lished in the previous section for self-bounding processes and moment
inequalities.

Corollary 5.11 If we assume that

n∑
i=1

(Z − Zi) ≤ AZ, for some constant A ≥ 1, (5.63)

then on the one hand, for every integer q ≥ 1

‖Z‖q ≤ E [Z] +
A (q − 1)

2
(5.64)

and on the other hand, for every real number q ≥ 2

∥∥(Z − E [Z])+
∥∥
q
≤
√
κ

[√
AqE [Z] +

Aq

2

]
,

where κ stands for the absolute constant of Theorem 5.10 (κ < 1.271).

Proof. Applying Theorem 5.7 with f (z) = zq−1 and φ (x) = xq/q−1 leads to

‖Z‖qq ≤ ‖Z‖qq−1 +
q

2
E
[
V Zq−2

]
.
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But, under assumption (5.63), we have V ≤ AZ, hence

‖Z‖qq ≤ ‖Z‖qq−1 +
qA

2
‖Z‖q−1

q−1

≤ ‖Z‖qq−1

[
1 +

qA

2 ‖Z‖q−1

]
.

Now, we notice that for every nonnegative real number u, one has 1 + uq ≤
(1 + u)q and therefore

‖Z‖qq ≤ ‖Z‖qq−1

(
1 +

A

2 ‖Z‖q−1

)q

or equivalently

‖Z‖q ≤ ‖Z‖q−1 +
A

2
.

Hence by induction ‖Z‖q ≤ ‖Z‖1 + (A/2) (q − 1) which means (5.64). By
Theorem 5.10 and (5.63) we have

∥∥(Z − E [Z])+
∥∥
q
≤
√

κq ‖V ‖q/2 ≤
√

κqA ‖Z‖q/2.

Let s be the smallest integer such that q/2 ≤ s, then (5.64) yields

‖Z‖q/2 ≤ E [Z] +
A (s− 1)

2
≤ E [Z] +

Aq

4

∥∥(Z − E [Z])+
∥∥
q
≤
√
κ

[√
qAE [Z] +

q2A2

4

]

≤
√
κ

[√
qAE [Z] +

qA

2

]

and the result follows.

Lower Deviations

We intend to provide lower deviation results under boundedness assumptions
on some increments of the functional Z.

Theorem 5.12 We assume that either for some positive random variable M

(Z − Z ′
i)+ ≤ M , for every 1 ≤ i ≤ n (5.65)

or that for some X(i)-measurable random variables Zi’s one has

0 ≤ Z − Zi ≤ M , for every 1 ≤ i ≤ n. (5.66)
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Then, there exists some universal constants C1 and C2 (C1 < 4.16 and C2 <
2.42) such that for every real number q ≥ 2 one has, under assumption (5.65)

∥∥(Z − E [Z])−
∥∥
q
≤
√

C1q
(
‖V+‖q/2 ∨ q ‖M‖2

q

)
, (5.67)

while under assumption (5.66)

∥∥(Z − E [Z])−
∥∥
q
≤
√

C2q
(
‖V ‖q/2 ∨ q ‖M‖2

q

)
. (5.68)

Moreover if (5.66) holds with M = 1 and

n∑
i=1

(Z − Zi) ≤ AZ, for some constant A ≥ 1, (5.69)

then for every integer q ≥ 1
∥∥(Z − E [Z])−

∥∥
q
≤
√

CqAE [Z], (5.70)

where C is some universal constant smaller than 1.131.

Proof. In the sequel, we use the notation mq =
∥∥(Z − E [Z])−

∥∥
q
. We first

prove (5.67) and (5.68). For a > 0, the continuous function

x → e−1/2 +
1
ax

e1/
√
x − 1

decreases from +∞ to e−1/2−1 < 0 on (0,+∞). Let us define Ca as the unique
zero of this function. According to whether we are dealing with assumption
(5.65) or assumption (5.66), we set either a = 1 and cq = ‖V+‖q/2 ∨ q ‖M‖2

q

if q ≥ 2 (cq = ‖V+‖1 if q ∈ [1, 2)) or a = 2 and cq = ‖V ‖q/2 ∨ q ‖M‖2
q if q ≥ 2

(cq = ‖V ‖1 if q ∈ [1, 2)). Our aim is to prove by induction on k that for every
q ∈ [k, k + 1), the following inequality holds for a = 1, 2

mq ≤
√

Caqcq. (5.71)

Since C1 and C2 are larger than 1, if k = 1, Efron–Stein’s inequality or its
variant (5.11) imply that (5.71) holds for every q ∈ [1, 2) and we have an even
better result in terms of constants since then

mq ≤
√
cq (5.72)

Now let k ≥ 2 be some integer and consider some real number q ∈ [k, k + 1).
By induction we assume that mq−1 ≤

√
Ca (q − 1) cq−1. Then we use either

(5.40) or (5.39) with α = q − 1, which gives either

mq
q ≤ mq

q−1 + qE
[
V+

(
(Z − E [Z])− + M

)q−2
]

(5.73)
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or
mq
q ≤ mq

q−1 +
q

2
E

[
V
(
(Z − E [Z])− + M

)q−2
]

. (5.74)

From the convexity of x → xq−2 if k ≥ 3 or subadditivity if k = 2, we derive
that for every θ ∈ (0, 1)

(
(Z − E [Z])− + 1

)q−2 ≤ θ−(q−3)+Mq−2 + (1 − θ)−(q−3)+ (Z − E [Z])q−2
− .
(5.75)

Using Hölder’s inequality we get from (5.73) (or (5.74)) and (5.75) either

mq
q ≤ mq

q−1 + qθ−(q−3)+ ‖M‖q−2
q ‖V+‖q/2 + q (1 − θ)−(q−3)+ ‖V+‖q/2 mq−2

q

or

mq
q ≤ mq

q−1 +
q

2
θ−(q−3)+ ‖M‖q−2

q ‖V ‖q/2 +
q

2
(1 − θ)−(q−3)+ ‖V ‖q/2 mq−2

q .

(5.76)

Let us first deal with the case k ≥ 3. Since mq−1 ≤
√

Ca (q − 1) cq−1 and cq−1

≤ cq, we derive that

mq
q ≤ Cq/2

a (q − 1)q/2 cq/2q +
1
a
q−q+2θ−(q−3)+qq/2cq/2q

+
1
a
q (1 − θ)−(q−3)+ cqm

q−2
q .

Let xq = C
−q/2
a mq

q (qcq)
−q/2, then

xq ≤
(

1 − 1
q

)q/2

+
1

aCa

(
θ−(q−3)+

(√
Caq

)−q+2

+ (1 − θ)−(q−3)+ x1−2/q
q

)
. (5.77)

Let us choose θ minimizing

g (θ) = θ−q+3
(√

Caq
)−q+2

+ (1 − θ)−q+3 ,

i.e., θ = 1/
(√

Caq + 1
)
. Since for this value of θ one has

g (θ) =
(

1 +
1√
Caq

)q−2

,

(5.77) becomes

xq ≤
(

1 − 1
q

)q/2
+

1
aCa

((
1 +

1√
Caq

)q−2

+ (1 − θ)−q+3
(
x1−2/q
q − 1

))
.
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Hence, using the elementary inequalities

(
1 − 1

q

)q/2
≤ e−1/2

(
1 +

1√
Caq

)q−2

≤ e1/
√
Ca

which derive from the well known upper bound ln (1 + u) ≤ u, we get

xq ≤ e−1/2 +
1

aCa

(
e1/

√
Ca + (1 − θ)−q+3

(
x1−2/q
q − 1

))
.

Now since e1/
√
Ca ≥ g (θ) > (1 − θ)−q+3, the function

fq : x → e−1/2 +
1

aCa

(
e1/

√
Ca + (1 − θ)−q+3

(
x1−2/q − 1

))
− x

is positive at 0 and strictly concave on R+. So, noticing that Ca has been
defined in such a way that fq (1) = 0, the function fq can be nonnegative at
point xq only if xq ≤ 1 which proves (5.71). To treat the case where k = 2, we
note that in this case we can use (5.72) which ensures that mq−1 ≤ √

cq−1 ≤√
cq so that (5.76) becomes

mq
q ≤ cq/2q +

q

2
‖M‖q−2

q ‖V ‖q/2 +
q

2
‖V ‖q/2 mq−2

q .

Let xq = C
−q/2
a mq

q (qcq)
−q/2, then

xq ≤
(

1
Caq

)q/2
+

1
aCa

((√
Caq

)−q+2

+ x1−2/q
q

)

and therefore, since q ≥ 2 and Ca ≥ 1

xq ≤
1

2Ca
+

1
aCa

(
1 + x1−2/q

q

)
.

The function
gq : x → 1

2Ca
+

1
aCa

(
1 + x1−2/q

)
− x

is strictly concave on R+ and positive at 0. Furthermore

gq (1) =
(4 + a)
2aCa

− 1 < 0,

since Ca > (4 + a) /2a. Hence gq can be nonnegative at point xq only if
xq ≤ 1 yielding (5.71), achieving the proof of (5.67) and (5.68). In order to
prove (5.70) we first define C as the unique positive root of the equation
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e−1/2 +
1

2C
e−1+1/C − 1 = 0.

We derive from the upper bound V ≤ AZ and (5.11) that

(E |Z − E [Z]|)2 ≤ E

[
(Z − E [Z])2

]
≤ AE [Z]

which allows to deal with the cases where q = 1 and q = 2 since C > 1. Then,
for q ≥ 3, we assume by induction that mk ≤

√
CkAE [Z], for k = q − 2 and

k = q − 1 and use V ≤ AZ together with (5.39) for α = q − 1. This gives

mq
q ≤ mq

q−1 +
q

2
AE

[
Z
(
(Z − E [Z])− + 1

)q−2
]

which in turn implies since z →
(
(z − E [Z])− + 1

)q−2 decreases while z → z
increases

mq
q ≤ mq

q−1 +
q

2
AE [Z] E

[(
(Z − E [Z])− + 1

)q−2
]

.

By the triangle inequality
∥∥(Z − E [Z])− + 1

∥∥
q−2

≤ 1 +
∥∥(Z − E [Z])−

∥∥
q−2

,
this inequality becomes

mq
q ≤ mq

q−1 +
q

2
AE [Z] (1 + mq−2)q−2

and therefore our induction assumption yields

mq
q ≤

(
1 − 1

q

)q/2
(CqAE [Z])q/2

+
(CqAE [Z])q/2

2C

[
1√

CqAE [Z]
+
√

1 − 2
q

]q−2

. (5.78)

At this stage of the proof we can use the fact that we know a crude upper
bound on mq deriving from the nonnegativity of Z, namely mq ≤ E [Z]. Hence,
we can always assume that CqA ≤ E [Z], since otherwise (5.70) is implied by
this crude upper bound. Combining this inequality with A > 1, leads to

1√
CqAE [Z]

≤ 1
Cq

,

so that plugging this inequality in (5.78) and setting xq = mq
q (CqAE [Z])−q/2,

we derive that

xq ≤
(

1 − 1
q

)q/2
+

1
2C

(
1
Cq

+
√

1 − 2
q

)q−2

.
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We claim that (
1
Cq

+
√

1 − 2
q

)q−2

≤ e−1+1/C . (5.79)

Indeed (5.79) can be checked numerically for q = 3, while for q ≥ 4, combining

√
1 − 2/q ≤ 1 − 1

q
− 1

2q2

with ln (1 + u) ≤ u leads to

ln

[(
1
Cq

+
√

1 − 2
q

)q−2
]
≤ −1 + 1/C +

1
q

(
3
2

+
1
q
− 2

C

)

≤ −1 + 1/C +
1
q

(
7
4
− 2

C

)

which, since C < 8/7, implies (5.79). Hence

xq ≤
(

1 − 1
q

)q/2
+

1
2C

e−1+1/C ≤ e−1/2 +
1

2C
e−1+1/C ,

which, by definition of C means that xq ≤ 1, achieving the proof of the
result.

Application to Suprema of Unbounded Empirical Processes

Let us consider again some finite set T and some independent random vectors
X1, . . . , Xn (not necessarily i.i.d.), taking their values in R

T . Assume this
time that

E [Xi,t] = 0 for every 1 ≤ i ≤ n and t ∈ T

and for some q ≥ 2
M = sup

i,t
|Xi,t| ∈ Lq.

Define Z as

either sup
t∈T

n∑
i=1

Xi,t or sup
t∈T

∣∣∣∣∣
n∑
i=1

Xi,t

∣∣∣∣∣ .

Arguing exactly as in the proof of Talagrand’s inequality, one has

V + ≤ W + v,

where v = supt∈T
∑n
i=1 σ

2
i,t and W = supt∈T

∑n
i=1 X

2
i,t. It comes from (5.56)

that
∥∥(Z − E [Z])+

∥∥
q
≤
√

2κq ‖V +‖q/2 ≤
√

2κqv +
√

2κq
∥∥∥
√
W
∥∥∥
q

.
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In order to control
∥∥∥√W

∥∥∥
q
, we use this time (5.58). Defining

Wi = sup
t∈T

n∑
j �=i

X2
j,t

we have W ≥ Wi and
n∑
i=1

(W −Wi)
2 ≤ WM2

and therefore
n∑
i=1

(√
W −

√
Wi

)2

≤ M2.

Hence, (5.58) yields
∥∥∥
√
W
∥∥∥
q
≤ E

[√
W
]

+
√
κq ‖M‖q

and since E

[√
W
]
≤
√

E [W ] with v ≤ E [W ], collecting the above inequalities
we get ∥∥(Z − E [Z])+

∥∥
q
≤ 2

√
2κqE [W ] +

√
2κq ‖M‖q . (5.80)

This provides a version with explicit constants (as functions of the order q
of the moment) of an inequality due to Baraud (see [8]) and which turns
out to be the main tool used by Baraud to prove model selection theorems
for regression on a fixed design. Note that even in the one-dimensional case,
getting the factor

√
q in the first term in the right-hand side of (5.80) is far

from being trivial since straightforward proofs rather lead to some factor q. In
this one-dimensional situation we recover, up to absolute numerical constants
the inequality due to Pinelis (see [97]).



6

Maximal Inequalities

The main issue of this chapter is to provide exponential bounds for suprema of
empirical processes. Thanks to the powerful concentrations tools developed in
the previous chapter, this amounts (at least for bounded empirical processes)
to controls in expectation which can be obtained from the maximal inequalities
for random vectors given in Chapter 2 through chaining arguments, exactly
as in the Gaussian case (see Chapter 3).

All along this chapter we consider independent random variables ξ1,...,ξn
defined on a probability space (Ω,A,P) with values in some measurable
space Ξ. We denote by Pn the empirical probability measure associated with
ξ1,...,ξn, which means that for any measurable function f : Ξ→R

Pn (f) =
1
n

n∑
i=1

f (ξi) .

If furthermore f (ξi) is integrable for all i ≤ n, we set

Sn (f) =
n∑
i=1

(f (ξi) − Ef (ξi)) and νn (f) =
Sn (f)

n
.

Given a collection of functions F our purpose is to control supf∈F νn (f)
under appropriate assumptions on F . Since we are mainly interested by sub-
Gaussian type inequalities, the classes of interest are Donsker classes. It is
known (see [57] for instance) that universal entropy and entropy with brack-
eting are appropriate ways of measuring the massiveness of F and roughly
speaking play the same role in the empirical process theory as metric entropy
for the study of Gaussian processes. Hence, it is not surprising that such con-
ditions will used below. We begin with the simplest case of set indexed i.i.d.
empirical processes.
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6.1 Set-Indexed Empirical Processes

The purpose of this section is to provide maximal inequalities for set-indexed
empirical processes under either the Vapnik–Chervonenkis condition or an
entropy with bracketing assumption. All along this section we assume the
variables ξ1, ··· ,ξn to be i.i.d. with common distribution P . We need some
basic maximal inequalities for random vectors and also Rademacher processes
since we shall sometimes use symmetrization techniques.

6.1.1 Random Vectors and Rademacher Processes

Lemma 2.3 ensures that if (Zf )f∈F is a finite family of real valued random
variables and ψ is some convex and continuously differentiable function on
[0, b) with 0 < b ≤ +∞ such that ψ (0) = ψ′ (0) = 0 and for every λ ∈ (0, b)
and f ∈ F , one has

ln E [exp (λZf )] ≤ ψ (λ) (6.1)

then, if N denotes the cardinality of F we have

E

[
sup
f∈F

Zf

]
≤ ψ∗−1 (ln (N)) .

In particular, if for some nonnegative number σ one has ψ (λ) = λ2v/2 for
every λ ∈ (0,+∞), then

E

[
sup
f∈F

Zf

]
≤
√

2v ln (N),

while, if ψ (λ) = λ2v/ (2 (1 − cλ)) for every λ ∈ (0, 1/c), one has

E

[
sup
f∈F

Zf

]
≤
√

2v ln (N) + c ln (N) . (6.2)

The two situations where we shall apply this Lemma in order to derive
chaining bounds are the following.

• F is a finite subset of R
n and Zf =

∑n
i=1 εifi, where (ε1, . . . , εn) are

independent Rademacher variables. Then, setting v = supf∈F
∑n
i=1 f

2
i , it

is well known that (6.1) is fulfilled with ψ (λ) = λ2v/2 and therefore

E

[
sup
f∈F

n∑
i=1

εifi

]
≤
√

2v ln (N). (6.3)
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• F is a finite set of functions f such that ‖f‖∞ ≤ 1 and Zf =
∑n
i=1 f (ξi)

− E [f (ξi)], where ξ1, . . . , ξn are independent random variables. Then,
setting v = supf∈F

∑n
i=1 E

[
f2 (ξi)

]
, as a by-product of the proof

of Bernstein’s inequality, assumption (6.1) is fulfilled with ψ (λ) =
λ2v/ (2 (1 − λ/3)) and therefore

E

[
sup
f∈F

Zf

]
≤
√

2v ln (N) +
1
3

ln (N) (6.4)

We are now ready to prove a maximal inequality for Rademacher processes
which will be useful to analyze symmetrized empirical processes.

Let F be some bounded subset of R
n equipped with the usual Euclidean

norm defined by

‖z‖2
2 =

n∑
i=1

z2
i

and let for any positive δ, H2 (δ,F) denote the logarithm of the maximal num-

ber of points
{
f (1), . . . , f (N)

}
belonging to F such that

∥∥∥f (j) − f(j′)
∥∥∥

2

2
> δ2

for every j �= j′. It is easy to derive from the maximal inequality (6.3) the
following chaining inequality which is quite standard (see [79] for instance).
The proof being short we present it for the sake of completeness.

Lemma 6.1 Let F be some bounded subset of R
n and (ε1, . . . , εn) be inde-

pendent Rademacher variables. We consider the Rademacher process defined
by Zf =

∑n
i=1 εifi for every f ∈ F . Let δ such that supf∈F ‖f‖2 ≤ δ, then

E

[
sup
f∈F

Zf

]
≤ 3δ

∞∑
j=0

2−j
√

H2 (2−j−1δ,F) (6.5)

Proof. Since F → H2 (.,F) is nondecreasing with respect to the inclusion
ordering, if we can prove that (6.5) holds true when F is a finite set, then for
any finite subset F ′ of F one has

E

[
sup
f∈F ′

Zf

]
≤ 3δ

∞∑
j=0

2−j
√

H2 (2−j−1δ,F)

which leads to (6.5) by continuity of f → Zf and separability of F . So we can
assume F to be finite. For any integer j, we set δj = δ2−j . By definition of
H2 (.,F), for any integer j ≥ 1 we can define some mapping Πj from F to F
such that

ln |Πj (F)| ≤ H2 (δj ,F) (6.6)

and
d (f,Πjf) ≤ δj for all f ∈ F . (6.7)
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For j = 0, we choose Π0 to be identically equal to 0. For this choice, (6.7) and
(6.6) are also satisfied by definition of δ. Since F is finite, there exists some
integer J such that for all f ∈ F

Zf =
J∑
j=0

ZΠj+1f − ZΠjf ,

from which we deduce that

E

[
sup
f∈F

Zf

]
≤

J∑
j=0

E

[
sup
f∈F

ZΠj+1f − ZΠjf

]
.

Since for any integer j, (Πjf,Πj+1f) ranges in a set with cardinality not
larger than exp (2H2 (δj+1,F)) when f varies and

d (Πjf,Πj+1f) ≤ 3
2
δj

for all f ∈ F , by (6.3) we get

J∑
j=0

E

[
sup
f∈F

ZΠj+1f − ZΠjf

]
≤ 3

J∑
j=0

δj

√
H2 (δj+1,F)

and therefore

E

[
sup
f∈F

Zf

]
≤ 3

J∑
j=0

δj

√
H2 (δj+1,F),

which implies (6.5).
We turn now to maximal inequalities for set-indexed empirical processes.

The VC case will be treated via symmetrization by using the previous bounds
for Rademacher processes while the bracketing case will be studied via some
convenient chaining argument.

6.1.2 Vapnik–Chervonenkis Classes

The notion of Vapnik–Chervonenkis dimension (VC-dimension) for a class of
sets B is very important. It is one way of defining a proper notion of finite
dimension for the nonlinear set {1lB , B ∈ B}. As we shall see in Chapter 8,
the VC-classes may be typically used for defining proper models of classifiers.
Let us recall the basic definitions and properties of VC-classes.

Definition 6.2 Let B be some class of subsets of Ξ. For every integer n, let

mn (B) = sup
A⊂Ξ,|A|=n

|{A ∩B,B ∈ B}| .

Let us define the VC-dimension of B by

V = sup {n ≥ 0,mn (B) = 2n} .

If V < ∞, then B is called a Vapnik–Chervonenkis class (VC-class).
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A basic example of a VC-class is the class of half spaces of R
d which has

VC-dimension d + 1 according to Radon’s Theorem (see [57] for instance).
One of the main striking results on VC-classes is Sauer’s lemma that we recall
below (for a proof of Sauer’s lemma, we refer to [57]).

Lemma 6.3 (Sauer’s lemma) Let B be a VC-class with VC-dimension V .
Then for every integer n ≥ V

mn (B) ≤
V∑
j=0

(
n

j

)
.

There exists at least two ways of measuring the “size” of a VC-class B.
The first one is directly based on the combinatorial properties of B. Let HB
denote the (random) combinatorial entropy of B

HB = ln |{B ∩ {ξ1, . . . , ξn} , B ∈ B}| . (6.8)

Note that Sauer’s lemma implies via (2.9) that for a VC-class B with dimension
V , one has

HB ≤ V ln
(en
V

)
. (6.9)

The second one is more related to L2 (Q)-covering metric properties of
S = {1lB : B ∈ B} with respect to any discrete probability measure Q.
For any positive number δ, and any probability measure Q, let N (δ,B, Q)
denote the maximal number of indicator functions {t1, . . . , tN} such that
EQ [ti − tj ]

2
>δ2 for every i �= j. The universal δ-metric entropy of B is then

defined by
H (δ,B) = sup

Q
lnN (δ,B, Q) (6.10)

where the supremum is extended to the set of all discrete probability measures.
The following upper bound for the universal entropy of a VC-class is due to
Haussler (see [66]). For some absolute constant κ, one has for every positive δ

H (δ,B) ≤ κV
(
1 + ln

(
δ−1 ∨ 1

))
. (6.11)

These two different ways of measuring the massiveness of B lead to the fol-
lowing maximal inequalities for VC-classes due to [92].

Lemma 6.4 Let B be some countable VC-class of measurable subsets of Ξ
with VC-dimension not larger than V ≥ 1 and assume that σ > 0 is such that

P [B] ≤ σ2, for every B ∈ B.

Let
W+

B = sup
B∈B

νn [B] and W−
B = sup

B∈B
−νn [B] ,
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and HB be the combinatorial entropy of B defined by (6.8). Then there exists
some absolute constant K such that the following inequalities hold

√
n
(
E
[
W−

B
]
∨ E

[
W+

B
])

≤ K

2
σ
√

E [HB] (6.12)

provided that σ ≥ K
√

E [HB] /n and

√
n
(
E
[
W−

B
]
∨ E

[
W+

B
])

≤ K

2
σ
√

V (1 + ln (σ−1 ∨ 1)) (6.13)

provided that σ ≥ K
√

V (1 + |lnσ|) /n.

Proof. We take some independent copy ξ′ = (ξ′1, . . . , ξ
′
n) of ξ = (ξ1, . . . , ξn)

and consider the corresponding copy P ′
n of Pn. Then, by Jensen’s inequality,

for any countable class F of uniformly bounded functions

E

[
sup
f∈F

(Pn − P ) (f)

]
≤ E

[
sup
f∈F

(
Pn − P

′
n

)
(f)

]
,

so that, given independent random signs (ε1, . . . , εn), independent of ξ, one
derives the following symmetrization inequality

E

[
sup
f∈F

(Pn − P ) (f)

]
≤ 1

n
E

[
sup
f∈F

n∑
i=1

εi

(
f (ξi) − f

(
ξ
′
i

))]

≤ 2
n

E

[
sup
f∈F

n∑
i=1

εif (ξi)

]
. (6.14)

Applying this symmetrization inequality to the class F = {1lB , B ∈ B} and
the sub-Gaussian inequalities for suprema of Rademacher processes which are
stated above, namely (6.3) or (6.5) and setting δ2

n = [supB∈B Pn (B)]∨ σ2 we
get either

E
[
W+

B
]
≤ 2

√
2
n

E

√
HBδ2

n (6.15)

or if H (.,B) denotes the universal entropy of B as defined by (6.10)

E
[
W+

B
]
≤ 6√

n
E

⎡
⎣√δ2

n

∞∑
j=0

2−j
√

H (2−j−1δn,B)

⎤
⎦ . (6.16)

Then by Cauchy–Schwarz inequality, on the one hand (6.15) becomes

E
[
W+

B
]
≤ 2

√
2
n

√
E [HB] E [δ2

n] (6.17)
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so that

E
[
W+

B
]
≤ 2

√
2
n

√
E [HB]

(
σ2 + E

[
W+

B
])

and on the other hand since H (.,B) is nonincreasing, we derive from (6.16)
that

E
[
W+

B
]
≤ 6√

n

√
E [δ2

n]
∞∑
j=0

2−j
√

H (2−j−1σ,B).

So that by Haussler’s bound (6.11), one derives the following alternative upper
bound for E

[
W+

B
]

6√
n

√
σ2 + E

[
W+

B
]√

κV

∞∑
j=0

2−j
√

(j + 1) ln (2) + ln (σ−1 ∨ 1) + 1.

Setting either D = C2
E [HB] or D = C2V

(
1 + ln

(
σ−1 ∨ 1

))
, where C is

some conveniently chosen absolute constant C (C = 2 in the first case and
C = 6

√
κ
(
1 +

√
2
)

in the second case), the following inequality holds in both
cases

E
[
W+

B
]
≤
√

D

n

√
2
[
σ2 + E

[
W+

B
]]

or equivalently

E
[
W+

B
]
≤
√

D

n

[√
D

n
+

√
D

n
+ 2σ2

]
.

which whenever σ ≥ 2
√

3
√

D/n, implies that

E
[
W+

B
]
≤
√

3σ

√
D

n
. (6.18)

The control of E
[
W−

B
]

is very similar. This time we apply the symmetriza-
tion inequality (6.14) to the class F = {−1lB , B ∈ B} and derive by the same
arguments as above that

E
[
W−

B (σ)
]
≤
√

D

n

√
2
[
σ2 + E

[
W+

B
]]

.

Hence, provided that σ ≥ 2
√

3
√

D/n, (6.18) implies that

E
[
W+

B
]
≤ σ2

2
which in turn yields

E
[
W−

B
]
≤
√

D

n

√
3σ2,

completing the proof of the Lemma.
The case of entropy with bracketing can be treated via some direct chaining

argument.
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6.1.3 L1-Entropy with Bracketing

We recall that if f1 and f2 are measurable functions such that f1 ≤ f2, the
collection of measurable functions f such that f1 ≤ f ≤ f2 is denoted by
[f1, f2] and called bracket with lower extremity f1 and upper extremity f2.
The L1 (P )-diameter of a bracket [f1, f2] is given by P (f2) − P (f1). The
L1 (P )-entropy with bracketing of F is defined for every positive δ, as the
logarithm of the minimal number of brackets with L1 (P )-diameter not larger
than δ which are needed to cover S and is denoted by H[.] (δ,F , P ).

We can now prove a maximal inequality via some classical chaining ar-
gument. Note that the same kind of result is valid for L2 (P )-entropy with
bracketing conditions but the chaining argument involves adaptive trunca-
tions which are not needed for L1 (P )-entropy with bracketing. Since L1 (P )-
entropy with bracketing suffice to our needs for set-indexed processes, for the
sake of simplicity we begin first by considering this notion here, postpon-
ing to the next section the results involving L2 (P )-entropy with bracketing
conditions.

Lemma 6.5 Let F be some countable collection of measurable functions such
that 0 ≤ f ≤ 1 for every f ∈ F , f0 be some measurable function such that
0 ≤ f0 ≤ 1, δ be some positive number such that P (|f − f0|) ≤ δ2 and assume
δ → H

1/2
[.]

(
δ2,F , P

)
to be integrable at 0. Then, setting

ϕ (δ) =
∫ δ

0

H
1/2
[.]

(
u2,F , P

)
du,

the following inequality is available

√
n

(
E

[
sup
f∈F

νn (f0 − f)

]
∨ E

[
sup
f∈F

νn (f − f0)

])
≤ 12ϕ (δ)

provided that 4ϕ (δ) ≤ δ2
√
n.

Proof. We perform first the control of E
[
supf∈F νn (f0 − f)

]
. For any integer

j, we set δj = δ2−j and Hj = H[.]

(
δ2
j ,F , P

)
. By definition of H[.] (.,F , P ),

for any integer j ≥ 1 we can define some mapping Πj from F to some finite
collection of functions such that

ln #ΠjF ≤ Hj (6.19)

and
Πjf ≤ f with P (f −Πjf) ≤ δ2

j for all f ∈ F . (6.20)

For j = 0, we choose Π0 to be identically equal to 0. For this choice of Π0,
we still have

P (|f −Π0f |) ≤ δ2
0 (6.21)
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for every f ∈ F . Furthermore, since we may always assume that the
extremities of the brackets used to cover F take their values in [0, 1], we also
have for every integer j that

0 ≤ Πjf ≤ 1

Noticing that since H[.]

(
δ2
j ,F , P

)
is nonincreasing,

H1 ≤ δ−2
1 ϕ2 (δ)

and under the condition 4ϕ (δ) ≤ δ2
√
n, one has H1 ≤ δ2

1n. Thus, since j →
Hjδ

−2
j increases to infinity, the set

{
j ≥ 0 : Hj ≤ δ2

jn
}

is a nonvoid interval
of the form {

j ≥ 0 : Hj ≤ δ2
jn
}

= [0, J ]

with J ≥ 1. For every f ∈ F , starting from the decomposition

−νn (f) =
J−1∑
j=0

νn (Πjf) − νn (Πj+1f) + νn (ΠJf) − νn (f)

we derive since ΠJ (f) ≤ f and P (f −ΠJ (f)) ≤ δ2
J that

−νn (f) ≤
J−1∑
j=0

νn (Πjf) − νn (Πj+1f) + δ2
J

and therefore

E

[
sup
f∈F

[−νn (f)]

]
≤
J−1∑
j=0

E

[
sup
f∈F

[νn (Πjf) − νn (Πj+1f)]

]
+ δ2

J . (6.22)

Now, it comes from (6.20) and (6.21) that for every integer j and every f ∈ F ,
one has

P [|Πjf −Πj+1f |] ≤ δ2
j + δ2

j+1 = 5δ2
j+1

and therefore, since |Πjf −Πj+1f | ≤ 1,

P
[
|Πjf −Πj+1f |2

]
≤ 5δ2

j+1.

Moreover (6.19) ensures that the number of functions of the form Πjf−Πj+1f
when f varies in F is not larger than exp (Hj + Hj+1) ≤ exp (2Hj+1). Hence,
we derive from (6.25) that

√
nE

[
sup
f∈F

[νn (Πjf) − νn (Πj+1f)]

]
≤ 2

[
δj+1

√
5Hj+1 +

1
3
√
n
Hj+1

]
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and (6.22) becomes

√
nE

[
sup
f∈F

[−νn (f)]

]
≤ 2

J∑
j=1

[
δj
√

5Hj +
1

3
√
n
Hj

]
+ 4

√
nδ2
J+1. (6.23)

It comes from the definition of J that on the one hand, for every j ≤ J

1
3
√
n
Hj ≤

1
3
δj
√

Hj

and on the other hand

4
√
nδ2
J+1 ≤ 4δJ+1

√
HJ+1.

Hence, plugging these inequalities in (6.23) yields

√
nE

[
sup
f∈F

[−νn (f)]

]
≤ 6

J+1∑
j=1

[
δj
√

Hj

]

and the result follows. The control of E
[
supf∈F νn (f − f0)

]
can be performed

analogously, changing lower into upper approximations in the dyadic approx-
imation scheme described above.

6.2 Function-Indexed Empirical Processes

In order to develop some chaining argument for empirical processes, the fol-
lowing Lemma is absolutely fundamental.

Lemma 6.6 Let G be some class of real valued measurable functions on Ξ.
Assume that there exists some positive numbers v and c such that for all g ∈ G
and all integers k ≥ 2

n∑
i=1

E

[
|g (ξi)|k

]
≤ k!

2
vck−2.

If G has finite cardinality N then, for all measurable set A with P [A] > 0

E
A

[
sup
g∈G

Sn (g)
]
≤
√

2v ln
(

N

P [A]

)
+ c ln

(
N

P [A]

)
. (6.24)

Proof. We know from the proof of Bernstein’s inequality (more precisely from
(2.21)) that for any positive λ and all g ∈ G

ln E [exp (λSn (g))] ≤ λ2v

2 (1 − cλ)
.
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Since

sup
λ>0

(
zλ− λ2v

2 (1 − cλ)

)
=

v

c2
h1

(cz
v

)

where h1 (u) = 1 + u−
√

1 + 2u for any positive u, we can apply Lemma 2.3
with h = v

c2h1. Since h−1
1 (u) = u +

√
2u for u > 0, the conclusion of Lemma

2.3 leads to Lemma 6.6.

Remark 6.7 Lemma 6.6 typically applies for a class of uniformly bounded
functions. Indeed, if we assume that there exists some positive numbers v and
a such that for all g ∈ G

n∑
i=1

E
[
g2 (ξi)

]
≤ v and ‖g‖∞ ≤ a,

then the assumptions of Lemma 6.6 are fulfilled with c = a/3.

An exponential bound under L2-bracketing assumptions
We are in position to state

Theorem 6.8 Let F be some countable class of real valued and measurable
functions on Ξ. Assume that there exists some positive numbers σ and b such
that for all f ∈ F and all integers k ≥ 2

1
n

n∑
i=1

E

[
|f (ξi)|k

]
≤ k!

2
σ2bk−2.

Assume furthermore that for any positive number δ, there exists some finite
set Bδ of brackets covering F such that for any bracket [g1, g2] ∈ Bδ

1
n

n∑
i=1

E

[
(g2 − g1)k (ξi)

]
≤ k!

2
δ2bk−2

all integers k ≥ 2. Let eH(δ) denote the minimal cardinality of such a covering.
There exists some absolute constant κ such that, for any ε ∈ ]0, 1] and any
measurable set A with P [A] > 0, we have

E
A

[
sup
f∈F

Sn (f)

]
≤ E + (1 + 6ε)σ

√
2n ln

(
1

P [A]

)
+ 2b ln

(
1

P [A]

)
, (6.25)

where
E =

κ

ε

√
n

∫ εσ

0

√
H (u) ∧ ndu + 2 (b + σ)H (σ)

(κ = 27 works).
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Applying Lemma 2.4 with ϕ (x) = E + (1 + 6ε)σ
√

2nx + bx immediately
yields the following exponential inequality.

Corollary 6.9 Under the assumptions of Theorem 6.8 we have that for any
ε ∈ ]0, 1] and all positive number x

P

[
sup
f∈F

Sn (f) ≥ E + (1 + 6ε)σ
√

2nx + 2bx

]
≤ exp (−x) ,

where for some absolute constant κ

E =
κ

ε

√
n

∫ εσ

0

√
H (u) ∧ ndu + 2 (b + σ)H (σ)

(κ = 27 works).

We now turn to the proof of Theorem 6.8.
Proof. We write p for P [A] for short. For any positive δ, we consider some
covering of F by a set of brackets Bδ with cardinality eH(δ) such that for any
bracket [g1, g2] ∈ Bδ

1
n

n∑
i=1

E

[
(g2 − g1)k (ξi)

]
≤ k!

2
δ2bk−2

all integers k ≥ 2. For any integer j we set δj = εσ2−j and consider for
any function f ∈ F , some bracket

[
fLj , f

U
j

]
∈ Bδj

containing f . Moreover we
define the cumulative function

H (δ) =
∑
δj≥δ

H (δj) ,

for all δ ≤ δ0. We then set Πjf = fUj and ∆jf = fUj − fLj , so that the
bracketing assumptions imply that for all f ∈ F and all integers j,

0 ≤ Πjf − f ≤ ∆jf (6.26)

1
n

n∑
i=1

E

[
(∆jf)2 (ξi)

]
≤ δ2

j (6.27)

and for all integers k ≥ 2

1
n

n∑
i=1

E

[
|f (ξi)|k

]
≤ k!

2
σ2bk−2, (6.28)

1
n

n∑
i=1

E
[
∆k

0f (ξi)
]
≤ k!

2
δ2
0b
k−2. (6.29)
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We have in view to use an adaptive truncation argument. Towards this aim,
we introduce for all integer j

aj = δj

√
3n

H (δj+1) − ln (p)
(6.30)

and define
τf = min {j ≥ 0 : ∆jf > aj} ∧ J ,

where J is some given integer to be chosen later. We notice that for any integer
τ and all f ∈ F

f = Π0f + (f −Πτf ∧Πτ−1f) + (Πτf ∧Πτ−1f −Πτ−1f)

+
τ−1∑
j=1

(Πjf −Πj−1f) ,

where Π−1 = Π0 and the summation extended from 1 to τ − 1 is taken to be
0 whenever τ = 0 or τ = 1. We use this decomposition with τ = τf . In that
case we can furthermore write

f −Πτff ∧Πτf−1f =
J∑
j=0

(f −Πjf ∧Πj−1f) 1lτf=j

and

Πτff ∧Πτf−1f −Πτf−1f =
J∑
j=1

(Πjf ∧Πj−1f −Πj−1f) 1lτf=j ,

from which we derive that,

E
A

[
sup
f∈F

Sn (f)

]
≤ E1 + E2 + E3 (6.31)

where

E1 = E
A

[
sup
f∈F

Sn (Π0f)

]

E2 =
J∑
j=0

E
A

[
sup
f∈F

Sn ((f −Πjf ∧Πj−1f) 1lτf=j)

]

and either E3 = 0 whenever J = 0 or otherwise

E3 =
J∑
j=1

E
A

[
sup
f∈F

Sn (ρjf)

]
,

where for every j ≤ J

ρjf = (Πjf ∧Πj−1f −Πj−1f) 1lτf=j + (Πjf −Πj−1f) 1lτf>j .

It remains to control these three quantities.
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Control of E1

We note that Π0 ranges in a set of functions with cardinality bounded by
exp (H (δ0)). Moreover, by Minkovski’s inequality we have

(
1
n

n∑
i=1

E

[
|Π0f (ξi)|k

]) 1
k

≤
(

1
n

n∑
i=1

E

[
|f (ξi)|k

]) 1
k

+

(
1
n

n∑
i=1

E
[
∆k

0f (ξi)
]
) 1

k

.

Hence, it comes from inequalities (6.28) and (6.29) that

(
1
n

n∑
i=1

E

[
|Π0f (ξi)|k

]) 1
k

≤
(
σ2/k + δ

2/k
0

)(k!
2
bk−2

) 1
k

from which we derive by using the concavity of the function x → x2/k

1
n

n∑
i=1

E

[
|Π0f (ξi)|k

]
≤ k!

2
(σ + δ0)2 (2b)k−2 .

Therefore we get by applying Lemma 6.6

E1 ≤ (1 + ε)
(
σ
√

2n (H (δ0) − ln (p)) + 2b (H (δ0) − ln (p))
)

≤ 2
√

2σ
√
n
√

H (δ0) + 2bH (δ0) + (1 + ε)σ

√
2n ln

(
1
p

)

+ 2b ln
(

1
p

)
.

Control of E2

By (6.26) we have 0 ≤ Πjf ∧Πj−1f − f ≤ ∆jf for all j ∈ N and f ∈ F ,
which implies that

E2 ≤
J∑
j=0

sup
f∈F

n∑
i=1

E [(∆jf1Iτf=j) (ξi)] .

For all integer j < J , τf = j implies that ∆jf > aj , hence by inequality
(6.27)

n∑
i=1

E [(∆jf1lτf=j) (ξi)] ≤
n∑
i=1

E
[(
∆jf1l∆jf>aj

)
(ξi)

]
≤ n

δ2
j

aj
.

Moreover by Cauchy–Schwarz inequality and inequality (6.27) again we have

n∑
i=1

E [(∆Jf1Iτf=J) (ξi)] ≤
n∑
i=1

E [(∆Jf) (ξi)] ≤ nδJ .
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Collecting these bounds and using the definition of the truncation levels given
by (6.30) we get if J > 0

E2 ≤
√
n

J−1∑
j=0

δj

√
H (δj+1) +

√
n

√
ln
(

1
p

) J−1∑
j=0

δj + nδJ

≤ 2√
3

√
n

J∑
j=1

δj

√
H (δj) + nδJ +

√
2
3
εσ

√
2n ln

(
1
p

)
,

or
E2 ≤ nδ0

whenever J = 0.

Control of E3

We may assume that J > 0 otherwise E3 = 0.

• We note that for all j < J

(τf > j) = (∆0f ≤ a0, . . . ,∆jf ≤ aj)

and
(τf = J) = (∆0f ≤ a0, . . . ,∆jf ≤ aJ) .

Hence for any integer j in [1, J ] , the cardinality of the set of functions

ρjf = (Πjf ∧Πj−1f −Πj−1f) 1lτf=j + (Πjf −Πj−1f) 1lτf>j

when f varies in F , is bounded by exp (H (δj)). Given j in [1, J ], our aim
is now to bound |ρjf |. We consider two situations.

• If Πjf ≤ Πj−1f , then ρjf = (Πjf −Πj−1f) 1lτf≥j and by (6.26) it implies
that

0 ≤ −ρjf ≤ ∆j−1f1lτf≥j .

• If Πjf > Πj−1f , then ρjf = (Πjf −Πj−1f) 1lτf>j and therefore we get
via (6.26) again that

0 ≤ ρjf ≤ ∆jf1lτf>j .

It follows that in any case

|ρjf | ≤ max (∆j−1f1lτf≥j ,∆jf1lτf>j) ,

from which we deduce that, on the one hand ‖ρjf‖∞ ≤ max (aj−1, aj) ≤ aj−1

and on the other hand by (6.27) and Minkovski’s inequality

(
1
n

n∑
i=1

E

[
(ρjf)2 (ξi)

]) 1
2

≤ δj + δj−1 ≤ 3δj .
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We can now apply Lemma 6.6 together with Remark 6.7 and get

E3 ≤
J∑
j=1

3δj
√

2n (H (δj) − ln (p)) +
aj−1

3
(H (δj) − ln (p)) .

Using the definition of the levels of truncation (6.30) this becomes

E3 ≤
√
n

J∑
j=1

(
3
√

2δj +
1√
3
δj−1

)√
(H (δj) − ln (p))

≤
√
n

J∑
j=1

(
3
√

2 +
2√
3

)
δj

(√
H (δj) +

√
ln

1
p

)

and therefore

E3 ≤
√
n

(
3
√

2 +
2√
3

)⎛
⎝

J∑
j=1

δj

√
H (δj)

⎞
⎠

+

(
3 +

√
2
3

)
εσ

√
2n ln

(
1
p

)
.

End of the proof

It remains to collect the inequalities above and to choose J properly. If
J > 0 we derive from (6.31) that

E
A

[
sup
f∈F

Sn (f)

]
≤

√
n

ε

(
3
√

2 +
4√
3

)⎛
⎝

J∑
j=0

δj

√
H (δj)

⎞
⎠ + 2bH (δ0)

+ nδJ +

(
1 +

(
4 + 2

√
2
3

)
ε

)
σ

√
2n ln

(
1
p

)

+ 2b ln
(

1
p

)
. (6.32)

Now

J∑
j=0

δj

√
H (δj) ≤

J∑
j=0

δj

(
j∑

k=0

√
H (δk)

)
≤

J∑
k=0

√
H (δk)

⎛
⎝

J∑
j=k

δj

⎞
⎠

≤ 2
J∑
k=0

δk
√

H (δk)
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and therefore using the monotonicity of the function H we get

J∑
j=0

δj

√
H (δj) ≤ 4

∫ δ0

δJ+1

√
H (x) ∧H (δJ)dx. (6.33)

Let us consider the set J = {j ∈ N : H (δj) ≤ n}. If it is not bounded this
means that H (x) ≤ n for all positive x. We can therefore derive inequality
(6.25) and derive from (6.32) and (6.33) by letting J goes to infinity. We can
now assume the set J to be bounded. Then either J is empty and we set
J = 0 or it is not empty and we define J to be the largest element of J .
The point is that according to this definition of J we have H (δJ+1) > n and
therefore

√
n

∫ δJ+1

0

√
H (x) ∧ ndx ≥ nδJ+1 ≥

nδJ
2

. (6.34)

It remains to consider two cases.

• If J = 0, then

E1 + E2 + E3 ≤ 2σ
√
n
√

2H (δ0) + 2bH (δ0) + nδ0

+ (1 + ε)σ

√
2n ln

(
1
p

)
+ 2b ln

(
1
p

)

and since 2
√
n
√

2H (δ0) ≤ n + 2H (δ0),

E1 + E2 + E3 ≤ 2 (b + σ)H (δ0) + n (δ0 + σ)

+ (1 + ε)σ

√
2n ln

(
1
p

)
+ 2b ln

(
1
p

)
.

We derive from inequality (6.34) that

2
√
n

∫ δ0

0

√
H (x) ∧ ndx ≥ nδ0

and we can easily conclude that inequality (6.25) holds via (6.31).
• If J > 0, then it comes from the definition of J that H (δJ) ≤ n. Hence

we derive from (6.33) that

J∑
j=0

δj

√
H (δj) ≤ 4

∫ δ0

δJ+1

√
H (x) ∧ ndx

which combined to (6.34) yields inequality (6.25) thanks to (6.32). This
achieves the proof of Theorem 6.8.
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Density Estimation via Model Selection

7.1 Introduction and Notations

One of the most studied problem in nonparametric statistics is density estima-
tion. Suppose that one observes n independent random variables X1, . . . , Xn

valued in some measurable space (X,X ) with distribution P and assume that
P has an unknown density with respect to some given and known positive mea-
sure µ. Our purpose is to estimate this density with as few prior information
as possible (especially on the smoothness of the density). We wish to gener-
alize the approach developed in the Gaussian case. The first problem that we
have to face with is that in the Gaussian case the least squares criterion was
exactly equivalent to the maximum likelihood criterion. In the density estima-
tion framework, this is no longer true. This is the reason why we shall indeed
study two different model selection penalized criteria, either penalized least
squares or penalized log-likelihood. For least squares we shall translate the
Gaussian model selection theorem for linear models in the density estimation
context, while for maximum likelihood, we shall do the same for histograms
and follow an other path (more general but less precise) to deal with arbi-
trary models. The main sources of inspiration for this chapter are [20], [34]
and [12]. As it is well known Kullback–Leibler information and Hellinger dis-
tance between two probability measures P and Q can be computed from the
densities of P and Q with respect to µ and these calculations do not depend
on the dominating measure µ. All along this chapter we shall therefore abu-
sively use the following notations. Setting f = dP/dµ and g = dQ/dµ we shall
write K (f, g) or K (P,Q) indifferently for the Kullback–Leibler information

∫
f ln

(
f

g

)
dµ, whenever P � Q

and h2 (f, g) or h2 (P,Q) indifferently for the squared Hellinger distance

1
2

∫ (√
f −√

g
)2

dµ.
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More generally when a quantity of the form
∫

ψ (f, g) dµ

does not depend on the dominating measure µ, we shall note it
∫

ψ (dP, dQ) .

From a technical point of view, the major difference with respect to the
Gaussian case is that we shall face to boundedness. This will be true both for
least squares and maximum likelihood. This is not surprising for least squares
since using this loss function for estimating a density structurally leads to
integrability problems. This is also true for maximum likelihood. One reason
is that the Kullback–Leibler loss which is naturally linked to this procedure
behaves nicely when it is conveniently connected to the square Hellinger loss
and this holds true only under appropriate boundedness assumptions. Another
reason is that the log-likelihood itself appears as the sum of not necessarily
bounded random variables.

7.2 Penalized Least Squares Model Selection

We write this unknown density as f = s0 + s, where s0 is a given and known
bounded function (typically we shall take s0 ≡ 0 or s0 ≡ 1) and

∫
s s0

dµ = 0. Our purpose is to estimate s by using as few prior information on
s as possible. Moreover all along Section 7.2, the measure µ will be assumed
to be a probability measure. The approach that we wish to develop has a
strong analogy with the one used in Chapter 4 in the Gaussian framework.
Basically, we consider some countable collection of models {Sm}m∈M , some
least squares criterion γn : L2 (µ) → R and some penalty function pen : M →
R+. Note that pen possibly depends on the observations X1, . . . , Xn but not
on s. We then consider for every m ∈ M, the least squares estimator (LSE)
within model Sm (if it exists!)

ŝm = argmint∈Sm
γn (t)

and define the model selection procedure

m̂ = argminm∈M (γn (ŝm) + pen (m)) .

We finally estimate s by the penalized LSE

s̃ = ŝ
m̂

.

Before defining the empirical contrast that we intend to study, let us fix some
notations that we shall use all along this chapter.
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Definition 7.1 We denote by 〈·, ·〉, respectively by ‖·‖, the scalar product,
respectively the norm in L2 (µ). We consider the empirical probability measure
Pn associated with the sample X1, . . . , Xn and the centered empirical measure
νn = Pn − P . For any P -integrable function t on (X,X ), one therefore has

νn (t) = Pn (t) − P (t) =
1
n

n∑
i=1

t (Xi) −
∫

X

t (x) dP (x) .

The adequate way of defining the empirical criterion γn as a least squares
criterion for density estimation is to set for every t ∈ L2 (µ)

γn (t) = ‖t‖2 − 2Pn (t) .

Similarly to the Gaussian least squares studied in Chapter 4, we see that
whenever Sm is a linear finite dimensional model orthogonal to s0 in L2 (µ),
the corresponding LSE ŝm does exist and is merely the usual empirical pro-
jection estimator on Sm. Indeed if we consider Sm to be a linear space of
dimension Dm with orthonormal basis (relatively to the scalar product in
L2 (µ)) {ϕλ,m}λ∈Λm

, one can write ŝm as

ŝm =
∑
λ∈Λm

β̂λ,mϕλ,m with β̂λ,m = Pn (ϕλ,m) for all λ ∈ Λm. (7.1)

Once a penalty function is given, we shall call penalized LSE the corresponding
penalized estimator. More precisely we state.

Definition 7.2 Let X1, . . . , Xn be a sample of the distribution P = (s0 + s)µ
where s0 is a given and known bounded function and

∫
s s0 dµ = 0. Denoting

by Pn the empirical probability measure associated with X1, . . . , Xn, we define
the least squares criterion on L2 (µ) as

γn (t) = ‖t‖2 − 2Pn (t) for all t ∈ L2 (µ) .

Given some countable collection of linear finite dimensional models {Sm}m∈M,
each model being orthogonal to s0, and some penalty function pen : M → R+,
the penalized LSE s̃ associated with the collection of models {Sm}m∈M and
the penalty function pen is defined by

s̃ = ŝ
m̂

,

where, for all m ∈M, ŝm = argmint∈Sm
γn (t) and m̂ minimizes the penalized

least squares criterion
γn (ŝm) + pen (m) .

Our purpose is to study the properties of the penalized LSE. In particular
we intend to show that adequate choices of the penalty function allow to in-
terpret some well known adaptive estimators as penalized LSE. The classical
estimation procedures that we have in mind are cross-validation or hard
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thresholding of the empirical coefficients related to some orthonormal basis.
The main issue will be to establish risk bounds and discuss various strategies
for choosing the penalty function or the collection of models. We will also
show that these risk bounds imply that the penalized LSE are adaptive in the
minimax sense on various collections of parameter spaces which directly de-
pend on the collection of models {Sm}m∈M. It is worth recalling that the least
squares estimation criterion is no longer equivalent (unlike in the Gaussian
framework) to a maximum likelihood criterion. The next section will be de-
voted to a specific study of the penalized MLEs which can also be defined in
analogy to the penalized LSE in the Gaussian framework.

7.2.1 The Nature of Penalized LSE

We focus on penalized LSE defined from a collection of finite dimensional
linear models. Note that if Sm is a linear finite dimensional model, then one
derives from 7.1 that

γn (ŝm) = −
∑
λ∈Λm

β̂2
λ,m = −‖ŝm‖2

so that, given some penalty function pen : M → R+, our model selection
criterion can be written as

m̂ = argminm∈M

(
−‖ŝm‖2 + pen (m)

)
. (7.2)

We see that this expression is very simple. It allows to interpret some well
known adaptive estimators as penalized LSE.

Connection with Other Adaptive Density Estimation Procedures

Several adaptive density estimators are indeed defined from data-driven selec-
tion procedures within a given collection of LSEs. Some of these procedures
can be interpreted as model selection via penalized least squares procedures.
This is what we want to show for two important examples: unbiased cross-
validation and hard thresholding.

Cross-Validation

Unbiased cross-validation has been introduced by Rudemo (see [104]) for his-
togram or kernel estimation. In the context of least squares estimation, it
provides a data-driven method for selecting the order of an expansion. To
put it in a model selection language, let us consider some nested collection of
finite dimensional linear models {Sm}m∈M, which means that the mapping
m → Dm is one to one and that Dm < Dm′ implies that Sm ⊂ Sm′ . The
unbiased cross-validation method is based upon the following heuristics. An
ideal model should minimize ‖s− ŝm‖2 or equivalently ‖ŝm‖2 − 2

∫
ŝmsdµ
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with respect to m ∈ M. Since this quantity involves the unknown s, it has
to be estimated and the unbiased cross-validation method defines m̂ as the
minimizer with respect to m ∈ M of

‖ŝm‖2 − 2
n (n− 1)

∑
i�=i′

∑
λ∈Λm

ϕλ,m (Xi)ϕλ,m (Xi′) ,

where {ϕλ,m}λ∈Λm
is an orthonormal basis of Sm. The cross-validated esti-

mator of s is then defined as ŝ
m̂

. Since

‖ŝm‖2 =
1
n2

∑
i,i′

∑
λ∈Λm

ϕλ,m (Xi)ϕλ,m (Xi′)

one finds m̂ as the minimizer of

−n + 1
n− 1

‖ŝm‖2 +
2

(n− 1)
Pn

( ∑
λ∈Λm

ϕ2
λ,m

)

or equivalently of

−‖ŝm‖2 +
2

(n + 1)
Pn

( ∑
λ∈Λm

ϕ2
λ,m

)
.

If we introduce the function

Φm = sup
{
t2 : t ∈ Sm, ‖t‖2 = 1

}

the quantity
∑
λ∈Λm

ϕ2
λ,m is easily seen to be exactly equal to Φm. Therefore

it depends only on Sm and not on a particular choice of the orthonormal basis
{ϕλ,m}λ∈Λm

. Now

m̂ = argminm∈M

(
−‖ŝm‖2 +

2
(n + 1)

Pn (Φm)
)

,

and it follows from 7.2 that the cross-validated estimator of s is a penalized
LSE with penalty function

pen (m) =
2

(n + 1)
Pn (Φm) . (7.3)

Hard Thresholding Estimators

Let {ϕλ}λ∈Λn
be a finite orthonormal system in L2 (µ) with |Λn| = Nn. Denot-

ing by β̂λ the empirical coefficient Pn (ϕλ) for λ ∈ Λn, the hard thresholding
estimator introduced in the density estimation context for wavelet basis by
Donoho, Johnstone, Kerkyacharian and Picard (see [54]) is defined as

∑
λ∈Λ0

β̂λϕλ +
∑
λ/∈Λ0

β̂λ1l{
β̂2

λ
>L(n)/n

}ϕλ, (7.4)
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where Λ0 is a given finite subset of Λn (with cardinality not depending on n)
and L (n) is an adequate (possibly random) function of n which is typically
taken as some constant times lnn in [54]. To put it in a model selection
framework, we simply take M as the collection of all subsets m of Λn such
that Λ0 ⊆ m. Taking Sm as the linear span of {ϕλ}λ∈m and defining the
penalty function as pen (m) = L (n) |m| /n, we derive from 7.2 that

γn (ŝm) + pen (m) = −
∑
λ∈m

β̂2
λ +

L (n) |m|
n

= −
∑
λ∈Λ0

β̂2
λ +

L (n) |Λ0|
n

−
∑

λ∈m/Λ0

(
β̂2
λ −

L (n)
n

)
.

From the latter identity it is clear that a minimizer m̂ of γn (ŝm) + pen (m)
over M is given by

m̂ = Λ0 ∪
{
λ ∈ Λn/Λ0 : β̂2

λ −
L (n)
n

> 0
}

which means that the penalized LSE ŝ
m̂

is exactly equal to the hard thresh-
olding estimator defined by 7.4.

Risk Bounds and Choice of the Penalty Function?

Given some countable collection of linear finite dimensional models
{Sm}m∈M, each of them being orthogonal to s0, and some penalty func-
tion pen : M → R+, the study of the risk of the corresponding penalized LSE
s̃ can be analyzed thanks to a fundamental though elementary inequality.
Indeed, by definition of s̃ we have whatever m ∈M and sm ∈ Sm

γn (s̃) + pen (m̂) ≤ γn (ŝm) + pen (m) ≤ γn (sm) + pen (m) .

Assuming that s ∈ L2 (µ), we note that for all t ∈ L2 (µ) which is orthogonal
to s0

γn (t) = ‖t‖2 − 2 〈s, t〉 − 2νn (t) = ‖s− t‖2 − ‖s‖2 − 2νn (t) .

This leads to the following interesting control on the distance between s and s̃

‖s− s̃‖2 ≤ ‖s− sm‖2 + 2νn (s̃− sm) − pen (m̂) + pen (m) , (7.5)

for all m ∈ M and sm ∈ Sm. Our approach consists in, starting from
inequality 7.5, to choose a penalty function in a way that it contributes to
dominate the fluctuation of the variable νn (s̃− sm). The trouble is that this
variable is not that easy to control. This is the reason why we need to use
empirical processes techniques. More precisely, we first write

νn (s̃− sm) ≤ ‖s̃− sm‖ sup
t∈Sm+S

m̂

νn (t− sm)
‖t− sm‖

,
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so that, setting
χn (m, m̂) = sup

t∈Sm+S
m̂

νn (t)
‖t‖

we get

‖s− s̃‖2 ≤ ‖s− sm‖2 + 2 ‖s̃− sm‖χn (m, m̂) − pen (m̂) + pen (m) .

Using twice the inequality

2ab ≤ θ−1a2 + θb2 (7.6)

for adequate values of the positive number θ (successively θ = ε/2 and
θ = 1 + (ε/2)), we derive that for any arbitrary positive number ε

2 (a + a′) b ≤ 2
ε
a2 +

2
2 + ε

a′2 + (1 + ε) b2.

Hence, the triangle inequality ‖s̃− sm‖ ≤ ‖s̃− s‖ + ‖s− sm‖ yields

2 ‖s̃− sm‖χn (m, m̂) ≤2
ε
‖s− sm‖2 +

2
2 + ε

‖s̃− s‖2

+ (1 + ε)χ2
n (m, m̂)

and therefore
ε

2 + ε
‖s̃− s‖2 ≤

(
1 +

2
ε

)
‖s− sm‖2 + (1 + ε)χ2

n (m, m̂)

− pen (m̂) + pen (m) . (7.7)

The model selection problem that we want to consider is subset selection
within a given basis. In fact if we consider a given finite orthonormal family
of functions {ϕλ}λ∈Λn

, we can define for any subset m of Λn, Sm to be the
linear span of {ϕλ}λ∈m. In such a case M is taken as a collection of subsets
of Λn and we note by Cauchy–Schwarz inequality that

χn (m, m̂) = sup
a∈Rm∪m̂,a�=0

∑
λ∈m∪m̂ aλνn (ϕλ)
[∑

λ∈m∪m̂ a2
λ

]1/2 ≤

⎡
⎣ ∑

λ∈m∪m̂

ν2
n (ϕλ)

⎤
⎦

1/2

,

which yields

ε

2 + ε
‖s̃− s‖2 ≤

(
1 +

2
ε

)
‖s− sm‖2 + (1 + ε)

∑

λ∈m∪m̂

ν2
n (ϕλ)

− pen (m̂) + pen (m) . (7.8)

We see that the main issue is to choose a penalty function which is large
enough to essentially annihilate the chi-square type statistics

∑

λ∈m∪m̂

ν2
n (ϕλ) .
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Achieving this program leads to a risk bound for s̃ as expected but requires to
control the chi-square type statistics

∑
λ∈m∪m′ ν2

n (ϕλ) for all values of m′ in
M simultaneously. The probabilistic tools needed for this are presented in the
next section. From inequality 7.8 we see that the penalty function pen (m′)
should be chosen at least as big as the expectation of (1 + ε)

∑
λ∈m′ ν2

n (ϕλ)
which is equal to (1 + ε)

∑
λ∈m′Var(ϕλ) /n. The dependency with respect to

the unknown underlying density s makes a difference with what we dealt
with in the Gaussian framework. This explains why in our forthcoming model
selection theorems, we propose several structures for the penalty function. We
either take deterministic penalty functions which dominate this expectation
term or data-driven penalty functions which overestimate it. But again, as in
the Gaussian case, we need exponential bounds.

Exponential Bounds for Chi-Square Type Statistics

More precisely it is our purpose now to derive exponential bounds for
chi-square type statistics from Bousquet’s version of Talagrand’s inequality.
A first possibility is to use a straightforward way.

Proposition 7.3 Let X1, . . . , Xn be independent and identically distributed
random variables valued in some measurable space (X,X ). Let P denote their
common distribution and νn be the corresponding centered empirical measure
(see Definition 7.1). Let {ϕλ}λ∈Λ be a finite family of measurable and bounded
functions on (X,X ). Let

ΦΛ =
∑
λ∈Λ

ϕ2
λ and VΛ = E [ΦΛ (X1)] .

Moreover, let SΛ =
{
a ∈ R

Λ :
∑
λ∈Λ a2

λ = 1
}

and

MΛ = sup
a∈SΛ

[
Var

(∑
λ∈Λ

aλϕλ (X1)

)]
.

Then, the following inequality holds for all positive x and ε

P

⎡
⎣
(∑
λ∈Λ

ν2
n (ϕλ)

)1/2

≥ (1 + ε)

√
VΛ
n

+

√
2xMΛ

n
+ κ (ε)

√
‖ΦΛ‖∞
n

x

⎤
⎦

≤ exp (−x) , (7.9)

where κ (ε) = 2
(
ε−1 + 1/3

)

Proof. We know that

χn (Λ) =

[∑
λ∈Λ

ν2
n (ϕλ)

]1/2

= sup
a∈SΛ

∣∣∣∣∣νn
[∑
λ∈Λ

aλϕλ

]∣∣∣∣∣ .



7.2 Penalized Least Squares Model Selection 209

Hence, if S ′
Λ is a dense subset of SΛ we also have

χn (Λ) = sup
a∈S′

Λ

∣∣∣∣∣νn
[∑
λ∈Λ

aλϕλ

]∣∣∣∣∣ .

We can apply inequality (5.50) to the countable set of functions
{∑
λ∈Λ

aλϕλ, a ∈ S ′
Λ

}

and get by (7.11) and by Cauchy–Schwarz inequality since for every a ∈ SΛ,∥∥∑
λ∈Λ aλϕλ

∥∥
∞ ≤

√
‖ΦΛ‖∞

P

[
χn (Λ) ≥ (1 + ε) E [χn (Λ)] +

√
2MΛx

n
+ κ (ε)

√
‖ΦΛ‖∞
n

x

]

≤ exp (−x) ,

for all positive x. Now

E
[
χ2
n (Λ)

]
=

1
n

∑
λ∈Λ

Var (ϕλ (X1)) ≤ VΛ
n

,

so by Jensen’s inequality

E [χn (Λ)] ≤
(
E
[
χ2
n (Λ)

])1/2 ≤
√

VΛ
n

(7.10)

which implies 7.9.
By refining somehow the previous arguments it is possible to derive from

(5.50) another inequality which is a little more subtle and especially well fitted
to the purpose of controlling many chi-square type statistics simultaneously. . .

Proposition 7.4 Let X1, . . . , Xn be independent and identically distributed
random variables valued in some measurable space (X,X ). Let P denote their
common distribution and νn be the corresponding centered empirical measure
(see Definition 7.1). Let {ϕλ}λ∈Λ be a finite family of measurable and bounded
functions on (X,X ). Let ε > 0 be given. Consider the sets

SΛ =

{
a ∈ R

Λ :
∑
λ∈Λ

a2
λ = 1

}
and CΛ =

{
a ∈ R

Λ : sup
λ∈Λ

|aλ| = 1
}

and define

M = sup
a∈SΛ

[
Var

(∑
λ∈Λ

aλϕλ (X1)

)]
, B = sup

a∈CΛ

[∥∥∥∥∥
∑
λ∈Λ

aλϕλ

∥∥∥∥∥
∞

]
. (7.11)
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Let moreover for any subset m of Λ

Φm =
∑
λ∈m

ϕ2
λ and Vm = E [Φm (X1)] .

Then, setting κ (ε) = 2
(
ε−1 + 1/3

)
, there exists some event Ωn (depending

on ε) such that on the one hand

P [Ωc
n] ≤ 2 |Λ| exp

(
−η (ε)

nM

B2

)

where

η (ε) =
2ε2

κ (ε)
(
κ (ε) + 2ε

3

)

and, on the other hand for any subset m of Λ and any positive x

P

⎡
⎣
(∑
λ∈m

ν2
n (ϕλ)

)1/2

1lΩn
≥ (1 + ε)

(√
Vm
n

+

√
2Mx

n

)⎤
⎦ ≤ e−x. (7.12)

Proof. Let θ, z be positive numbers to be chosen later and Ωn be defined by

Ωn =
{

sup
λ∈Λ

|νn (ϕλ)| ≤ θ

}
.

For any a ∈ Sm, it follows from Cauchy–Schwarz inequality that

χn (m) =

[∑
λ∈m

ν2
n (ϕλ)

]1/2

≥
∣∣∣∣∣
∑
λ∈m

aλνn (ϕλ)

∣∣∣∣∣

with equality when aλ = νn (ϕλ) (χn (m))−1 for all λ ∈ m. Hence, defining A
to be the set of those elements a ∈ Sm satisfying |a|2 = 1 and supλ∈Λ |aλ| ≤
θ/z, we have that on the event Ωn ∩ {χn (m) ≥ z}

χn (m) = sup
a∈A

∣∣∣∣∣
∑
λ∈m

aλνn (ϕλ)

∣∣∣∣∣ = sup
a∈A

∣∣∣∣∣νn
(∑
λ∈m

aλϕλ

)∣∣∣∣∣ . (7.13)

Taking A′ to be a countable and dense subset of A we have

sup
a∈A′

∣∣∣∣∣νn
[∑
λ∈m

aλϕλ

]∣∣∣∣∣ = sup
a∈A

∣∣∣∣∣νn
(∑
λ∈m

aλϕλ

)∣∣∣∣∣ .

We can apply inequality (5.50) to the countable set of functions
{∑
λ∈m

aλϕλ, a ∈ A′

}
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and get by (7.11)

P

[
sup
a∈A

∣∣∣∣∣νn
(∑
λ∈m

aλϕλ

)∣∣∣∣∣ ≥ (1 + ε)E +

√
2Mx

n
+ κ (ε)

Bθ

nz
x

]
≤ e−x (7.14)

for all positive x, where by (7.10)

E = E

[
sup
a∈A′

∣∣∣∣∣νn
(∑
λ∈m

aλϕλ

)∣∣∣∣∣

]
≤ E (χn (m)) ≤

√
Vm
n

.

Hence we get by (7.13) and (7.14)

P

[
χn (m) 1lΩn∩{χn(m)≥z} ≥ (1 + ε)

√
Vm
n

+

√
2Mx

n
+ κ (ε)

Bθ

nz
x

]
≤ e−x.

If we now choose z =
√

2Mx/n and θ = 2εM [Bκ (ε)]−1, we get

P

[
χn (m) 1lΩn

≥ (1 + ε)

(√
Vm
n

+

√
2Mx

n

)]
≤ e−x.

On the other hand, Bernstein’s inequality (2.24) ensures that

P [|νn (ϕλ)| ≥ θ] ≤ 2 exp
(
− nθ2

2 (M + Bθ/3)

)
≤ 2 exp

(
−η (ε)

nM

B2

)

where

η (ε) =
2ε2

κ (ε)
(
κ (ε) + 2ε

3

) ,

which leads to the required bound on P [Ωc
n] since

P [Ωc
n] ≤ |Λ| sup

λ∈Λ
P [|νn (ϕλ)| ≥ θ] .

This achieves the proof of the theorem.
Each of the two exponential inequalities for chi-square type statistics that

we have established in Proposition 7.3 and Proposition 7.4 above can be
applied to penalized least squares. Proposition 7.3 is well suited for rather
small collection of models (typically nested) while Proposition 7.4 can be
fruitfully used as a sub-Gaussian inequality when dealing with subset model
selection within a conveniently localized basis (typically a wavelet basis).

7.2.2 Model Selection for a Polynomial Collection of Models

We consider a polynomial collection of model {Sm}m∈M in the sense that for
some nonnegative constants Γ and R

|{m ∈ M : Dm = D}| ≤ ΓDR for all D ∈ N (7.15)
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where, for every m ∈ M, Dm denotes the dimension of the linear space Sm.
This situation typically occurs when the collection of models is nested that is
totally ordered for inclusion. Indeed in this case the collection is polynomial
with Γ = 1 and R = 0.

Deterministic Penalty Functions

Our first model selection theorem for LSE deals with deterministic penalty
functions.

Theorem 7.5 Let X1, . . . , Xn be a sample of the distribution P = (s0 + s)µ
where s0 is a given function in L2 (µ) and s ∈ L2 (µ) with

∫
s s0 dµ = 0.

Let {ϕλ}λ∈Λ be some orthonormal system of L2 (µ), orthogonal to s0. Let
{Sm}m∈M be a collection of linear subspaces of L2 (µ) such that for every m ∈
M, Sm is spanned by {ϕλ}λ∈Λm

where Λm is a subset of Λ with cardinality
Dm ≤ n. Assume that the polynomial cardinality condition 7.15 holds. Let for
every m ∈ M

Φm (x) = sup
{
t2 (x) : t ∈ Sm, ‖t‖2 = 1

}
for all x ∈ X.

Assume that for some positive constant Φ the following condition holds

‖Φm‖∞ ≤ ΦDm for all m ∈ M. (7.16)

Let ε > 0 be given. Take the penalty function as

pen (m) = (1 + ε)6
ΦDm

n
for all m ∈M. (7.17)

Let s̃ be the penalized LSE associated with the collection of models {Sm}m∈M
and the penalty function pen according to Definition 7.2. Then,

Es

[
‖s̃− s‖2

]
≤C (ε, Φ) inf

m∈M

[
d2 (s, Sm) +

Dm

n

]

+
C ′ (ε, Φ, Γ )

(
1 ∨ ‖s‖4+2R

)

n
. (7.18)

Proof. Let m ∈ M and m′ ∈ M be given. We have in view to apply Propo-
sition 7.3 to the variable

χ2
n (m,m′) = sup

t∈Sm+Sm′

ν2
n (t)
‖t‖2 .

Towards this aim we recall that Sm and Sm′ are spanned by the orthonormal
bases {ϕλ}λ∈Λm

and {ϕλ}λ∈Λm′ respectively, so that {ϕλ}λ∈Λm∪Λm′ is a basis
of Sm + Sm′ . Then

χ2
n (m,m′) =

∑
λ∈Λm∪Λm′

ϕ2
λ
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and we can therefore apply Proposition 7.3. Noticing that
∑

λ∈Λm∪Λm′

ϕ2
λ ≤

∑
λ∈Λm

ϕ2
λ +

∑
λ∈Λm′

ϕ2
λ ≤ Φm + Φm′

we derive from inequality (7.9) that for all positive xm′

√
nχn (m,m′) ≤ (1 + ε)

√
Vm + Vm′ +

√
2xm′Mm,m′

+ κ (ε)xm′

√
‖Φm‖∞ + ‖Φm′‖∞

n
,

except on a set of probability less than exp (−xm′), where

Mm,m′ = sup
{∫

X

s (x) t2 (x) dµ (x) : t ∈ Sm + Sm′ and ‖t‖ = 1
}

.

In order to bound Mm,m′ , we note that any t ∈ Sm + Sm′ can be written as

t =
∑

λ∈Λm∪Λm′

aλϕλ

and so by Cauchy–Schwarz

‖t‖∞ ≤ ‖t‖

√√√√√
∥∥∥∥∥∥

∑
λ∈Λm∪Λm′

ϕ2
λ

∥∥∥∥∥∥
∞

≤ ‖t‖
√
‖Φm‖∞ + ‖Φm′‖∞.

Also, by Cauchy–Schwarz again we have
∫

X

s (x) t2 (x) dµ (x) ≤ ‖t‖∞ ‖s‖ ‖t‖

and therefore
Mm,m′ ≤ ‖s‖

√
‖Φm‖∞ + ‖Φm′‖∞. (7.19)

Moreover, we derive from assumption (7.16) that

‖Φm‖∞ + ‖Φm′‖∞ ≤ Φ (Dm + Dm′) ≤ 2Φn, (7.20)

hence, if we consider some positive constants ρ, ε′ and z to be chosen later,

by taking xm′ = z + ρ2
(√

Φ (‖s‖ ∨ 1)
)−1 √

Dm′ and setting

Σ =
∑
m′∈M

exp
[
−ρ2

(√
Φ (‖s‖ ∨ 1)

)−1 √
Dm′

]
,
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we get by summing over m′ in M the probability bounds above and using
(7.19) together with (7.20)

√
nχn (m,m′) ≤ (1 + ε)

(√
Vm +

√
Vm′

)

+ 2
√

2xm′ ‖s‖
√
Φ
(√

Dm +
√

Dm′
)

+ κ (ε)xm′
√

2Φ

for all m′ ∈M, except on a set of probability less than Σe−z. Let ρ be some
positive constant to be chosen later. By inequality (7.6) we have

2
√

xm′ ‖s‖
√
Φ
(√

Dm +
√

Dm′
)
≤ ρ−1 ‖s‖

√
Φxm′ + ρ

(√
Dm +

√
Dm′

)
,

hence, except on a set of probability less than Σe−z the following inequality
holds

√
nχn (m, m̂) ≤ Wm (z) + (1 + ε)

√
V
m̂

+
√

2D
m̂

[
2ρ + κ (ε) ρ2

]

where since Vm ≤ ΦDm, one can take

Wm (z) = (1 + ε)
√

ΦDm +
√

2
[
ρ
√

Dm + (‖s‖ ∨ 1)
√
Φz

(
κ (ε) +

1
ρ

)]
.

(7.21)
Choosing ρ such that

2ρ + κ (ε) ρ2 =
ε′√
2

yields √
nχn (m, m̂) ≤ Wm (z) + (1 + ε)

√
V
m̂

+ ε′
√

D
m̂

(7.22)

except on a set of probability less than Σe−z. We finish the proof by plugging
this inequality in (7.7). Indeed by (7.6) we derive from (7.22) that, except on
a set of probability less than Σe−z

[
n

(1 + ε)2

]
χ2
n (m, m̂) ≤ W 2

m (z)
ε (1 + ε)

+ (1 + ε)
(√

V
m̂

+ ε′
√

D
m̂

)2

which in turn, by choosing ε′ = ε
√
Φ implies since V

m̂
≤ ΦD

m̂

(1 + ε)χ2
n (m, m̂) ≤ (1 + ε)2 W 2

m (z)
εn

+ pen (m̂) .

So that we get by (7.7)

ε

2 + ε
‖s̃− s‖2 ≤

(
1 +

2
ε

)
‖s− sm‖2 +

(1 + ε)2 W 2
m (z)

εn
+ pen (m) (7.23)
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except on a set of probability less than Σe−z and it remains to integrate this
probability bound with respect to z. By (7.21) we get

W 2
m (z) ≤ 2

[(
(1 + ε)

√
Φ +

√
2ρ
)2

Dm + 2 (‖s‖ ∨ 1)2 Φz2

(
κ (ε) +

1
ρ

)2
]

and therefore integrating with respect to z, we derive from (7.23) that

ε

2 + ε
Es

[
‖s̃− s‖2

]
≤
(

1 +
2
ε

)
‖s− sm‖2 +

(1 + ε)2 W 2
m (z)

εn
+ pen (m)

with

W 2
m (z) ≤ 3

[
(1 + ε)2 Vm + 2ρ2Dm + 4Σ (‖s‖ ∨ 1)2 Φ

(
κ (ε) +

1
ρ

)2
]

.

Finally

Σ =
∑
m′∈M

exp
[
−ρ2

(√
Φ (‖s‖ ∨ 1)

)−1 √
Dm′

]

≤ Γ
∞∑
k=0

kR exp
[
−ρ2

(√
Φ (‖s‖ ∨ 1)

)−1 √
k

]
,

hence, setting a = ρ2
(√

Φ (‖s‖ ∨ 1)
)−1

Σ ≤ Γ

∫ ∞

0

(1 + u)R exp
[
−a

√
u
]
du ≤ Γ

a2

∫ ∞

0

(
1 +

v

a2

)R
exp

[
−
√
v
]
dv

≤ Γ

(a ∧ 1)2+2R

∫ ∞

0

(1 + v)R exp
[
−
√
v
]
dv

and the result follows.
For every m ∈M, let

Φm (x) = sup
{
t2 (x) : t ∈ Sm, ‖t‖2 = 1

}
for all x ∈ X

and consider the following condition

‖Φm‖∞ ≤ ΦDm for all m ∈M. (7.24)

We shall see in Section 7.5.2 explicit examples of nested collections of models
to which Theorem 7.5 applies.

Data-Driven Penalty Functions

We provide below a version of the above theorem which involves a data-driven
penalty and includes the cross-validation procedure.
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Theorem 7.6 Under the same assumptions and notations as in Theorem 7.5,
let for every m ∈ M,

V̂m = Pn (Φm) .

Let ε and η be positive real numbers. Take the penalty function pen : M → R+

as either

pen (m) =
(1 + ε)6

n

(√
V̂m + η

√
Dm

)2

for all m ∈M (7.25)

or

pen (m) =
(1 + ε)6 V̂m

n
for all m ∈ M. (7.26)

Let s̃ be the penalized LSE associated with the collection of models {Sm}m∈M
and the penalty function pen. If the penalty function is chosen according to
7.25, then

Es

[
‖s̃− s‖2

]
≤ C (ε, η, Φ) inf

m∈M

[
d2 (s, Sm) +

Dm

n

]

+
C ′ (ε, Φ, η, Γ )

(
1 + ‖s‖4+2R

)

n
,

while if the penalty function is chosen according to 7.26, whenever

a (s) = inf
m∈M

∫
X
s (x)Φm (x) dµ (x)

Dm
> 0

the following bound is available

Es

[
‖s̃− s‖2

]
≤ C (ε, Φ) inf

m∈M

[
d2 (s, Sm) +

Dm

n

]

+
C ′ (ε, Φ, Γ )

n

[(
‖s‖ a−1 (s)

)4+2R
+ a−1 (s)

]
.

Proof. We begin the proof exactly as that of Theorem 7.5. So that, given
some positive real numbers ε′ and z and defining ρ as the solution of the
equation

2ρ + κ (ε) ρ2 =
ε′√
2

,

we have √
nχn (m, m̂) ≤ Wm (z) + (1 + ε)

√
V
m̂

+ ε′
√

D
m̂

(7.27)

except on a set of probability less than Σe−z, where

Wm (z) = (1 + ε)
√

ΦDm +
√

2
[
ρ
√

Dm + (‖s‖ ∨ 1)
√
Φz

(
κ (ε) +

1
ρ

)]
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and

Σ =
∑
m′∈M

exp
[
−ρ2

(√
Φ (‖s‖ ∨ 1)

)−1 √
Dm′

]
.

Finishing the proof in the case of a random choice for the penalty function
requires a little more efforts than in the case of a deterministic choice as in
Theorem 7.5. What we have to show is that V̂m′ is a good estimator of Vm′

uniformly over the possible values of m′ in M in order to substitute V̂
m̂

to V
m̂

in (7.27). Towards this aim we note that for any m′ ∈ M, since V̂m′ − Vm′ =
νn [Φm′ ], we can derive from Bernstein’s inequality (2.23) that for any positive
number ym′

P

[∣∣∣V̂m′ − Vm′

∣∣∣ ≥
√

2Vm′ ‖Φm′‖∞ ym′

n
+

‖Φm′‖∞
3n

ym′

]

≤ 2e−ym′ .

Now by assumption ‖Φm′‖∞ ≤ Φn, hence, summing these probability bounds
with respect to m′ in M we derive that, except on a set of probability less
than 2

∑
m′∈M e−ym′ , for all m′ ∈ M

∣∣∣V̂m′ − Vm′

∣∣∣ ≥
√

2Vm′Φym′ +
Φ

3
ym′ (7.28)

which in particular implies that

−V
m̂

+
√

2V
m̂
Φy

m̂
+

Φ

3
y
m̂

+ V̂
m̂
≥ 0

thus

√
V
m̂
≤
√

Φy
m̂

2
+

√
5Φy

m̂

6
+ V̂

m̂
≤
(√

1
2

+

√
5
6

)√
Φy

m̂
+
√

V̂
m̂

and using
(√

1/2 +
√

5/6
)2

< 8/3

√
V
m̂
≤
√

8
3
Φy

m̂
+
√

V̂
m̂

.

Setting for all m′ ∈M
ym′ =

3ε′2

8Φ
Dm′ + z

and defining

Σ′ =
∑
m′∈M

exp
(
−3ε′2

8Φ
Dm′

)
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we derive that, except on a set of probability less than 2Σ′e−z

√
V
m̂
≤ ε′

√
D
m̂

+
√

V̂
m̂

+

√
8
3
Φz. (7.29)

We now choose ε′ differently, according to whether the penalty function is
given by (7.25) or (7.26). In the first case we choose ε′ = η (1 + ε)2 / (2 + ε)
while in the latter case we take ε′ as the solution of the equation

(
1 + ε +

ε′√
a (s)

)(
1 − ε′√

a (s)

)−1

= (1 + ε)2 . (7.30)

If the penalty function is defined by (7.25), combining (7.29) with (7.27), we
derive that

√
nχn (m, m̂) ≤ Wm (z) + (1 + ε)

√
8
3
Φz + (1 + ε)

√
V̂
m̂

+ ε′ (2 + ε)
√

D
m̂

≤ Wm (z) + (1 + ε)

√
8
3
Φz + (1 + ε)−1

√
pen (m̂),

except on a set of probability less than (2Σ′ + Σ) e−z. If the penalty function
is given by (7.26), we derive from (7.29) that

√
V
m̂
≤
[

1 − ε′√
a (s)

]−1 [√
V̂
m̂

+

√
8
3
Φz

]
,

which, combined with (7.27) yields via (7.30)

√
nχn (m, m̂) ≤ Wm (z) +

(
1 + ε +

ε′√
a (s)

)√
V
m̂

≤ Wm (z) + (1 + ε)2
√

8
3
Φz + (1 + ε)2

√
V̂
m̂

.

So that whatever the choice of the penalty function we have
√
nχn (m, m̂) ≤ W ′

m (z) + (1 + ε)−1
√

pen (m̂),

where

W ′
m (z) = Wm (z) + (1 + ε)2

√
8
3
Φz.

Hence by (7.6), we have except on a set of probability less than (2Σ′ + Σ) e−z

[
n

(1 + ε)2

]
χ2
n (m, m̂) ≤ W

′2
m (z)

ε (1 + ε)
+ (1 + ε)−1 pen (m̂)
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which in turn implies

(1 + ε)χ2
n (m, m̂) ≤ (1 + ε)2 W ′2

m (z)
εn

+ pen (m̂) .

So that we get by (7.7)

ε

2 + ε
‖s̃− s‖2 ≤

(
1 +

2
ε

)
‖s− sm‖2 +

(1 + ε)2 W ′2
m (z)

εn
+ pen (m) (7.31)

except on a set of probability less than (2Σ′ + Σ) e−z. Since the penalty func-
tion is given either by (7.26) or by (7.25) and in this case

pen (m) ≤ 2
(1 + ε)6

n

(
V̂m + η2Dm

)
,

it remains in any case to control V̂m. But from (7.28) we derive that on the
same set of probability where (7.31) holds, one also has

V̂m ≤ Vm +
√

2VmΦym +
Φ

3
ym ≤ 2Vm + Φym

≤
(

2Φ +
3
8
ε′2
)
Dm + Φz.

Plugging this evaluation into (7.31) allows to finish the proof in the same way
as that of Theorem 7.5 by integration with respect to z.

Some applications of this theorem to adaptive estimation on ellipsoids will
be given in Section 7.5.

7.2.3 Model Subset Selection Within a Localized Basis

We assume that we are given a finite orthonormal system {ϕλ}λ∈Λn
in L2 (µ).

Given a family of subsets M of Λn, we are interested in the behavior of the
penalized LSE associated with the collection of models {Sm}m∈M, where for
every m ∈M, Sm is spanned by {ϕλ}λ∈m.

Theorem 7.7 Let X1, . . . , Xn be a sample of the distribution P = (s0 + s)µ
where s0 is a given function in L2 (µ) and s ∈ L2 (µ) with

∫
s s0 dµ = 0.

Assume that the orthonormal system {ϕλ}λ∈Λn
is orthogonal to s0 and has

the following property
∥∥∥∥∥
∑
λ∈Λ

aλϕλ

∥∥∥∥∥
∞

≤ B′√|Λn| sup
λ∈Λ

|aλ| for any a ∈ R
Λ

where B′ does not depend on n. Let M be a collection of subsets of Λn and
consider some family of nonnegative weights {Lm}m∈M with such that

∑
m∈M

exp (−Lm |m|) ≤ Σ,
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where Σ does not depend on n. Let ε > 0 and M > 0 be given. Assume that
|Λn| ≤ (M ∧ 1)n (ln (n))−2. For every m ∈M, let

V̂m = Pn

(∑
λ∈m

ϕ2
λ

)

and Sm be the linear span of {ϕλ}λ∈m. Choose the penalty function pen :
M → R+ as either

pen (m) =
M (1 + ε)4 |m|

n

(
1 +

√
2Lm

)2

for all m ∈M (7.32)

or

pen (m) =
(1 + ε)5

n

(√
V̂m +

√
2MLm |m|

)2

for all m ∈ M (7.33)

and in that case suppose furthermore that

B′2 |Λn| ≤
3
4
M

(√
1 + ε− 1

)2
n.

Let s̃ be the penalized LSE associated with the collection of models {Sm}m∈M
and the penalty function pen. Then, provided that

∫

X

s (x)

[ ∑
λ∈Λn

aλϕλ (x)

]2

dµ (x) ≤ M
∑
λ∈Λn

a2
λ

for all a ∈ R
Λn (which in particular holds whenever ‖s‖∞ ≤ M), the following

risk bound holds

Es

[
‖s̃− s‖2

]
≤ C (ε) inf

m∈M

[
d2 (s, Sm) +

M |m|
n

(1 + Lm)
]

+ C (ε)
(1 + MΣ)

n

where C (ε) depends only on ε and B′.

Proof. Let us define for any subset m of Λn,

χn (m) =

[∑
λ∈m

ν2
n (ϕλ)

]1/2

.

We recall that inequality (7.7) can be written as

ε

2 + ε
‖s̃− s‖2 ≤

(
1 +

2
ε

)
‖s− sm‖2 + (1 + ε)χ2

n (m ∪ m̂)

− pen (m̂) + pen (m) . (7.34)
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Let z > 0 to be chosen later. We can apply Theorem 7.4 to control χn (m ∪m′)
for all values of m′ in M simultaneously. We note that for any a ∈ R

Λn

Var

( ∑
λ∈Λn

aλϕλ (X1)

)
≤
∫

X

[ ∑
λ∈Λn

aλϕλ (x)

]2

s (x) dµ (x)

and therefore, whenever
∑
λ∈Λn

a2
λ = 1

Var

( ∑
λ∈Λn

aλϕλ (X1)

)
≤ M .

Moreover, provided that supλ∈Λn
|aλ| = 1, we have by assumption that

∥∥∥∥∥
∑
λ∈Λn

aλϕλ

∥∥∥∥∥
∞

≤ B′√|Λn|,

hence, it comes from Theorem 7.4 with B = B′ √|Λn| that there exists an
event Ωn (depending on ε′) such that

P [Ωc
n] ≤ 2 |Λn| exp

(
−η (ε)

nM

B′2 |Λn|

)

and, for any subset m′ of Λn

P
[√

nχn (m ∪m′) 1lΩn
≥ (1 + ε)

(√
Vm∪m′ +

√
2M (Lm′ |m′| + z)

)]

≤ e−Lm′ |m′|−z,

where
V

m∪m′ = E [Φm∪m′ (X1)] ≤ Vm + Vm′ ≤ M |m| + Vm′ .

We begin by controlling the quadratic risk of the estimator s̃ on the set Ωn.
Summing up these probability bounds with respect to m′ ∈ M, we derive
that, except on a set of probability less than Σe−z

[ √
n

1 + ε

]
χn (m ∪ m̂) 1lΩn

≤
√

M |m| +
√

V
m̂

+
√

2M
(
L

m̂

|m̂| + z
)

. (7.35)

At this stage we have to follow two different strategies according to the choice
of the penalty function. If the penalty function is chosen according to (7.32)
then we can easily compare the square of this upper bound to pen (m̂) by
simply using the inequality V

m̂
≤ M |m̂|. Indeed by (7.6), inequality (7.35)

yields
[

n

(1 + ε)2

]
χ2
n (m ∪ m̂) 1lΩn

≤ 2 (1 + ε)
[
M (|m| + 2z)

ε

]

+ (1 + ε)
[√

V
m̂

+
√

2ML
m̂

|m̂|
]2

.
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Taking into account that V
m̂

≤ M |m̂|, we see that, except on a set with
probability less than Σe−z one has

χ2
n (m ∪ m̂) 1lΩn

≤ (1 + ε)3

n

[
2M (|m| + 2z)

ε

]
+

pen (m̂)
1 + ε

. (7.36)

Obtaining an analogous bound in the case of the random choice for the penalty
function (7.33) requires a little more efforts. Essentially what we have to show
is that V̂m′ is a good estimator of Vm′ uniformly over the possible values of
m′ in M in order to substitute V̂

m̂
to V

m̂
in (7.35). Towards this aim we note

that for any subset m′ of Λ, since V̂m′ − Vm′ = νn [Φm′ ], we can derive from
Bernstein’s inequality (2.23) that

P

[∣∣∣V̂m′ − Vm′

∣∣∣ ≥
√

2Vm′ ‖Φm′‖∞ xm′

n
+

‖Φm′‖∞
3n

xm′

]

≤ 2e−Lm′ |m′|−z.

where xm′ = Lm′ |m′| + z. Now by assumption ‖Φm′‖∞ ≤ B′2 |Λn| ≤ θ (ε)n
with

θ (ε) =
3
4
M

(√
1 + ε− 1

)2
. (7.37)

Hence, summing these probability bounds with respect to m′ in M we derive
that, except on a set of probability less than 2Σe−z, for all m′ ∈M

∣∣∣V̂m′ − Vm′

∣∣∣ ≥
√

2Vm′θ (ε)xm′ +
θ (ε)

3
xm′ (7.38)

which in particular implies that

−V
m̂

+
√

2V
m̂
θ (ε)x

m̂
+

θ (ε)
3

x
m̂

+ V̂
m̂
≥ 0

thus

√
V
m̂
≤
√

θ (ε)x
m̂

2
+

√
5θ (ε)x

m̂

6
+ V̂

m̂
≤
(√

1
2

+

√
5
6

)√
θ (ε)x

m̂
+
√

V̂
m̂

and using (7.37) together with
(√

1/2 +
√

5/6
)2

< 8/3

√
V
m̂
≤
(√

1 + ε− 1
)√

2Mx
m̂

+
√

V̂
m̂

.

Plugging this inequality in (7.35), we derive that, except on a set of probability
less than 3Σe−z, the following inequality holds
[ √

n

(1 + ε)3/2

]
χn (m ∪ m̂) 1lΩn

≤
√

M |m| +
√

V̂
m̂

+
√

2M
(
L

m̂

|m̂| + z
)

.
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Hence, by using (7.6) again
[

n

(1 + ε)3

]
χ2
n (m ∪ m̂) 1lΩn

≤ 2 (1 + ε)
[
M (|m| + 2z)

ε

]

+ (1 + ε)
[√

V̂
m̂

+
√

2ML
m̂

|m̂|
]2

.

Therefore, setting α = 4 if the penalty function is chosen according to (7.32)
and α = 5 if it is chosen according to (7.33) we can summarize this inequality
together with (7.36) by the following statement. Except on a set of probability
less than 3Σe−z we have

(1 + ε)χ2
n (m ∪ m̂) 1lΩn

≤ (1 + ε)α

n

[
2M (|m| + 2z)

ε

]
+ pen (m̂) .

Coming back to (7.34) this implies that, except on a set with probability less
than 3Σe−z

ε

2 + ε
‖s̃− s‖2 1lΩn

≤
(

1 +
2
ε

)
‖s− sm‖2 +

(1 + ε)5

n

[
2M (|m| + 2z)

ε

]

+ pen (m) . (7.39)

It remains to bound pen (m). We use inequality (7.6) again and get either

pen (m) ≤ 3 (1 + ε)4 M |m|
n

(1 + Lm)

if (7.32) obtains, or

pen (m) ≤ 3 (1 + ε)5

n

(
V̂m + M |m|Lm

)

if (7.33) obtains. Now we know from (7.38), (7.6) and (7.37) that

V̂m ≤ 2Vm +
5
6
θ (ε)xm ≤ 2M |m| +

5
32

ε2M (|m|Lm + z) .

This implies that, for an adequate choice of C ′ (ε) we have whatever the choice
of the penalty function

pen (m) ≤ C ′ (ε)M
n

[(1 + Lm) |m| + z] .

Plugging this bound in (7.39), we derive that, except on a set with probability
less than 3Σe−z and possibly enlarging the value of C ′ (ε)

ε

2 + ε
‖s̃− s‖2 1lΩn

≤
(

1 +
2
ε

)
‖s− sm‖2

+
2C ′ (ε)M

n
[(1 + Lm) |m| + z] .
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Integrating the latter inequality with respect to z yields

ε

2 + ε
E

[
‖s̃− s‖2 1lΩn

]
≤
(

1 +
2
ε

)
‖s− sm‖2

+
2C ′ (ε)M

n
[(1 + Lm) |m| + 3Σ] .

It remains to control the quadratic risk of s̃ on Ωc
n. First of all we notice that

Ωc
n has a small probability. Indeed we have by assumption on the cardinality

of Λn

pn = P [Ωc
n] ≤ 2 |Λn| exp

(
−η (ε)

nM

B′2 |Λn|

)

and therefore

pn ≤ 2n exp
(
−η (ε)

n (M ∨ 1) ln2 (n)
B′2

)
≤ κ′ (ε)

n2 (M ∨ 1)2
(7.40)

where κ′ (ε) is an adequate function of ε and B′. Since pn is small, we can use
a crude bound for ‖s̃− s‖2 1lΩc

n
. Indeed, by Pythagore’s Theorem we have

‖s̃− s‖2 =
∥∥s̃− s

m̂

∥∥2 +
∥∥s
m̂
− s

∥∥2 ≤
∥∥s̃− s

m̂

∥∥2 + ‖s‖2

≤
∑

λ∈m̂

ν2
n (ϕλ) + ‖s‖2 ≤ χ2

n (Λn) + ‖s‖2 .

Hence, by Cauchy–Schwarz inequality

E

[
‖s̃− s‖2 1lΩc

n

]
≤ pn ‖s‖2 +

√
pnE [χ4

n (Λn)]. (7.41)

All we have to do now is to bound the moments of χn (Λn). This can be
obtained easily by application of Proposition 7.3 with

VΛn
≤ M |Λn| ≤ Mn, MΛn

≤ M and ‖ΦΛn
‖∞ ≤ B′2 |Λn| ≤ B′2n.

Indeed, we derive from inequality (7.9) the existence of some constant C ′

depending only on B′ such that for all positive x

P

[
χn (Λn) ≥ C ′

(√
M ∨ 1

)
(1 + x)

]
≤ e−x

which by integration with respect to x yields

E
[
χ4
n (Λn)

]
≤ κ′ (M ∨ 1)2 .

Combining this inequality with 7.41 and 7.40 we get

E

[
‖s̃− s‖2 1lΩc

n

]
≤ κ′ (ε)

n
+

√
κ′κ′ (ε)
n

and the result follows.
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It is important to notice that the estimation procedure described in Theo-
rem 7.7 is feasible provided that for instance we know an upper bound M for
‖s‖∞, since M enters the penalty function. Actually, a little less is needed since
M can be taken as an upper bound for the supremum of

∫
X
s (x) t2 (x) dµ (x)

when t varies in SΛn
with ‖t‖ = 1. In particular, if SΛn

is a space of piecewise
polynomials of degree r on a given partition, M can be taken as an upper
bound for ‖Π2r (s)‖∞, where Π2r for the orthogonal projection operator onto
the space of piecewise polynomials with degree 2r on the same partition. Gen-
erally speaking quantities like ‖s‖∞ or ‖Π2r (s)‖∞ are unknown and one has
to estimate it (or rather to overestimate it) by some statistics M̂ .

7.3 Selecting the Best Histogram via Penalized
Maximum Likelihood Estimation

We shall present in this section some of the results concerning the old standing
problem of selecting “the best partition” when constructing some histogram,
obtained by Castellan in [34]. We consider here the density framework where
one observes n independent and identically distributed random variables with
common density s with respect to the Lebesgue measure on [0, 1]. Let M be
some finite (but possibly depending on n) collection of partitions of [0, 1] into
intervals. We could work with multivariate histograms as well (as in [34]) but
since it does not causes any really new conceptual difficulty, we prefer to stay
in the one dimensional framework for the sake of simplicity. For any partition
m, we consider the corresponding histogram estimator ŝm defined by

ŝm =
∑
I∈m

(nµ (I))−1

[
n∑
i=1

1lI (ξi)

]
1lI ,

where µ denotes the Lebesgue measure on [0, 1], and the purpose is to select
“the best one.” Recall that the histogram estimator on some partition m is
known to be the MLE on the model Sm of densities which are piecewise con-
stants on the corresponding partition m and therefore falls into our analysis.
Then the natural loss function to be considered is the Kullback–Leibler loss
and in order to understand the construction of Akaike’s criterion, it is essential
to describe the behavior of an oracle and therefore to analyze the Kullback–
Leibler risk. First it easy to see that the Kullback–Leibler projection sm of
s on the histogram model Sm (i.e., the minimizer of t → K (s, t) on Sm) is
simply given by the orthogonal projection of s on the linear space of piecewise
constant functions on the partition m and that the following Pythagore’s type
decomposition holds

K (s, ŝm) = K (s, sm) + K (sm, ŝm) . (7.42)
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Hence the oracle should minimize K (s, sm) + E [K (sm, ŝm)] or equivalently,
since s− sm is orthogonal to ln (sm),

K (s, sm) + E [K (sm, ŝm)] −
∫

s ln (s) = −
∫

sm ln (sm) + E [K (sm, ŝm)] .

Since
∫
sm ln sm depends on s, it has to be estimated. One could think of∫

ŝm ln ŝm as being a good candidate for this purpose but since E [ŝm] = sm,
the following identity holds

E

[∫
ŝm ln (ŝm)

]
= E [K (ŝm, sm)] +

∫
sm ln (sm) ,

which shows that it is necessary to remove the bias of
∫
ŝm ln ŝm if one wants

to use it as an estimator of
∫
sm ln sm . In order to summarize the previous

analysis of the oracle procedure (with respect to the Kullback–Leibler loss),
let us set

Rm =
∫

ŝm ln (ŝm) − E

[∫
ŝm ln (ŝm)

]
.

Then the oracle minimizes

−
∫

ŝm ln (ŝm) + E [K (sm, ŝm)] + E [K (ŝm, sm)] + Rm. (7.43)

The idea underlying Akaike’s criterion relies on two heuristics:

• neglecting the remainder term Rm (which is centered at its expectation),
• replacing E [K (sm, ŝm)] + E [K (ŝm, sm)] by its asymptotic equivalent

when n goes to infinity which is equal to Dm/n, where 1 + Dm denotes
the number of pieces of the partition m (see [34] for a proof of this result).

Making these two approximations leads to Akaike’s method which amounts
to replace (7.43) by

−
∫

ŝm ln (ŝm ) +
Dm

n
(7.44)

and proposes to select a partition m̂ minimizing Akaike’s criterion (7.44). An
elementary computation shows that

Pn (− ln (ŝm)) = −
∫

ŝm ln (ŝm) .

If we denote by γn the maximum likelihood criterion, i.e., γn (t) =
Pn (− ln (t)), we derive that Akaike’s criterion can be written as

γn (ŝm) +
Dm

n
,

and is indeed a penalized criterion of type (8.4) with pen (m) = Dm/n. It
will be one of the main issues of Section 3 to discuss whether this heuris-
tic approach can bevalidated or not but we can right now try to guess why
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concentration inequalities will be useful and in what circumstances Akaike’s
criterion should be corrected. Indeed, we have seen that Akaike’s heuristics
rely on the fact that some quantities Rm stay close to their expectations (they
are actually all centered at 0). Moreover, this should hold with a certain uni-
formity over the list of partitions M. This means that if the collection of
partitions is not too rich, we can hope that the Rm’s will be concentrated
enough around their expectations to warrant that Akaike’s heuristics works,
while if the collection is too rich, concentration inequalities will turn to be an
essential tool to understand how one should correct (substantially) Akaike’s
criterion. Our purpose is to study the selection procedure which consists in
retaining a partition m̂ minimizing the penalized log-likelihood criterion

γn (ŝm) + pen (m) ,

over m ∈ M. We recall that Akaike’s criterion corresponds to the choice
pen (m) = Dm/n, where Dm + 1 denotes the number of pieces of m and
that Castellan’s results presented below will allow to correct this criterion.
Let us first explain the connection between the study of the penalized MLE
s̃ = ŝ

m̂
and the problem considered just above of controlling some chi-square

statistics. The key is to control the Kullback–Leibler loss between s and s̃ in
the following way

K (s, s̃) ≤ K (s, sm) + νn (ln s̃− ln sm) + pen (m) − pen (m̂) , (7.45)

for every m ∈M, where

sm =
∑
I∈m

P (I)
µ (I)

1lI .

Now the main task is to bound νn (ln s̃− ln sm) as sharply as possible in
order to determine what is the minimal value of pen (m̂) which is allowed for
deriving a risk bound from (7.45). This will result from a uniform control of
νn (ln ŝm′ − ln sm) with respect to m′ ∈ M. We write

νn

(
ln

ŝm′

sm

)
= νn

(
ln

ŝm′

sm′

)
+ νn

(
ln

sm′

s

)
+ νn

(
ln

s

sm

)

and notice that the first term is the most delicate to handle since it involves
the action of the empirical process on the estimator ŝm′ which is of course a
random variable. This is precisely the control of this term which leads to the
introduction of chi-square statistics. Indeed, setting

V 2 (f, g) =
∫

s

(
ln
(
f

g

))2

dµ,

for every densities f and g such that ln (f/g) ∈ L2 (P ), one derives that

νn

(
ln

ŝm′

sm′

)
≤ sup
t∈Sm′

∣∣∣∣νn
(

ln t− ln sm′

V (t, sm′)

)∣∣∣∣V (ŝm′ , sm′)
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and if we set ϕI = P (I)−1/2 1lI for all I ∈ m′ then,

sup
t∈Sm′

∣∣∣∣νn
(

ln t− ln sm′

V (t, sm′)

)∣∣∣∣ = sup
a∈Rm′ , |a|2=1

∣∣∣∣∣
∑
I∈m′

aIνn (ϕI)

∣∣∣∣∣

=

[∑
I∈m′

ν2
n (ϕI)

]1/2

=
1√
n
χn (m′) .

Hence (7.45) becomes

K (s, s̃) ≤ K (s, sm) + pen (m) + νn

(
ln

s

sm

)

+ n−1/2V
(
ŝ
m̂
, s
m̂

)
χn (m̂)

+ νn

(
ln

s
m̂

s

)
− pen (m̂) . (7.46)

At this stage it becomes clear that what we need is a uniform control of
χn (m′) over m′ ∈M. The key idea for improving on (5.54) is to upper bound
χn (m′) only on some part of the probability space where Pn (ϕI) remains
close to P (ϕI) for every I ∈ m′.

7.3.1 Some Deepest Analysis of Chi-Square Statistics

This idea, introduced in the previous section in the context of subset selec-
tion within a conveniently localized basis can be fruitfully applied here. More
precisely, Castellan proves in [34] the following inequality.

Proposition 7.8 Let m be some partition of [0, 1] with Dm + 1 pieces and
χ2
n (m) be the chi-square statistics given by (5.53). Then for any positive real

numbers ε and x,

P

[
χn(m)1lΩm(ε) ≥ (1 + ε)

(√
Dm +

√
2x
)]

≤ exp (−x) (7.47)

where Ωm (ε) = {|Pn (I) − P (I)| ≤ 2εP (I) /κ (ε) , for every I ∈ m} and
κ (ε) = 2

(
ε−1 + 1/3

)
.

Proof. Let θ = 2ε/κ (ε) and z be some positive number to be chosen later.
Setting ϕI = P (I)−1/2 1lI for every I ∈ m and denoting by Sm the unit sphere
in R

m as before, we have on the one hand

Ωm (ε) =
{
|νn (ϕI)| ≤ θ

√
P (I), for every I ∈ m

}

and on the other hand, by Cauchy–Schwarz inequality

n−1/2χn (m) =

[∑
I∈m

ν2
n (ϕI)

]1/2

≥
∣∣∣∣∣
∑
I∈m

aIνn (ϕI)

∣∣∣∣∣ for all a ∈ Sm,
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with equality when aI = νn (ϕI)
(
n−1/2χn (m)

)−1
for all I ∈ m. Hence,

defining Am to be the set of those elements a ∈ Sm satisfying

sup
I∈m

(
|aI | (P (I))−1/2

)
≤
√
nθ/z,

we have that on the event Ωm (ε) ∩ {χn (m) ≥ z}

n−1/2χn (m) = sup
a∈Am

∣∣∣∣∣
∑
I∈m

aIνn (ϕI)

∣∣∣∣∣ = sup
a∈Am

∣∣∣∣∣νn
[∑
I∈m

aIϕI

]∣∣∣∣∣ . (7.48)

Moreover the same identity holds when replacing Am by some countable and
dense subset A′

m of Am, so that applying (5.50) to the countable set of func-
tions {∑

I∈m
aIϕI , a ∈ A′

m

}
,

we derive that for every positive x

P

[
sup
a∈Am

∣∣∣∣∣νn
(∑
I∈m

aIϕI

)∣∣∣∣∣ ≥ (1 + ε)Em + σm

√
2x
n

+ κ (ε)
bm
n

x

]
≤ e−x,

(7.49)
where

Em = E

[
sup
a∈Am

∣∣∣∣∣νn
(∑
I∈m

aIϕI

)∣∣∣∣∣

]
≤ E (χn (m))√

n
≤
√

Dm

n
,

σ2
m = sup

a∈Am

Var

(∑
I∈m

aIϕI (ξ1)

)
≤ sup
a∈Sm

E

[∑
I∈m

aIϕI (ξ1)

]2

≤ 1,

and

bm = sup
a∈Am

∥∥∥∥∥
∑
I∈m

aIϕI

∥∥∥∥∥
∞

= sup
a∈Am

sup
I∈m

|aI |√
P (I)

≤ θ
√
n

z
.

Hence we get by (7.48) and (7.49),

P

[
χn (m) 1lΩm(ε)∩{χn(m)≥z} ≥ (1 + ε)

√
Dm +

√
2x + κ (ε)

θ

z
x

]
≤ e−x.

If we now choose z =
√

2x and take into account the definition of θ, we get

P

[
χn (m) 1lΩm(ε) ≥ (1 + ε)

(√
Dm +

√
2x
)]

≤ e−x. �

Remark. It is well known that given some partition m of [0, 1], when
n → +∞, χn (m) converges in distribution to ‖Y ‖, where Y is a standard
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Gaussian vector in R
Dm . An easy exercise consists in deriving from (5.1) a

tail bound for the chi-square distribution with Dm degrees of freedom. Indeed
by Cauchy–Schwarz inequality E [‖Y ‖] ≤

√
Dm and therefore

P

[
‖Y ‖ ≥

√
Dm +

√
2x
]
≤ e−x. (7.50)

One can see that (7.47) is very close to (7.50).
We are now in a position to control uniformly a collection of square roots

of chi-square statistics {χn (m) , m ∈M}, under the following mild restriction
on the collection of partitions M.

(H0) : Let N be some integer such that N ≤ n (ln (n))−2 and mN be a par-
tition of [0, 1] the elements of which are intervals with equal length (N + 1)−1.
We assume that every element of any partition m belonging to M is the union
of pieces of mN .

Assume that (H0) holds. Given η ∈ (0, 1), setting

Ω (η) = {|Pn (I) − P (I)| ≤ ηP (I) , for every I ∈ mN} (7.51)

one has

Ω (η) ⊂
⋂

m∈M
{|Pn (I) − P (I)| ≤ ηP (I) , for every I ∈ m} .

Therefore, given some arbitrary family of positive numbers (ym)m∈M , pro-
vided that η ≤ 2ε/κ (ε), we derive from (7.47) that

P

[ ⋃
m∈M

{
χn(m)1lΩ(η) ≥ (1 + ε)

(√
Dm +

√
2ym

)}]
≤

∑
m∈M

e−ym . (7.52)

This inequality is the required tool to evaluate the penalty function and
establish a risk bound for the corresponding penalized MLE.

7.3.2 A Model Selection Result

Another advantage brought by the restriction to Ω (η) when assuming that
(H0) holds, is that for every m ∈ M, the ratios ŝm/sm remain bounded on
this set, which implies that V 2 (ŝm, sm) is of the order of K (sm, ŝm). More
precisely, on the set Ω (η), one has Pn (I) ≥ (1 − η)P (I) for every I ∈ M
and therefore

ŝm ≥ (1 − η) sm,

which implies by Lemma 7.24 (see the Appendix) that

K (sm, ŝm) ≥
(

1 − η

2

)∫
sm ln2

(
ŝm
sm

)
dµ.

Since ln2 (ŝm/sm) is piecewise constant on the partition m
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∫
sm ln2

(
ŝm
sm

)
dµ =

∫
s ln2

(
ŝm
sm

)
dµ = V 2 (ŝm, sm) ,

and therefore, for every m ∈ M

K (sm, ŝm) 1lΩ(η) ≥
(

1 − η

2

)
V 2 (ŝm, sm) 1lΩ(η). (7.53)

This allows to better understand the structure of the proof of Theorem 7.9
below. Indeed, provided that

η ≤ ε

1 + ε
, (7.54)

one derives from (7.46) and (7.53) that on the set Ω (η),

K (s, s̃) ≤ K (s, sm) + pen (m) + νn

(
ln

s

sm

)

+ n−1/2
√

2 (1 + ε) K
(
s
m̂
, ŝ
m̂

)
χn (m̂) + νn

(
ln

s
m̂

s

)

− pen (m̂) .

Now, by (7.42) K (s, s̃) = K
(
s, s

m̂

)
+ K

(
s
m̂
, s̃
)
, hence, taking into account

that

n−1/2
√

2 (1 + ε) K
(
s
m̂
, ŝ
m̂

)
χn (m̂) ≤ (1 + ε)−1 K

(
s
m̂
, ŝ
m̂

)
+
χ2
n (m̂) (1 + ε)2

2n
,

one derives that on the set Ω (η),

K
(
s, s

m̂

)
+

ε

1 + ε
K
(
s
m̂
, s̃
)
≤ K (s, sm) + pen (m) + νn

(
ln

s

sm

)

+
χ2
n (m̂) (1 + ε)2

2n
+ νn

(
ln

s
m̂

s

)

− pen (m̂) . (7.55)

Neglecting the terms νn (ln s/sm) and νn
(
ln s

m̂
/s
)
, we see that the penalty

pen (m̂) should be large enough to compensate χ2
n (m̂) (1 + ε)2 /2n with high

probability. Since we have at our disposal the appropriate exponential bound
to control chi-square statistics uniformly over the family of partitions M, it
remains to control

νn (ln (s/sm)) + νn
(
ln
(
s
m̂
/s
))

.

The trouble is that there is no way to warrant that the ratios s
m̂
/s remain

bounded except by making some extra unpleasant preliminary assumption on
s. This makes delicate the control of νn

[
ln
(
s
m̂
/s
)]

as a function of K
(
s, s

m̂

)



232 7 Density Estimation via Model Selection

as one should expect. This is the reason why we shall rather pass to the control
of Hellinger loss rather than Kullback–Leibler loss.

Let us recall that the Hellinger distance h (f, g) between two densities f
and g on [0, 1] is defined by

h2 (f, g) =
1
2

∫ (√
f −√

g
)2

.

It is known (see Lemma 7.23 below) that

2h2 (f, g) ≤ K (f, g) , (7.56)

and that a converse inequality exists whenever ‖ln (f/g)‖∞ < ∞. This in
some sense confirms that it is slightly easier (although very close by essence)
to control Hellinger risk as compared to Kullback–Leibler risk. The following
result is due to Castellan (it is in fact a particular case of Theorem 3.2. in
[34]).

Theorem 7.9 Let ξ1, . . . , ξn be some independent [0, 1]-valued random vari-
ables with common distribution P = sµ, where µ denotes the Lebesgue mea-
sure. Consider a finite family M of partitions of [0, 1] satisfying to assumption
(H0). Let, for every partition m

ŝm =
∑
I∈m

Pn (I)
µ (I)

1lI and sm =
∑
I∈m

P (I)
µ (I)

1lI

be respectively the histogram estimator and the histogram projection of s, based
on m. Consider some absolute constant Σ and some family of nonnegative
weights {xm}m∈M such that

∑
m∈M

e−xm ≤ Σ. (7.57)

Let c1 > 1/2, c2 = 2
(
1 + c−1

1

)
and consider some penalty function pen : M →

R+ such that

pen (m) ≥ c1
n

(√
Dm +

√
c2xm

)2

, for all m ∈ M,

where Dm+1 denotes the number of elements of partition m. Let m̂ minimizing
the penalized log-likelihood criterion

−
∫

ŝm ln (ŝm) dµ + pen (m)

over m ∈ M and define the penalized MLE by s̃ = s
m̂

. If for some positive
real number ρ, s ≥ ρ almost everywhere and

∫
s (ln s)2 dµ ≤ L < ∞, then for

some constant C (c1, ρ, L,Σ),
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E
[
h2 (s, s̃)

]
≤ (2c1)1/5

(2c1)1/5 − 1
inf
m∈M

{K (s, sm) + pen (m)}

+
C (c1, ρ, L,Σ)

n
.

Proof. Let z be given, ε > 0 to be chosen later and

η =
ε

1 + ε
∧ 2ε

κ (ε)
.

Hellinger distance will appear in the above analysis of the Kullback–Leibler
risk (see (7.55)) through the control of νn

(
ln
(
s
m̂
/s
))

which can be performed
via Proposition 7.27 of the Appendix. Indeed, except on a set with probability
less that

∑
m′∈M exp (−ym′) one has for every m′ ∈M

νn (ln (sm′/s)) ≤ K (s, sm′) − 2h2 (s, sm′) + 2ym′/n

and therefore a fortiori

νn
(
ln
(
s
m̂
/s
))

≤ K
(
s, s

m̂

)
− 2h2

(
s, s

m̂

)
+ 2y

m̂
/n.

Let Ω (η) be defined by (7.51). Setting for every m ∈M, ym = xm + z, since
(7.54) holds because of our choice of η, it comes from the previous inequality
and (7.55) that on the set Ω (η) and except on a set with probability less than
Σe−z, one has for every m ∈ M

K
(
s, s

m̂

)
+

ε

1 + ε
K
(
s
m̂
, s̃
)
≤ K (s, sm) + pen (m) + νn

(
ln
(

s

sm

))

+
χ2
n (m̂) (1 + ε)2

2n
+ K

(
s, s

m̂

)

− 2h2
(
s, s

m̂

)
+ 2

x
m̂

+ z

n
− pen (m̂) .

Equivalently

2h2
(
s, s

m̂

)
+

ε

1 + ε
K
(
s
m̂
, s̃
)
≤ K (s, sm) + pen (m)

+ νn

(
ln
(

s

sm

))
+

(1 + ε)2 χ2
n (m̂)

2n

+ 2
x
m̂

+ z

n
− pen (m̂) .

Now, by the triangle inequality,

h2 (s, s̃) ≤ 2h2 (s, sm̂) + 2h2 (sm̂, s̃) .

Hence, using (7.56), we derive that on Ω (η) and except on a set with proba-
bility less than Σe−z, the following inequality holds:
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ε

1 + ε
h2 (s, s̃) ≤ K (s, sm) + pen (m) + νn

(
ln
(

s

sm

))

+
(1 + ε)2 χ2

n (m̂)
2n

+ 2
x
m̂

+ z

n
− pen (m̂) . (7.58)

Now we can use the above uniform control of chi-square statistics and derive
from (7.52) that on the set Ω (η) and except on a set with probability less
than Σe−z

χ2
n(m̂) ≤ (1 + ε)2

(√
D
m̂

+
√

2κ
(
x
m̂

+ z
))2

≤ (1 + ε)2
[
(1 + ε)

(√
D
m̂

+
√

2κx
m̂

)2

+ 2κz
(
1 + ε−1

)]
.

Plugging this inequality in (7.58) implies that on the set Ω (η) and except on
a set with probability less than 2Σe−z,

ε

1 + ε
h2 (s, s̃) ≤ K (s, sm) + pen (m) + νn

(
ln
(

s

sm

))

+
(1 + ε)5

2n

(√
D
m̂

+
√

2κx
m̂

)2

+ 2
x
m̂

n
− pen (m̂)

+
z

n

(
κε−1 (1 + ε)5 + 2

)
.

Now we can notice that choosing ε adequately, i.e., such that c1 = (1 + ε)5 /2
ensures that

(1 + ε)5

2n

(√
D
m̂

+
√

2κx
m̂

)2

+ 2
x
m̂

n
− pen (m̂) ≤ 0.

Hence, except on a set of probability less than 2Σe−z, the following inequality
is available:

ε

1 + ε
h2 (s, s̃) 1lΩ(η) ≤ K (s, sm) + pen (m) + νn

(
ln
(

s

sm

))
1lΩ(η)

+
z

n

(
ε−1 (1 + ε)5 + 2

)
.

Integrating this inequality with respect to z leads to

ε

1 + ε
E
[
h2 (s, s̃) 1lΩ(η)

]
≤ K (s, sm) + pen (m)

+ E

[
νn

(
ln
(

s

sm

))
1lΩ(η)

]

+
2Σ
n

(
ε−1 (1 + ε)5 + 2

)
.
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Since νn (ln (s/sm))is centered at expectation and the Hellinger distance is
bounded by 1, it follows from the above inequality that

ε

1 + ε
E
[
h2 (s, s̃)

]
≤ K (s, sm) + pen (m) +

2Σ
n

(
ε−1 (1 + ε)5 + 2

)

+ E

[(
−νn

(
ln
(

s

sm

))
+ 1

)
1lΩc(η)

]
. (7.59)

It remains to bound the last term of the right-hand side of the above inequality.
By Cauchy–Schwarz inequality

E

[
−νn

(
ln
(

s

sm

))
1lΩc(η)

]
≤
(

1
n

∫
s

(
ln
(

s

sm

))2

dµ

)1/2

(P [Ωc (η)])1/2 ,

and
∫

s

(
ln

s

sm

)2

dµ ≤ 2
(∫

s (ln s)2 dµ +
∫

s (ln sm)2 dµ
)

≤ 2

(∫
s (ln s)2 dµ +

(
ln
(

1
ρ
∨ n

))2
)

,

since ρ ≤ sm ≤ n. Moreover, setting δ = infI∈mN
P (I) it follows from

Bernstein’s inequality that

P [Ωc (η)] ≤ 2 (N + 1) exp
(
− nη2δ

2 (1 + η/3)

)

yielding, because of the restriction N + 1 ≤ n (ln (n))−2 (see (H0)),

P [Ωc (η)] ≤ 2n exp

(
−η2ρ (ln (n))2

2 (1 + η/3)

)
.

This shows that, as a function of n, P [Ωc (η)] tends to 0 faster than any power
of n. Collecting the above inequalities and plugging them into (7.59) finishes
the proof of the theorem.
Theorem 7.9 suggests to take a penalty function of the form:

pen (m) =
c1
n

(√
Dm +

√
c2xm

)2

,

where the weights xm satisfy (7.57) and, of course, the constant c1 and c2 are
independent of the density s. The choice c1 > 1/2 provides an upper bound
for the Hellinger risk of the penalized MLE:

E
[
h2 (s, s̃)

]
≤ C1 inf

m∈M
{K (s, sm) + pen (m)} +

C2

n
(7.60)
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where the constant C1 does not depend on s whereas the constant C2 depends
on s (via ρ and L) and on the family of models (via Σ). Furthermore, the
constant C1, which depends only on c1, converges to infinity when c1 tends
to 1/2. This suggests that on the one hand c1 should be chosen substantially
larger than 1/2 and on the other hand that one could get into trouble when
choosing c1 < 1/2. Using further refinements of the above method, it is proved
in [34] that the special choice c1 = 1 optimizes the risk bound (7.60).

7.3.3 Choice of the Weights {xm , m ∈ M}
The penalty function depends on the family M through the choice of the
weights xm satisfying (7.57). A reasonable way of choosing those weights is
to make them depend on m only through the dimension Dm. More precisely,
we are interested in weights of the form

xm = L (Dm)Dm.

With such a definition the number of histogram models Sm having the same
dimension plays a fundamental role for bounding the series (7.57) and there-
fore to decide what value of L (D) should be taken in order to get a reasonable
value for Σ. Let us consider two extreme examples.

• Case of regular histograms. Let J be the largest integer such that
2J is not larger than n (ln (n))−2. Let Mr

J be the collection of regular
partitions with 2j pieces with j ≤ J . Then assumption (H0) is satisfied
and since there is only one model per dimension, L (D) can be taken as
some arbitrary positive constant η and

∑
m∈Mr

J

e−ηDm ≤
∞∑
j=0

e−η2
j ≤ η−1.

Consequently, all penalties of the form

pen (m) = c
Dm

n
,

with c > 1/2 are allowed, including that of Akaike, namely c = 1. Since
K (s, sm)+Dm/2 represents actually the order of the Kullback–Leibler risk
of the histogram estimator ŝm (see ([34])), the meaning of (7.60) is that,
up to constant, s̃ behaves like an oracle. This is not exactly true in terms of
the Kullback–Leibler loss since we have bounded the Hellinger risk instead
of the Kullback–Leibler risk. However when the log-ratios ln (s/sm) remain
uniformly bounded, then the Kullback–Leibler bias K (s, sm) is of the order
of h2 (s, sm) and (7.60) can be interpreted as an oracle inequality for the
Hellinger loss. It should be noticed that the statement of the theorem
provides some flexibility concerning the choice of the penalty function so
that we could take as well
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pen (m) = c
Dm

n
+ c′

Dα
m

n

for some α ∈ (0, 1). As already mentioned, the choice c = 1 can be shown
to optimize the risk bound for the corresponding penalized MLE and the
structure of the proof made in ([34]) tends to indicate that it would be
desirable to choose a penalty function which is slightly heavier than what
is proposed in Akaike’s criterion. This is indeed confirmed by simulations
in [26], the gain being especially spectacular for small or moderate values
of the sample size n (we mean less than 200).

• Case of irregular histograms. We consider here the family Mir
N of all

partitions built from a single regular partition mN with N+1 pieces where
N is less than n (ln (n))−2. Then the cardinality of the family of partitions
belonging to Mir

N with a number of pieces equal to D + 1 is bounded by(
N
D

)
. Hence

∑
m∈Mir

N

e−xm ≤
N∑
D=1

(
N

D

)
e−L(D)D ≤

∑
D≥1

(
eN

D

)D
e−L(D)D,

and the choice L (D) = L + ln (eN/D) implies that condition (7.57) holds
with Σ =

(
eL − 1

)−1. This leads to a penalty function of the form

pen (m) = c
Dm

n
ln
(

N

Dm

)
+ c′

Dm

n
,

for large enough constants c and c′. The corresponding risk bound can be
written as:

E
[
h2 (s, s̃)

]
≤ C

[
inf
D≤N

inf
Mir

N
(D)

{
K (s, sm) +

D

n

(
1 + ln

(
N

D

))}]

where Mir
N (D) denotes the set of partitions m with dimension Dm = D.

This means that, given some integer D, whenever s belongs to SD =
∪m∈Mir

N
(D)Sm, the Hellinger risk of s is bounded by CD/n (1 + ln (N/D)).

This shows that, because of the extra logarithmic factor, the penalized
MLE fails to mimic the oracle in terms of Hellinger loss. One can wonder
whether this is due to a weakness of the method or not. The necessity of
this extra logarithmic factor is proved in [21] (see Proposition 2 therein)
where the minimax risk over the set SD is shown to be bounded from below
by D/n (1 + ln (N/D)), up to some constant. In this sense the above risk
bound is optimal.

7.3.4 Lower Bound for the Penalty Function

One can also wonder whether the condition c1 > 1/2 in Theorem 7.9 is neces-
sary or not. We cannot answer this question in full generality. The following
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result shows that, when there are only a few models per dimension, taking
pen (m) = cDm/n for some arbitrary constant c < 1/2 leads to a disaster in
the sense that, if the true s is uniform, the penalized log-likelihood selection
criterion will choose models of large dimension with high probability and the
Hellinger risk will be bounded away from 0 when n goes to infinity. The proof
of this result heavily relies on the inequalities for the right and also for the left
tails of chi-square statistics. The proof being quite similar to that of Theorem
7.9, we skip it and refer the interested reader to [34] (and also to Chapter 4,
where a similar result is proved in the Gaussian framework).

Theorem 7.10 Let ξ1, . . . , ξn be some independent [0, 1]-valued random vari-
ables with common distribution P = sµ with s = 1l[0,1]. Consider some finite
family of partitions M such that for each integer D, there exists only one par-
tition m such that Dm = D. Moreover, let us assume that µ (I) ≥ (ln (n))2 /n
for every I ∈ m and m ∈M.

Assume that for some partition mN ∈M with N + 1 pieces one has

pen (mN ) = c
N

n

with c < 1/2. Let m̂ be the minimizer over M of the penalized log-likelihood
criterion

−
∫

ŝm ln (ŝm) + pen (m) .

Then, whatever the values of pen (m) for m �= mN there exist positive numbers
N0 and L, depending only on c, such that, for all N ≥ N0,

P

[
D
m̂
≥ 1 − 4c2

4
N

]
≥ 1 − β (c) ,

where

β (c) = Σ (L) exp
[
−L

2
((

1 − 4c2
)
N
) 1

2

]
+

C (c)
n

with Σ (L) =
∑
D≥1

e−L
√
D.

Moreover, if s̃ = ŝ
m̂

,

E [K (s, s̃)] ≥ δ (c) [1 − β (c)]
N

n

where δ (c) = (1 − 2c) (1 + 2c)2 /16.

7.4 A General Model Selection Theorem for MLE

The previous approach for studying histogram selection heavily relies on the
linearity of the centered log-likelihood process on histograms. This property
carries over to exponential families of a linear finite dimensional space and
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Castellan has indeed been able to extend the previous results to exponential
families of piecewise polynomials (see [35]). Our purpose is now to consider
more general models. The price to pay for generality is that the absolute con-
stants involved in the penalty terms proposed in the general model selection
theorem below will become unrealistic.

7.4.1 Local Entropy with Bracketing Conditions

An adequate general tool to bound the Hellinger risk of a MLE on a given
model is entropy with bracketing. More precisely, if S is a set of probability
densities with respect to some positive measure µ, we denote by

√
S the set{√

t, t ∈ S
}

and consider
√
S as a metric subspace of L2 (µ). Denoting by h

the Hellinger distance between probability densities, the relationship
∥∥∥
√
t−

√
u
∥∥∥

2
=
√

2h (t, u) ,

implies that
(√

S, ‖.‖2

)
is isometric to

(
S,
√

2h
)
. We denote by H[.]

(
.,
√
S
)

,

the L2 (µ) entropy with bracketing of
√
S. Recall that for every positive ε,

H[.]

(
ε,
√
S
)

is the logarithm of the minimal number of intervals (or brackets)
[fL, fU ] with extremities fL, fU belonging to L2 (µ) such that ‖fL − fU‖2 ≤ ε,
which are necessary to cover

√
S. Of course since 0 ≤ (fU ∨ 0) − (fL ∨ 0) ≤

fU − fL, possibly changing fL and fU into fL ∨ 0 and fU ∨ 0, we may
always assume that the brackets involved in a covering of

√
S are of the form[√

tL,
√
tU
]
, where tL and tU belong to L1 (µ). This is what we shall do in what

follows. Given some collection of models {Sm}m∈M, we shall assume for each

model Sm the square entropy with bracketing
√

H[.]

(
ε,
√
Sm

)
to be integrable

at 0. We consider some function φm on R+ with the following properties

(i) φm is nondecreasing, x → φm (x) /x is nonincreasing on (0,+∞) and for
every σ ∈ R+ and every u ∈ Sm

∫ σ

0

√
H[.]

(
x,
√

Sm (u, σ)
)
dx ≤ φm (σ) ,

where Sm (u, σ) =
{
t ∈ Sm :

∥∥√t−√
u
∥∥

2
≤ σ

}
.

Of course, we may always take φm as the concave function

σ →
∫ σ

0

√
H[.]

(
ε,
√

Sm

)
dε,

but we shall see that when Sm is defined by a finite number of parameters, it
is better to consider this more local version of the integrated square entropy in
order to avoid undesirable logarithmic factors. In order to avoid measurability
problems we shall consider the following separability condition on the models.
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(M) There exists some countable subset S′
m of Sm and a set X ′ with

µ (X \ X ′) = 0 such that for every t ∈ Sm, there exists some sequence
(tk)k≥1 of elements of S′

m such that for every x ∈ X ′, ln (tk (x)) tends to
ln (t (x)) as k tends to infinity.

Theorem 7.11 Let X1, . . . , Xn be i.i.d. random variables with unknown den-
sity s with respect to some positive measure µ. Let {Sm}m∈M be some at most
countable collection of models, where for each m ∈ M, the elements of Sm
are assumed to be probability densities with respect to µ and Sm fulfills (M).
We consider a corresponding collection of ρ-MLEs (ŝm)m∈M which means
that for every m ∈M

Pn (− ln (ŝm)) ≤ inf
t∈Sm

Pn (− ln (t)) + ρ.

Let {xm}m∈M be some family of nonnegative numbers such that
∑
m∈M

e−xm = Σ < ∞,

and for every m ∈ M considering φm with property (i) define σm as the
unique positive solution of the equation

φm (σ) =
√
nσ2.

Let pen : M →R+ and consider the penalized log-likelihood criterion

crit (m) = Pn (− ln (ŝm)) + pen (m) .

Then, there exists some absolute constants κ and C such that whenever

pen (m) ≥ κ
(
σ2
m +

xm
n

)
for every m ∈M, (7.61)

some random variable m̂ minimizing crit over M does exist and moreover,
whatever the density s

Es

[
h2

(
s, ŝ

m̂

)]
≤ C

(
inf
m∈M

(K (s, Sm) + pen (m)) + ρ +
Σ

n

)
, (7.62)

where, for every m ∈M, K (s, Sm) = inft∈Sm
K (s, t).

Proof. For the sake of simplicity, we shall assume that ρ = 0. For every
m ∈ M, there exists some point sm ∈ Sm such that 2K (s, Sm) ≥ K (s, sm)
and some point sm ∈ Sm such that h2 (s, sm) ≤ 2 inft∈Sm

h2 (s, t). Let us
consider the family of functions

gm = −1
2

ln
(
sm
s

)
, fm = − ln

(
s + sm

2s

)
,

ĝm = −1
2

ln
(
ŝm
s

)
and f̂m = − ln

(
s + ŝm

2s

)
, m ∈M.
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We now fix some m ∈ M such that K (s, sm) < ∞ and define M′ =
{m′ ∈M, crit (m′) ≤ crit (m)}. By definition, for every m′ ∈M′

Pn (ĝm′) + pen (m′) ≤ Pn (ĝm) + pen (m) ≤ Pn (gm) + pen (m) .

Hence, since by concavity of the logarithm f̂m′ ≤ ĝm′ one has for every
m′ ∈M′

P
(
f̂m′

)
= −νn

(
f̂m′

)
+ Pn

(
f̂m′

)

≤ Pn (gm) + pen (m) − νn

(
f̂m′

)
− pen (m′)

and therefore

P
(
f̂m′

)
+ Um ≤ P (gm) + pen (m) − νn

(
f̂m′

)
− pen (m′) ,

where Um = −νn (gm). Taking into account the definitions of fm and gm
above this inequality also implies that for every m′ ∈M′

K
(
s,

s + ŝm′

2

)
+Um ≤ 2K (s, Sm) + pen (m)−νn

(
f̂m′

)
−pen (m′) . (7.63)

Our purpose is now to control −νn

(
f̂m′

)
. We shall perform this control by

first deriving from the maximal inequalities of the previous chapter some
exponential tail bounds for −νn

(
f̂m′

)
and then sum up these bounds over

all the possible values m′ ∈M.
Control of −νn

(
f̂m′

)

We first consider for every positive σ

Wm′ (σ) = sup
t∈Sm′ ,‖√t−√

sm′‖2
≤σ

√
nνn

(
ln
(

s + t

s + sm′

))

and intend to use Theorem 6.8. By Lemma 7.26, we know that if t is such
that

∥∥√t−√
sm′

∥∥
2
≤ σ, then (since

∥∥√t−√
sm′

∥∥
2
≤
√

2 anyway)

P

(∣∣∣∣ln
(

s + t

s + sm′

)∣∣∣∣
)k

≤ 2k−2k!
2

(
9
(
σ2 ∧ 2

)
8

)
.

Moreover if
√
t belongs to some bracket

[√
tL,

√
tU
]

with
∥∥√tL −

√
tU
∥∥

2
≤ δ,

then

ln
(

s + tL
s + sm′

)
≤ ln

(
s + t

s + sm′

)
≤ ln

(
s + tU
s + sm′

)

with by Lemma 7.26

P

(
ln
(
s + tU
s + tL

))k
≤ 2k−2k!

2

(
9δ2

8

)
.
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We are therefore in position to apply Theorem 6.8 which implies via condition
(i) that for every measurable set A with P [A] > 0

E
A [Wm′ (σ)] ≤ 81

2
√

2
φm′ (σ) +

7√
n
H[.]

(
σ,
√

Sm′ (sm′ , σ)
)

+
21
2
σ

√
ln
(

1
P [A]

)
+

4√
n

ln
(

1
P [A]

)
. (7.64)

Now since δ → H[.]

(
δ,
√

Sm′ (sm′ , σ)
)

and δ → δ−1φm′ (δ) are nonincreasing
we derive from the definition of σm′ that for σ ≥ σm′

H[.]

(
σ,
√

Sm′ (sm′ , σ)
)
≤ σ−2φ2

m′ (σ) ≤ σm′

σ

√
nφm′ (σ) ≤

√
nφm′ (σ) .

Plugging this inequality in (7.64), we derive that for every σ such that σm′ ≤ σ
one has for some absolute constant κ′

E
A [Wm′ (σ)] ≤ κ′

(
φm′ (σ) + σ

√
ln
(

1
P [A]

)
+

1√
n

ln
(

1
P [A]

))
.

Provided that ym′ ≥ σm′ , Lemma 4.23 yields

ym′

4κ′ E
A

[
sup
t∈Sm′

νn

(
ln (s + t) − ln (s + sm′)

y2
m′ +

∥∥√sm′ −
√
t
∥∥2

)]
≤ φm′ (ym′)√

nym′
+ Am′ ,

where

Am′ =
1√
n

√
ln
(

1
P [A]

)
+

1
ym′n

ln
(

1
P [A]

)
.

Using again the monotonicity of δ → δ−1φm′ (δ) we get by definition of σm′

φm′ (ym′) ≤ ym′

σm′
φm′ (σm′) ≤ ym′

√
nσm′

and therefore

ym′

4κ′ E
A

[
sup
t∈Sm′

νn

(
ln (s + t) − ln (s + sm′)

y2
m′ +

∥∥√sm′ −
√
t
∥∥2

)]
≤ σm′ + Am′ .

Now by definition of sm′ we have for every t ∈ Sm′

∥∥√sm′ −
√
s
∥∥2 ≤ 2

∥∥∥
√
t−

√
s
∥∥∥

2

(7.65)

and also
∥∥∥√sm′ −

√
t
∥∥∥

2

≤
(∥∥√sm′ −

√
s
∥∥ +

∥∥∥
√
t−

√
s
∥∥∥
)2

≤ 6
∥∥∥
√
t−

√
s
∥∥∥

2
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hence

ym′

4κ′ E
A

[
sup
t∈Sm′

νn

(
ln (s + t) − ln (s + sm′)

y2
m′ + 6

∥∥√s−
√
t
∥∥2

)]
≤ σm′ + Am′

which implies that

ym′

4κ′ E
A

[
νn

(
fm′ − f̂m′

y2
m′ + 6

∥∥√s−
√
ŝm′

∥∥2

)]
≤ σm′ + Am′ .

Using Lemma 2.4, we can derive an exponential bounds from this inequality.
Namely, for every positive x the following inequality holds except on a set
with probability less than e−xm′−x

νn

(
fm′ − f̂m′

y2
m′ + 6

∥∥√s−
√
ŝm′

∥∥2

)
≤ 4κ′

ym′

(
σm′ +

√
xm′ + x

n
+

xm′ + x

nym′

)
.

(7.66)
It remains to bound −νn (fm′). We simply combine Lemma 7.26 with
Bernstein’s inequality (2.20) and derive that except on a set with proba-
bility less than e−xm′−x

−νn (fm′) ≤ 1√
n

(
3
2

∥∥√s−√
sm′

∥∥√xm′ + x +
2 (xm′ + x)√

n

)
.

We derive from this inequality that

P

[
−νn (fm′)

y2
m′ +

∥∥√s−√
sm′

∥∥2 ≥ 3
4ym′

√
xm′ + x

n
+

2 (xm′ + x)
ny2

m′

]
≤ e−xm′−x

which in turn via (7.66) and (7.65) implies that, except on a set with probabil-
ity less than 2 exp (−xm′ − x), the following inequality holds for every positive
x, every ym′ ≥ σm′ and some absolute constant κ′′

−νn

(
f̂m′

)

y2
m′ +

∥∥√s−
√
ŝm′

∥∥2 ≤ κ′′

ym′

(
σm′ +

√
xm′ + x

n
+

xm′ + x

nym′

)
(7.67)

End of the proof
It remains to choose adequately ym′ and sum up the tail bounds (7.67)

over the possible values of m′. Defining ym′ as

ym′ = θ−1

√
σ2
m′ +

(xm′ + x)
n

where θ denotes some constant to be chosen later, we derive from (7.67) that,
except on a set with probability less than 2Σ exp (−x) the following inequality
is valid for all m′ ∈M simultaneously
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−νn

(
f̂m′

)

y2
m′ +

∥∥√s−
√
ŝm′

∥∥2 ≤ κ′′ (2θ + θ2
)

Now setting α = ln (2)− (1/2) it comes from Lemma 7.23 and (7.63) that for
every m′ ∈ M′

α
∥∥∥√s−

√
ŝm′

∥∥∥
2

+ Um ≤ 2K (s, Sm) + pen (m) − νn

(
f̂m′

)
− pen (m′) .

Hence, choosing θ in such a way that κ′′ (2θ + θ2
)

= α/2, except on a set with
probability less than 2Σ exp (−x), we have for every m′ ∈ M′

α

2

∥∥∥√s−
√

ŝm′

∥∥∥
2

+ Um ≤ 2K (s, Sm) + pen (m) +
α

2
y2
m′ − pen (m′) .

Finally, if we define κ = αθ−2, then by (7.61)
(
αy2

m′/2
)
− (pen (m′) /2) ≤

κx/ (2n) and therefore, except on a set with probability less than 2Σ exp (−x),
the following inequality holds for every m′ ∈ M′

α

2

∥∥∥√s−
√

ŝm′

∥∥∥
2

+ Um +
pen (m′)

2
≤ 2K (s, Sm) + pen (m) +

κx

2n
. (7.68)

We can use this bound in two different ways. First, since Um is integrable,
we derive from (7.68) that M = supm′∈M′ pen (m′) is almost surely finite, so
that since by (4.73), κxm′/n ≤ M for every m′ ∈ M′, the following bound is
valid

Σ ≥
∑

m′∈M′
exp (−xm′) ≥ |M′| exp

(
−Mn

κ

)

and therefore M′ is almost surely a finite set. This proves of course that
some minimizer m̂ of crit over M′ and hence over M does exist. For such a
minimizer, (7.68) implies that

α

2

∥∥∥√s−
√

ŝ
m̂

∥∥∥
2

+ Um ≤ 2K (s, Sm) + pen (m) +
κx

2n
.

The proof can be easily completed by integrating this tail bound, noticing
that Um is centered at expectation.

The oracle type inequality (7.62) makes some unpleasant bias term appear
since one would expect Hellinger loss rather than Kullback–Leibler loss. The
following result will be convenient to overcome this difficulty.

Lemma 7.12 Let s be some probability density and f ∈ L2 (µ), such that√
s ≤ f . Let t be the density t = f2/ ‖f‖2, then

∥∥∥√s−
√
t
∥∥∥ ≤

∥∥√s− f
∥∥ (7.69)

and
1 ∧K (s, t) ≤ 3

∥∥√s− f
∥∥2 . (7.70)
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Proof. The first task is to relate
∥∥√s−

√
t
∥∥ to ‖√s− f‖. Let λ ≥ 1, then

∥∥∥√s− λ
√
t
∥∥∥

2

=
∥∥∥
(√

s−
√
t
)
− (λ− 1)

√
t
∥∥∥

2

=
∥∥∥√s−

√
t
∥∥∥

2

+ (λ− 1)2 − 2 (λ− 1)
∫ √

t
(√

s−
√
t
)
dµ

=
∥∥∥√s−

√
t
∥∥∥

2

+ (λ− 1)2 + (λ− 1)
∥∥∥√s−

√
t
∥∥∥

2

≥
∥∥∥√s−

√
t
∥∥∥

2

.

Applying this inequality with λ = ‖f‖ provides the desired comparison i.e.,
(7.69). Combining this inequality with (7.104) we derive that

K (s, t) ≤ (2 + ln (‖f‖))
∥∥√s− f

∥∥2 .

Setting ε = ‖√s− f‖, we get via the triangle inequality

K (s, t) ≤ (2 + ln (1 + ε)) ε2.

If ε ≤ 0.6 then 2+ln (1 + ε) ≤ 3 and (7.70) derives from the previous inequal-
ity, while if ε > 0.6 3ε2 > 1 and (7.70) remains valid.

This Lemma will turn to be useful in the sequel since it allows to construct
some good approximating density f2/ ‖f‖2 of a given density s in Kullback–
Leibler loss if one starts from some upper approximation f of the square root
of s in L2 loss. If this approximation happens to belong to some model Sm,
this provides an upper bound for the bias term K (s, Sm).

7.4.2 Finite Dimensional Models

Our purpose is now to provide some illustration of the previous general theo-
rem. All along this section, we assume that µ is a probability measure. Follow-
ing the lines of [12], we focus on the situation where

√
Sm is a subset of some

finite dimensional space Sm of L2. In this case, one can hope to compute the
quantity σ2

m involved in the definition of the penalty restriction (7.61) as a
function of the dimension Dm of Sm. Unfortunately, the dimension itself is not
enough to compute the local entropy with bracketing of the linear space Sm.
Essentially, this computation requires to say something on the L∞-structure
of Sm. As in [12], we define some index which will turn to be extremely con-
venient for this purpose. Given some D-dimensional linear subspace S of L∞,
for every orthonormal basis ϕ = {ϕλ}λ∈Λ of S we define

r (ϕ) =
1√
D

sup
β �=0

∥∥∑
λ∈Λ βλϕλ

∥∥
∞

|β|∞
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where |β|∞ = supλ∈Λ |βλ| and next the L∞-index of S

r = inf
ϕ

r (ϕ) ,

where the infimum is taken over the set of all orthonormal basis of S. Note
that since µ is a probability measure

∥∥∑
λ∈Λ βλϕλ

∥∥
∞ ≥

∥∥∑
λ∈Λ βλϕλ

∥∥
2

for
every basis {ϕλ}λ∈Λ and therefore r ≥ 1. This index is easy to handle for
linear spaces of interest. A quite typical example is the following.

Lemma 7.13 Let µ be the Lebesgue measure on [0, 1], P be some finite parti-
tion of [0, 1], the pieces of which are intervals and r be some integer. Let SP,r
be the space of piecewise polynomials on P with degree less than or equal to r.
Then, denoting by |P| the number of pieces of P, one has

r ≤ 2r + 1√
|P| infI∈P µ (I)

.

Proof. Let {Qj}j≥0 be the orthogonal basis of Legendre polynomials in
L2 ([−1, 1] , dx), then the following properties hold for all j ≥ 0 (see [125],
pp. 302–305 for details):

‖Qj‖∞ ≤ 1 and
∫ 1

−1

Q2
j (x) dx =

2
2j + 1

.

Let I be some interval belonging to P and denote by a and b its extremities,
a < b. We define for every x ∈ [0, 1] and j ≥ 0

ϕI,j (x) =

√
2j + 1
b− a

Qj

(
2x− a− b

b− a

)
1lI (x) .

Obviously, {ϕI,j}I∈P,0≤j≤r is an orthonormal basis of SP,r and for every
piecewise polynomial

Q =
∑
I∈P

r∑
j=0

βI,jϕI,j

one has

‖Q‖∞ = sup
I∈P

∥∥∥∥∥∥
r∑
j=0

βI,jϕI,j

∥∥∥∥∥∥
∞

≤ |β|∞
r∑
j=0

‖ϕI,j‖∞

≤ |β|∞√
infI∈P µ (I)

r∑
j=0

√
2j + 1

and since S has dimension |P| (r + 1), we derive by definition of r that

r ≤
∑r
j=0

√
2j + 1√

(r + 1) |P| infI∈P µ (I)
.

Since
∑r
j=0

√
2j + 1 ≤ (r + 1)

√
2r + 1, the result follows easily.
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In particular, whenever S is the space of piecewise constant functions on
a regular partition with D pieces of [0, 1], Lemma 7.13 ensures that r = 1.
More generally, we derive from Lemma 7.13 that whenever P is a regular, if
S is the space of piecewise polynomials on P with degree less or equal to r,
the index r is bounded by 2r + 1.

Another example of interest is wavelet expansions as explained in [12]. We
contents ourselves here with Haar expansions just as an illustration. We set
for every integer j ≥ 0

Λ (j) =
{

(j, k) ; 1 ≤ k ≤ 2j
}

.

Let ϕ = 1I[0,1/2] − 1I(1/2,1] and for every integers j ≥ 0, 1 ≤ k ≤ 2j

ϕj,k (x) = 2j/2 ϕ
(
2jx− k + 1

)
for all x ∈ [0, 1] .

If we consider for every integer m, the linear span Sm of
{

ϕλ, λ ∈
⋃m
j=0 Λ (j)

}
,

it is possible to bound the L∞-index rm of Sm. Indeed for every j ≥ 0
∥∥∥∥∥∥

2j∑
k=1

βj,kϕj,k

∥∥∥∥∥∥
∞

≤ 2j/2 sup
k

|βj,k|

and therefore

rm ≤

⎡
⎣
m∑
j=0

2j/2

⎤
⎦
/√√√√√

⎡
⎣
m∑
j=0

2j

⎤
⎦ < 1 +

√
2. (7.71)

The interesting feature here (as in the case of regular polynomials) is that the
L∞-index rm of Sm is bounded independently of m. This property is preserved
when one deals with wavelet expansions (the upper bound depending on the
father wavelet ψ which is considered).

It remains to connect the local entropy with bracketing of a linear finite
dimensional subspace S of L∞ with its dimension D and its L∞-index r. This
will be a trivial consequence of the following result.

Lemma 7.14 Let S be some D-dimensional subspace of L∞ with L∞-index
r. Let u ∈ S and σ > 0 be given. Denote by B2 (u, σ) the closed L2 ball of S
centered at u with radius σ. For every δ ∈ (0, σ], let N ′

∞ (δ,B2 (u, σ)) denote
the minimal number of closed L∞-balls with radius δ which are necessary to
cover B2 (u, σ). Then for some absolute constant κ∞ (κ∞ =

√
3πe/2 works)

N ′
∞ (δ,B2 (u, σ)) ≤

(
κ∞rσ

δ

)D
.
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Proof. Without loss of generality we may assume that u = 0 and that
r = r (ϕ), for some orthonormal basis ϕ = {ϕj}1≤j≤D of S. Using the
natural isometry between the Euclidean space R

D and S corresponding to
the basis ϕ, one defines the countable set T as the image of the lattice

T =
[(

2δ/r
√
D
)

Z

]D
i.e.,

T =

⎧
⎨
⎩

D∑
j=1

βjϕj : β ∈ T

⎫
⎬
⎭ .

Considering the partition of R
D into cubes of vertices with length 2δ/r

√
D

centered on the points of T , we retain the set of cubes T σ which intersect the
Euclidean ball centered at 0 with radius σ and denote by T

σ
the corresponding

set in S. We define the mapping Πσ : R
D → T σ such that Πσ (β) and β belong

to the same cube. Then for every β ∈ R
D,

|β −Πσ (β)|∞ ≤ δ

r
√
D

and therefore, for every t =
∑D
j=1 βjϕj ∈ B2 (0, σ) , there exists some point

Π
σ

(t) =
∑D
j=1 Π

σ
j (β)ϕj ∈ T

σ
such that

∥∥∥t−Π
σ

(t)
∥∥∥
∞

≤ r
√
D |β −Πσ (β)|∞ ≤ δ,

which means that the closed L∞-balls with radius δ are covering B2 (0, σ).
Since

∣∣∣Tσ
∣∣∣ = |T σ|, we have to control |T σ|. Towards this aim, we notice

that if β belongs to some cube intersecting B2 (0, σ), then for some point
βσ ∈ B2 (0, σ), one has

|β − βσ|∞ ≤ 2δ
r
√
D

which implies that

|β − βσ|2 ≤
2δ
r

and therefore β belongs to the Euclidean ball centered at 0 with radius σ +
(2δ/r). Hence the disjoint cubes of vertices with length 2δ/r

√
D centered on

the points of T σ are packed into this euclidean ball which yields

|T σ|
(

2δ
r
√
D

)D
≤
(
σ +

(
2δ
r

))D
VD,

where VD denotes the volume of the Euclidean unit ball of R
D. So since

σr/δ ≥ 1

|T σ| ≤
((

σr

2δ

)
+ 1

)D
DD/2VD ≤

(
3σr
2δ

)D
DD/2VD (7.72)



7.4 A General Model Selection Theorem for MLE 249

and it remains to bound VD. It is well known that VD = πD/2 (Γ (1 + D/2))−1.
We intend to prove by induction that

VD ≤
(

2πe
D

)D/2
. (7.73)

Since V1 = 2 and V2 =
√
π, this bound holds true for D = 1 and D = 2. Now

VD+2 =
2π

2D + 1
VD,

so, assuming that (7.73) holds true, since ln (1 + x) ≤ x we derive that

VD+2

((
2πe

D + 2

)−1−D/2)
≤ 1

e

(
1 +

2
D

)D/2
≤ 1

which means that (7.73) is valid when we substitute D + 2 to D. Hence we
have proved (7.73) by induction. Combining (7.73) with (7.72) leads to the
result.

Keeping the notations of the previous Lemma, if we consider some covering
of a ball B2 (u, σ) in S by some finite family of L∞-balls with radius δ/2,
denoting by T the family of centers of these balls, for every t ∈ B2 (u, σ),
there exists some point Π (t) belonging to T , such that

‖t−Π (t)‖∞ ≤ δ/2

or equivalently
Π (t) − δ/2 ≤ t ≤ Π (t) + δ/2.

Hence, the family brackets {[t− δ/2, t + δ/2] , t ∈ T} is a covering of B2 (u, σ).
Since µ is a probability measure, the L2-diameter of each of these brackets is
less or equal to δ and we derive from Lemma 7.14 that

H[.] (δ,B2 (u, σ)) ≤ lnN ′
∞ (δ/2,B2 (u, σ)) ≤ D ln

(
2κ∞rσ

δ

)
.

Coming back to the situation where
√
Sm is a subset of some Dm-dimensional

Sm subspace of L∞, denoting by rm the L∞-index of Sm, since
√
a + b ≤√

a +
√
b, we derive from this inequality that

∫ σ

0

√
D−1
m H[.]

(
x,
√

Sm (u, σ)
)
dx ≤

∫ σ

0

√
ln
(

2κ∞rmσ

x

)
dx

≤ σ
√

ln (rm) +
∫ σ

0

√
ln
(

2κ∞σ

x

)
dx.
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Setting x = yσ in the integral above yields

∫ σ

0

√
D−1
m H[.]

(
x,
√

Sm (u, σ)
)
dx ≤ σ

(√
ln (rm) +

∫ 1

0

√
ln
(

2κ∞
y

)
dy

)
.

Hence, for some absolute constant κ′
∞, the function φm defined by

φm (σ) =
√

Dmσ
(√

ln (rm) + κ′
∞

)

satisfies to assumption (i). Since the solution σm of the equation
φm (σ) =

√
nσ2 satisfies to

σ2
m =

Dm

n

(√
ln (rm) + κ′

∞

)2

≤ 2Dm

n
(ln (rm) + κ′

∞) ,

applying Theorem 7.11, we obtain the following interesting result (which is
exactly Theorem 2 in [12]).

Corollary 7.15 Let X1, . . . , Xn be i.i.d. random variables with unknown den-
sity s with respect to some positive measure µ. Let

(
Sm

)
m∈M be some at

most countable collection of finite dimensional linear subspaces of L∞. For
any m ∈M we denote respectively by Dm and rm the dimension and the L∞-
index of Sm. Consider for every m ∈ M the set Sm of probability densities
t (with respect to µ) such that

√
t ∈ Sm. Let {xm}m∈M be some family of

nonnegative numbers such that
∑
m∈M

e−xm = Σ < ∞.

Let pen : M →R+ be such that

pen (m) ≥ κ1

n
(Dm (ln (1 + rm)) + xm) , (7.74)

where κ1 is a suitable numerical constant and let s̃ be the corresponding
penalized MLE which is a minimizer with respect to m ∈M and t ∈ Sm of

(Pn (− ln (t)) + pen (m)) if t ∈ Sm.

Then, for some absolute constant C1, whatever the density s

Es

[
h2 (s, s̃)

]
≤ C1

(
inf
m∈M

(K (s, Sm) + pen (m)) +
Σ

n

)
. (7.75)

Since the L∞-index of the space of piecewise polynomials for instance can
be easily bounded (see Lemma 7.13 above), Corollary 7.15 can be applied to a
variety of problems as shown in [12]. Coming back to the problem of selecting
histograms on [0, 1] based on a partition with end points on the regular grid
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{j/N , 0 ≤ j ≤ N}, we derive from Lemma 7.13 that the L∞-index rm of the
space Sm of piecewise constant functions on such a partition m satisfies to

rm ≤
√

N

Dm
,

where Dm denotes the number of pieces of m (which is of course also the
dimension of Sm). Since the considerations on the weights {xm}m∈M are
exactly the same here as in Section 7.3.3, we readily see that (up to numerical
constants) the penalties that we derive from Corollary 7.15 are similar to those
of Section 7.3.3 i.e., for some suitable constant K

pen (m) =
KDm

n

(
1 + ln

(
N

Dm

))

for the problem of selecting irregular partitions and

pen (m) =
KDm

n

for the problem of selecting a regular partition. Of course the very general
entropy with bracketing arguments that we used to derive Theorem 7.11 and
therefore Corollary 7.15 are not sharp enough to recover the very precise
results concerning the numerical constants obtained in Theorem 7.9 via the
concentration inequalities for chi-square type statistics.

7.5 Adaptive Estimation in the Minimax Sense

Exactly as in the Gaussian case, it is possible to study the adaptive properties
in the minimax sense of penalized LSE or MLE in a huge variety of density
estimation problems as illustrated in [20] and [12]. We present below a list of
examples that we hope to be significant illustrations of the general idea that we
have already developed in the Gaussian case: the link between model selection
and adaptive estimation is made through approximation theory. This means
that one of the main gain that one gets when working with lists of models
which may depend on the sample size n is that it offers the possibility to use
models because of their known approximation qualities with respect to target
classes of densities.

7.5.1 Lower Bounds for the Minimax Risk

As in the Gaussian case we need some benchmarks to understand whether our
estimators are approximately minimax or not on a variety of target parameter
spaces.
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Hölder Classes

Given some positive real numbers α and R, let us consider the largest integer
r smaller than α and the Hölder class H (α,R) of functions f on [0, 1] such
that f if r-times differentiable with

∣∣∣f (r) (x) − f (r) (y)
∣∣∣ ≤ R |x− y|α−r .

Our purpose is to build a minimax lower bound for the squared Hellinger risk
on the class S (α,R) of densities s such that

√
s ∈ H (α,R).

Proposition 7.16 Suppose that one observes independent random variables
X1, . . . , Xn with common density s with respect to the Lebesgue measure on
[0, 1]. For every α > 0, there exists some positive constant κα such that what-
ever the estimator s̃ of s the following lower bound is valid for all R ≥ 1/

√
n

sup
s∈S(α,R)

Es

[
h2 (s, s̃)

]
≥ κα

[(
R2/(2α+1)n−2α/(2α+1)

)
∧ 1

]
.

Proof. Let us take some infinitely differentiable function ϕ : R → R with
compact support included in (1/4, 3/4) such that

∫
ϕ (x) dx = 0 and

∫
ϕ2 (x) dx = 1.

We set C = max0≤k≤r+1

∥∥ϕ(k)
∥∥
∞ > 1. Given some positive integer D to be

chosen later, we define for every positive integer j ≤ D and every x ∈ [0, 1]

ϕj (x) =
R

8C
D−αϕ (Dx− j + 1) .

Note that for every j, ϕj is supported by ((j − 1) /D, j/D)so that the func-
tions {ϕj , 1 ≤ j ≤ D} have disjoint supports (and are therefore a fortiori
orthogonal). For every θ ∈ {0, 1}D we introduce

fθ = 1 +
D∑
j=1

(2θj − 1)ϕj .

Then on the one hand

‖fθ‖2
2 = 1 +

R2D−2α

64C2
= ρ2

and on the other hand, whenever RD−α ≤ 2
∥∥∥∥∥∥
D∑
j=1

(2θj − 1)ϕj

∥∥∥∥∥∥
∞

≤ RD−α

8
≤ 1/4,
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so that 3/4 ≤ fθ ≤ 5/4. In particular this means that fθ is positive and if we
define the probability density sθ = f2

θ /ρ
2, we have

√
sθ = fθ/ρ. Since ρ > 1,

to check that sθ ∈ S (α,R) it is enough to prove that fθ ∈ H (α,R). Noticing
that if x ∈ ((j − 1) /D, j/D) and y ∈ ((j′ − 1) /D, j′/D) one has

∣∣∣f (r)
θ (x) − f

(r)
θ (y)

∣∣∣ =
∣∣∣(2θj − 1)ϕ(r)

j (x) − (2θj′ − 1)ϕ(r)
j′ (y)

∣∣∣ .

Now two situations occur. Assuming first that |x− y| < 1/ (4D), one has
either

∣∣∣f (r)
θ (x) − f

(r)
θ (y)

∣∣∣ = 0 if j �= j′ (by construction of the ϕk’s) or if
j = j′ by the mean value theorem

∣∣∣f (r)
θ (x) − f

(r)
θ (y)

∣∣∣ ≤ |x− y|α−r (4D)−1−r+α
∥∥∥ϕ(r+1)

j

∥∥∥
∞

≤ R

8
|x− y|α−r .

Assuming now that |x− y| ≥ 1/ (4D) we simply write

∣∣∣f (r)
θ (x) − f

(r)
θ (y)

∣∣∣ =
∥∥∥ϕ(r)

j

∥∥∥
∞

+
∥∥∥ϕ(r)

j′

∥∥∥
∞

≤ R

4
Dr−α

≤ R |x− y|α−r .

This proves that fθ indeed belongs to H (α,R) whatever θ ∈ {0, 1}D. To
apply the strategy for deriving lower bounds from Birgé’s lemma that we
have already experimented in the Gaussian framework, we need to evaluate
for every θ, θ′ ∈ {0, 1}D, the Kullback–Leibler loss K (sθ, sθ′) and the Hellinger
loss h2 (sθ, sθ′). We derive from (7.104) in the Appendix that

K (sθ, sθ′) ≤
2
ρ2

(1 + ln (‖fθ/fθ′‖∞)) ‖fθ − fθ′‖2 ≤ 3 ‖fθ − fθ′‖2

≤ 3R2D−2α

16C2
.

Moreover,

h2 (sθ, sθ′) =
1

2ρ2
‖fθ − fθ′‖2 =

R2D−2α−1

32ρ2C2

D∑
j=1

1lθj �=θ′j

so that, restricting ourselves to the subset Θ of {0, 1}D coming from Lemma 4.7
and applying Corollary 2.19 we derive that for any estimator s̃ one has

sup
θ∈Θ

Esθ

[
h2 (sθ, s̃)

]
≥ 2−9R2D−2α (1 − κ) ρ−2C−2 (7.76)

provided that
max
θ,θ′

[nK (sθ, sθ′)] ≤ κD/8,
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where κ denotes the absolute constant of Lemma 2.17. The restriction above
on the maximal Kullback–Leibler mutual information is a fortiori satisfied if

3R2D−2α

16C2
≤ κD

8n
(7.77)

or equivalently D2α+1 ≥ 1.5nR2/
(
κC2

)
. We know that κ ≥ 1/2, so that

choosing D as
D = min

{
k ≥ 1 : k2α+1 ≥ 3nR2

}

warrants that (7.77) is fulfilled. Assuming first that R ≤ nα, we see that
our choice of D fulfills the constraint RD−α ≤ 1 < 2. On the other hand
ρ2 ≤ 17/16 and nR2 ≥ 1 warrants that D ≥ 2 so that by definition of D

D ≤ 2
(
3nR2

)1/(2α+1)
.

Plugging these inequalities in (7.76) leads to

sup
θ∈Θ

Esθ

[
h2 (sθ, s̃)

]
≥ καR

2/(2α+1)n−2α/(2α+1)

by setting

κα =
2−5−2α (1 − κ)

51C2
.

On the contrary, if R > nα, the maximum risk on S (α,R) is always not
smaller than the maximum risk on the smaller class S (α, nα) for which the
previous proof works, leading to the desired result.

We turn now to ellipsoids.

Ellipsoids

For densities this structure is somehow less natural and easy to deal with as
compared to the Gaussian case, the reason being that the positivity restriction
that must be fulfilled by a density can lead to a parameter space which can
be substantially smaller than the whole ellipsoid itself. For this reason lower
bounds on ellipsoids are more delicate to establish in the density case than in
the Gaussian case and require to make some assumptions on the underlying
orthonormal basis. Consider some countable family of functions {ϕλ}λ∈Λ such
that {1l} ∪ {ϕλ}λ∈Λ is an orthonormal basis of L2 (µ). For any function t ∈
L2 (µ) and any λ ∈ Λ, we denote by βλ (t) the coefficient of t in the direction
of ϕλ, βλ (t) =

∫
tϕλdµ. We provide a hierarchical structure to this basis by

taking some partition of Λ
Λ =

⋃
j∈N

Λ (j)

where, for each integer j, Λ (j) is a finite set. Setting for any integer j, Dj =∑j
i=0 |Λ (i)|, we define for any positive numbers α and R, the set
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E2 (α,R) =

⎧
⎨
⎩s ∈ L2 (µ) :

∞∑
j=0

D2α
j

∑
λ∈Λ(j)

β2
λ (s) ≤ R2 and 1 + s ≥ 0

⎫
⎬
⎭ ,

(7.78)

which is a subset of an ellipsoid of L2 (µ) . The conditions that we have to
impose on the basis in order to build our lower bounds are as follows:

• there exists some positive constant Φ such that for all integer m, the func-
tion Φm =

∑m
j=0

∑
λ∈Λ(j) ϕ

2
λ satisfies to

‖Φm‖∞ ≤ ΦDm, (7.79)

• there exists some positive constant C such that

Dm+1 ≤ CDm, for all integer m. (7.80)

Note that these conditions are satisfied for all the orthonormal basis that
we know to play a role in approximation theory (see [12] for several examples
including eigenfunctions of the Laplacian operator on a compact Riemannian
manifold). Two typical examples are the trigonometric and the Haar systems
for which Φ = 1 and C = 3 as easily seen from their description that we recall
hereunder.

• µ is the uniform distribution on the torus [0, 2π] and for each integer
j Λ (j) = {2j, 2j + 1} with ϕ2j (x) =

√
2 cos ((j + 1)x), ϕ2j+1 (x) =√

2 sin ((j + 1)x) for all x ∈ [0, 2π].
• µ is the uniform distribution on [0, 1]. Moreover let ϕ = 1l[0,1/2) − 1l(1/2,1]

and for each integer j, Λ (j) =
{

(j, k) | 1 ≤ k ≤ 2j
}

with ϕj,k (x) =
2j/2ϕ

(
2jx− k + 1

)
for all (j, k) ∈ Λ (j) and x ∈ [0, 1].

We shall also use the following stronger version of (7.79):

• there exists some positive constant Φ such that for all integer m and every
β ∈ R

Λm ∥∥∥∥∥
∑
λ∈Λm

βλϕλ

∥∥∥∥∥
∞

≤
(

sup
λ∈Λm

|βλ|
)√

ΦDm (7.81)

This condition is directly connected to the properties of the L∞-index
of the linear spans of {ϕλ, λ ∈ Λm} and typically holds for a wavelet basis.
For instance, we derive from (7.71) that it holds for the Haar basis with
Φ =

(
1 +

√
2
)2

. We can now state our lower bound (which is a simplified
version of Proposition 2 in [12]).

Proposition 7.17 Let X1, . . . , Xn be i.i.d. observations with density 1 + s
with respect to the probability measure µ. Assume that the orthonormal system
{ϕλ, λ ∈ Λ} satisfies to conditions (7.80) and (7.79). Then, there exists some
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numerical constant κ1 such that, whenever nR2 ≥ D2α+1
0 , for every estimator

s̃ of s, one has

sup
s∈E2(α,R)

Es ‖s− s̃‖2 ≥ κ1

CΦ
R2/(2α+1)n−2α/(2α+1)

provided that
R2 ≤ nα−1/2. (7.82)

Moreover if the stronger condition (7.81) holds, then (7.82) can be replaced
by the milder restriction R ≤ nα.

Proof. The proof is very similar to that of Proposition 7.16. Since nR2 ≥
D2α+1

0 , the set
{
j ≥ 0 : Dj ≤

(
nR2

)1/(2α+1)
}

is nonvoid. We define

m = sup
{
j ≥ 0 : Dj ≤

(
nR2

)1/(2α+1)
}

and write D = Dm for short. It comes from (7.80) and the very definition of
D that

nR2

C2α+1
≤ D2α+1 ≤ nR2. (7.83)

We introduce for every θ ∈ {0, 1}Λm

sθ = ρ
∑
λ∈Λm

θλϕλ with ρ =
1

4
√
nΦ

.

Condition (7.79) implies by Cauchy -Schwartz inequality that

‖sθ‖∞ ≤ ρ
√
ΦD ≤ D

4
√
n

and therefore by (7.83) and (7.82) ‖sθ‖∞ ≤ 1/4. Similarly if the stronger
condition (7.81) holds, then

‖sθ‖∞ ≤ ρ
√
ΦD ≤ 1

4

√
D

n

so that combining (7.83) with the condition R ≤ nα we still get ‖sθ‖∞ ≤ 1/4.
Moreover for every θ, θ′ ∈ {0, 1}Λm one has

‖sθ − sθ′‖2 = ρ2
∑
λ∈Λm

(θλ − θ′λ)2 . (7.84)

Since 3/4 ≤ 1 + sθ ≤ 5/4 for every θ ∈ {0, 1}Λm , Kullback–Leibler, Hellinger
and square losses are of the same order when restricted to the family of den-
sities

{
1 + sθ; θ ∈ {0, 1}Λm

}
. Indeed
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h2 (1 + sθ, 1 + sθ′) =
1
2

∥∥∥∥
sθ − sθ′√

1 + sθ +
√

1 + sθ′

∥∥∥∥
2

≤ 1
6
‖sθ − sθ′‖2

which implies via (7.104) and (7.84) that

K (1 + sθ, 1 + sθ′) ≤
1
3

(
2 + ln

(
5
3

))
‖sθ − sθ′‖2 ≤ ‖sθ − sθ′‖2

≤ ρ2D.

Restricting to the subset Θ of {0, 1}Λm coming from Lemma 4.7 and applying
Corollary 2.19 we derive that for any estimator s̃ one has

sup
θ∈Θ

Esθ

[
‖sθ − sθ′‖2

]
≥ 1

16
ρ2D (1 − κ) (7.85)

provided that
max
θ,θ′

[nK (1 + sθ, 1 + sθ′)] ≤ κD/8,

where κ denotes the absolute constant of Lemma 2.17. This restriction on the
Kullback–Leibler mutual information is a fortiori satisfied if

ρ2D ≤ κD

8n

which is indeed fulfilled because of our choice of ρ (we recall again that
κ ≥ 1/2). Using (7.83), we derive from (7.85) that

sup
θ∈Θ

Esθ

[
‖sθ − sθ′‖2

]
≥ 2−8 (1 − κ)

nΦC

(
nR2

)1/(2α+1)

achieving the proof of our lower bound.
The lower bounds that we have proved under assumption (7.79) are rel-

evant in the Hilbert–Schmidt case, i.e., when α > 1/2. Assumption (7.81)
allows to relax this restriction on α. At the price of additional technicalities,
it is also possible to show that for Fourier ellipsoids the restriction on α is also
useless although this basis obviously does not satisfy to (7.81). The interested
reader will find details on this result in [12].

Lower Bounds under Metric Entropy Conditions

Our aim is to prove an analogue in the density estimation framework of Propo-
sition 4.13. The difficulty is that Hellinger and Kullback–Leibler loss are not
necessarily of the same order. Hence metric entropy conditions alone do not
lead to lower bounds. Interestingly, entropy with bracketing which was at the
heart of our analysis of MLEs is also an adequate tool to derive minimax lower
bounds in the density estimation framework. We may consider L1 or Hellinger
metric entropy with bracketing conditions.
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Lemma 7.18 Let S be some set of probability densities. Let δ ∈ (0, 1)
and C > 1. Assume that there exists some covering of

√
S by brackets[√

τ−;
√
τ+

]
, τ ∈ Tδ, with diameter less than or equal to Cδ in L2 (µ). Let Rδ

be some δ-net of S with respect to Hellinger distance. Then, there exists some
subset Sδ of Rδ, some τ ∈ Tδ and some θ ∈ (0, 1) such that, setting either

sθ = (1 − θ) s + θ
τ+

∥∥∥
√
τ+

∥∥∥
2 for every s ∈ Sδ (i)

or

sθ =

(
(1 − θ)

√
s + θ

√
τ+

)2

∥∥∥(1 − θ)
√
s + θ

√
τ+

∥∥∥
2 for every s ∈ Sδ, (ii)

the following properties hold:

ln |Sδ| ≥ ln |Rδ| − ln |Tδ|

and for every s �= t ∈ Sδ

K (sθ, tθ) ≤ 4 (2 + ln (C))C2δ2 and h (sθ, tθ) ≥
δ

2
. (7.86)

Proof. There exists some bracket [τ−, τ+] which contains at least |Rδ| / |Tδ|
points of Rδ. Hence, the set Sδ = [τ−, τ+]

⋂
Rδ satisfies to

ln |Sδ| ≥ ln |Rδ| − ln |Tδ| .

Let θ ∈ (0, 1) to be chosen later and s, t ∈ Sδ with s �= t. Assume first that
the family of densities {uθ, u ∈ Sδ} is defined by (i). By Lemma 7.25, we note
that since s, t ∈ [τ−, τ+]

h2 (sθ, tθ) ≤ (1 − θ) h2 (s, t) ≤ (1 − θ)
2

∥∥∥
√
τ+ −

√
τ−

∥∥∥
2

,

so that on the one hand

h2 (sθ, tθ) ≤
(1 − θ)C2δ2

2
. (7.87)

while on the other hand, we derive from (7.69) that

h2 (s, sθ) ≤ θh2

⎛
⎜⎝s,

τ+

∥∥∥
√
τ+

∥∥∥
2

⎞
⎟⎠ ≤ θ

2

∥∥∥√s−
√
τ+

∥∥∥
2

≤ θC2δ2

2
. (7.88)
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In order to upper bound K (sθ, tθ), we notice that

1 ≤
∥∥∥
√
τ+

∥∥∥ ≤ 1 + Cδ, (7.89)

which implies that sθ ≤ τ+ and tθ ≥ θ (1 + Cδ)−2
τ+. Hence

∥∥∥∥
sθ
tθ

∥∥∥∥
∞

≤ (1 + Cδ)2

θ
≤ (1 + C)2

θ

and we derive from (7.104) and (7.87) that

K (sθ, tθ) ≤
(

2 + ln

(
(1 + C)2

θ

))
C2δ2.

Now by the triangle inequality

h (sθ, tθ) ≥ h (s, t) − h (s, sθ) − h (t, tθ) .

But (7.88) implies that

h (s, sθ) + h (t, tθ) ≤
√

2θCδ,

hence, choosing θ = 1/
(
8C2

)
warrants that

h (s, tθ) ≥ δ − δ/2 ≥ δ/2.

Moreover our choice for θ leads to

K (sθ, tθ) ≤
(

2 + ln
(

8C2 (1 + C)2
))

C2δ2

≤ 4 (2 + ln (C))C2δ2

and therefore property (7.86) is fulfilled. Assume now that the family of den-
sities {uθ, u ∈ Sδ} is defined by (ii). In this case, setting

fθ = (1 − θ)
√
s + θ

√
τ+ and gθ = (1 − θ)

√
t + θ

√
τ+,

one has
√
sθ = fθ ‖fθ‖−1 and

√
tθ = gθ ‖gθ‖−1. We note that since

√
s ≤ fθ,

‖fθ‖ ≥ 1 and one derives from (7.89) that

‖√sθ − fθ‖ = ‖fθ‖ − 1 ≤ θCδ. (7.90)

Similarly
∥∥√tθ − gθ

∥∥ ≤ θCδ, so that the triangle inequality yields

∥∥√sθ −
√
tθ
∥∥ ≤ 2θCδ + ‖fθ − gθ‖ ≤ 2θCδ + (1 − θ)

∥∥∥√s−
√
t
∥∥∥

≤ (1 + θ)Cδ
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and
∥∥√sθ −

√
s
∥∥ ≤ θCδ +

∥∥fθ −
√
s
∥∥ ≤ θCδ + θ

∥∥∥
√
τ+ −

√
s
∥∥∥

≤ 2θCδ.

By the triangle inequality again, we derive from the latter inequality that

h (sθ, tθ) ≥ h (s, t) − h (s, sθ) − h (t, tθ) ≥ h (s, t) − 2
√

2θCδ

and therefore, choosing θ =
(
4
√

2C
)−1

yields h (sθ, tθ) ≥ δ/2. Finally, since
by (7.90)

‖gθ‖2 (1 + θCδ)−2 ≤ 1 ≤ ‖fθ‖2

f2
θ ≤ τ+ ≤ θ−2g2

θ implies that

∥∥∥∥
sθ
tθ

∥∥∥∥
∞

≤ (1 + θCδ)2

θ2
≤
(
θ−1 + C

)2

and we derive from (7.104) that

K (sθ, tθ) ≤ 2
(
1 + ln

(
θ−1 + C

)) ∥∥√sθ −
√
tθ
∥∥2

≤ 2
(
1 + ln

(
θ−1 + C

))
(1 + θ)2 C2δ2.

Plugging the value of θ in the latter inequality, some elementary computations
allow to conclude.

It is now quite easy to derive a minimax lower bound from the preceding
Lemma. The key is to warrant that the net {sθ, s ∈ Sδ} which is constructed
above does belong to S. This is indeed true in various situations. In Proposi-
tion 7.19 below we investigate the simplest possibility which is to consider
L∞ brackets for covering either S or

√
S and make some convexity type

assumptions on S.

Proposition 7.19 Let S be some linear subspace of L∞ equipped with some
seminorm n such that 1 ∈ S and n (1) = 0. For every positive R, let Bn (R) ={
t ∈ S,n (t) ≤ R

}
. Given c > 0, we denote by Sc the set of densities s such

that s ≥ c. Consider SR to be the set of densities such that: either i) SR =
Sc
⋂

Bn (R) or ii)
√
SR =

√
S
⋂

Bn (R). Assume SR to be totally bounded in
L∞ and denote respectively by H (., SR) and H∞ (., SR), the metric entropy of
SR with respect to Hellinger distance and the L∞-distance. Assume that for
some positive constants α, C1and C2 the following inequalities hold for every
positive δ ≤ R ∧ 1/2,

H (δ, SR) ≥ C1

(
R

δ

)1/α
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and either

H∞ (δ, SR) ≤ C2

(
R

δ

)1/α

in case i)

or

H∞
(
δ,
√

SR

)
≤ C2

(
R

δ

)1/α

in case ii).

Then, there exists some positive constant κ1 (depending on α,C1,C2 and also
on c in case i)) such that for every estimator s̃, provided that R ≥ 1/

√
n the

following lower bound is valid

sup
s∈SR

Es

[
h2 (s, s̃)

]
≥ κ1

((
R2/(2α+1)n−2α/(2α+1)

)
∧ 1

)
.

Proof. Let δ > 0 and C > 1 to be chosen later. In case i), we consider some
C
√
cδ-net Tδ of SR (with respect to the L∞-distance) with log-cardinality

H∞ (δ, SR) and set for every τ ∈ Tδ

τ− =
(
τ − C

√
cδ
)
∨ c and τ+ = τ + C

√
cδ.

Then τ− ≤ τ+ and

∥∥∥
√
τ+ −

√
τ−

∥∥∥
2

=

∥∥∥∥∥∥
(τ+ − τ−)(√
τ+ +

√
τ−

)
∥∥∥∥∥∥

2

≤ C2δ2

which means that
{[√

τ−,
√
τ+

]
, τ ∈ Tδ

}
is a collection of brackets with di-

ameter less than or equal to Cδ covering
√
SR. Let us consider the δ/2-net

{sθ, s ∈ Sδ} of S coming from Lemma 7.18, starting from a δ-net Rδ of SR
with respect to Hellinger distance with log-cardinality H (δ, SR). Then for
every s ∈ Sδ,

n (sθ) = n
(
θs +

(1 − θ)
1 + C

√
cδ

τ

)
≤ θn (s) +

(1 − θ)
1 + C

√
cδ

n (τ) ≤ R

which means that the density sθ does belong to SR. We derive from Corollary
2.19 that for any estimator s̃ one has

16 sup
s∈S

Es

[
h2 (s, s̃)

]
≥ δ2 (1 − κ)

provided that

4 (2 + ln (C))C2δ2n ≤ κ
(
H (δ, SR) −H∞

(
C
√
cδ, SR

))
.

Choosing C = c−1/2 (2C2/C1)α warrants that

H (δ, SR) −H∞
(
C
√
cδ, SR

)
≥ (C1/2)

(
R

δ

)1/α
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for every δ ≤ (R ∧ (1/2)) / (C
√
c). It suffices to take

δ =

(
1

2C
√
c
∧
(

C1κ

8C2 (2 + ln (C))

)α/(2α+1)
)(

1 ∧
(
R1/(2α+1)n−α/(2α+1)

))

to achieve the proof in case i).
In case ii), we consider some Cδ/2-net Tδ of

√
SR (with respect to the

L∞-distance) with log-cardinality H∞
(
Cδ/2,

√
SR

)
and set for every τ ∈ Tδ

√
τ− =

(√
τ − Cδ

2

)

+

and
√
τ+ =

√
τ +

Cδ

2
.

Then
{[√

τ−,
√
τ+

]
, τ ∈ Tδ

}
is a collection of brackets with diameter less

than or equal to Cδ covering
√
SR. Let δ/2-net {sθ, s ∈ Sδ} of S coming from

Lemma 7.18, starting from a δ-net Rδ of SR with respect to Hellinger distance
with log-cardinality H (δ, SR). Then for every s ∈ Sδ,

√
sθ belongs to S with∥∥∥(1 − θ)

√
s + θ

√
τ+

∥∥∥ ≥ 1 and

n (
√
sθ) = n

⎛
⎝ θ

√
s + (1 − θ)

√
τ∥∥∥(1 − θ)

√
s + θ

√
τ+

∥∥∥

⎞
⎠ ≤ θn

(√
s
)

+ (1 − θ) n
(√

τ
)
≤ R

which means that the density sθ does belong to SR. As in case i), we derive
from Corollary 2.19 that for any estimator s̃ one has

16 sup
s∈S

Es

[
h2 (s, s̃)

]
≥ δ2 (1 − κ)

provided that

4 (2 + ln (C))C2δ2n ≤ κ
(
H (δ, SR) −H∞

(
Cδ,

√
SR

))
.

Choosing C = (2C2/C1)α warrants that

H (δ, SR) −H∞
(
Cδ,

√
SR

)
≥ (C1/2)

(
R

δ

)1/α

for every δ ≤ (R ∧ (1/2)) /C. It suffices to take

δ =

(
1

2C
∧
(

C1κ

8C2 (2 + ln (C))

)α/(2α+1)
)(

1 ∧
(
R1/(2α+1)n−α/(2α+1)

))

to achieve the proof of the proposition.
Assuming that a density s belongs to a ball centered at zero with radius

R with respect to some seminorm is a common formulation for a smoothness
assumption. This is true for Hölder, Sobolev or Besov classes of smooth func-
tions. Assuming that

√
s instead of s belongs to such a ball is a less commonly

used assumption. It turns out that this way of formulating a smoothness con-
dition is interesting for building a neat minimax lower bound since it allows
to avoid the unpleasant condition that s remains bounded away from zero.
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7.5.2 Adaptive Properties of Penalized LSE

We provide some illustrations of the adaptive properties of penalized LSE.
It is clear that the list of examples is not all exhaustive. For example we
shall not explain how to use the special strategies for Besov bodies introduced
in the Gaussian framework in order to remove the extra logarithmic factors
appearing in the risk bounds for Besov bodies which are proved below but
this is indeed possible as shown in [20].

Adaptive Estimation on Ellipsoids

We consider the same framework as for our minimax lower bounds, i.e., we take
some countable family of functions {ϕλ}λ∈Λ such that {1l} ∪ {ϕλ}λ∈Λ which
is an orthonormal basis of L2 (µ). We consider some countable partition of Λ

Λ =
⋃
j∈N

Λ (j)

where, for each integer j, Λ (j) is a finite set. We set for any integer m,
Dm =

∑m
j=0 |Λ (j)| and consider for any positive numbers α and R the subset

E2 (α,R) defined by (7.78). We have in view to show that under some mild
condition on the basis, it is possible to define a penalized LSE which achieves
the minimax risk up to some universal constant, on many sets E2 (α,R) at
the same time. The conditions that we have to impose on the basis in order
to apply our theorems are the same as for the lower bounds i.e., (7.79) and
(7.80).

We have to define a proper collection of models. Given some integer m, we
denote by Λm the set ∪j≤mΛ (j) and by Sm the linear span of {ϕλ, λ ∈ Λm}.
Then we consider the collection of models {Sm}m∈M, where M is the set
of integers m such that Dm = |Λm| ≤ n. This collection is nested so that
condition (7.15) holds with Γ = 1 and R = 0. Therefore we are in position to
apply Theorem 7.5 with the deterministic penalty function given by (7.17) or
Theorem 7.6 with the random choice for the penalty function given by (7.25).
In both cases we get

Es

[
‖s̃− s‖2

]
≤ C1 (ε, Φ) inf

m∈M

[
d2 (s, Sm) +

Dm

n

]

+
C2 (ε, Φ)

(
1 + ‖s‖4

)

n
. (7.91)

Now, whenever s belongs to E2 (α,R) we have by monotonicity

d2 (s, Sm) =
∑
j>m

∑
λ∈Λ(j)

β2
λ (s) ≤ D−2α

m+1

∑
j>m

D2α
j

∑
λ∈Λ(j)

β2
λ (s)

≤ R2D−2α
m+1. (7.92)
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Let m (n) = inf
{
m ≥ 0 : Dm/n ≥ R2D−2α

m+1

}
, then, provided that Dm(n) ≤ n,

one has

I = inf
m∈M

[
d2 (s, Sm) +

Dm

n

]
≤ 2

Dm(n)

n
.

If m (n) = 0, then I ≤ 2D0/n. Otherwise

nR2 ≥ Dm(n)−1D
2α
m(n) ≥ C−1D1+2α

m(n)

and therefore
Dm(n) ≤ C

1
1+2α R

2
1+2α n

1
1+2α .

Hence, assuming that CR2 ≤ n2α warrants that Dm(n) ≤ n and we get

I ≤ 2
[
D0

n
∨
(
C

1
1+2α R

2
1+2α n− 2α

1+2α

)]
≤ 2

[
D0

n
+ CR

2
1+2α n− 2α

1+2α

]
.

It remains to bound ‖s‖ when s belongs to E2 (α,R). For this purpose, we
note that by Jensen’s inequality one has for any λ ∈ Λ

β2
λ (s) =

(∫
(1 + s)ϕλdµ

)2

≤
∫

(1 + s)ϕ2
λdµ,

which yields for any integer m

∑
j≤m

∑
λ∈Λ(j)

β2
λ (s) ≤

∫
(1 + s)Φmdµ ≤ ΦDm.

Combining this inequality with (7.92) we derive that

‖s‖2 ≤ inf
m∈N

[
ΦDm + R2D−2α

m+1

]
.

Setting J = inf
{
m : R2D−2α

m+1 ≤ ΦDm

}
and arguing exactly as for the

majorization of I we get

‖s‖2 ≤ 2ΦDJ ≤ 2
[
ΦD0 ∨

(
C

1
1+2α R

2
1+2α Φ

2α
1+2α

)]
≤ 2CΦ

(
D0 ∨R

2
1+2α

)
,

which in turn implies if R2 ≤ n

‖s‖4

n
≤ 4C2Φ2

(
D2

0

n
+ R

2
1+2α n− 2α

1+2α

)
.

Collecting the above evaluations and coming back to (7.91), we finally obtain

sup
s∈E2(α,R)

Es

[
‖s̃− s‖2

]
≤ C3 (ε, Φ,C)R

2
1+2α n− 2α

1+2α ,

provided that D4α+2
0 /n ≤ R2 ≤ C−1n1∧2α. By using the lower bound estab-

lished in the previous section, we know that at least for α > 1/2 (or for Haar
ellipsoids for instance when α ≤ 1/2), this upper bound is optimal (up to
constants).
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Adaptive Estimation on �p-Bodies

Consider some countable orthonormal basis of L2 (µ), {ϕλ}λ∈Λ0∪Λ, where Λ0

is a finite set and Λ is totally ordered in such a way that setting for all λ ∈ Λ,
Λλ = {λ′ ∈ Λ : λ′ ≤ λ} and r (λ) = |Λλ|, λ → r (λ) is an increasing mapping
from Λ onto N

∗. For any function t ∈ L2 (µ) and any λ ∈ Λ0 ∪ Λ, we denote
by βλ (t) the coefficient of t in the direction of ϕλ, i.e., βλ (t) =

∫
tϕλdµ.

We define for any positive numbers p and M and any nonincreasing sequence
(ck)k∈N∗ tending to 0 at infinity, the set

Ep (c,M) =

{
s ∈ L2 (µ) ∩ S :

∑
λ∈Λ

∣∣βλ (s) /cr(λ)

∣∣p ≤ 1, ‖s‖∞ ≤ M

}
,

which is a subset of an lp-body of L2 (µ) . We have in view to show that under
some mild condition on the basis, it is possible to define a penalized LSE
which achieves the minimax risk up to some slowly varying function of n on
many sets Ep (c,M) at the same time. The condition that we have to impose
on the basis in order to apply our theorem is as follows:

there exists some positive constant B such that for all λ ∈ Λ∥∥∥∥∥
∑
λ′∈Λλ

aλ′ϕλ′

∥∥∥∥∥
∞

≤ B
√
|Λλ| sup

λ′∈Λλ

|aλ′ | for any a ∈ R
Λλ . (7.93)

This condition is typically satisfied for a wavelet basis which is ordered
according to the lexicographical ordering. We have now to define a proper
collection of models. We first define N to be the largest element of Λ such
that r (N)+|Λ0| ≤ n (lnn)−2 and consider M = {Λ0 ∪m′ : m′ ⊂ ΛN}. We are
in position to apply Theorem 7.7 with for instance the deterministic penalty
function given by (7.32) and for each m ∈M, Lm = lnn which warrants that

∑
m∈M

exp (−Lm |m|) ≤
∑
D≤n

(
n

D

)
exp (−D lnn) ≤

∞∑
D=1

( e

D

)D
= Σ.

We know that this choice of collection of models and of the penalty term
means that the resulting penalized LSE is a hard thresholding estimator. Its
performance can be analyzed thanks to the risk bound

Es

[
‖s̃− s‖2

]
≤ C (ε) inf

m∈M

[
d2 (s, Sm) +

M |m| lnn

n

]

+ C (ε)
(1 + MΣ)

n
,

which yields by Pythagore’s Theorem

Es

[
‖s̃− s‖2

]
≤ C (ε) inf

m′⊂Λ

[
d2 (s, SΛ0∪m′) + d2 (s, SΛ0∪ΛN

) +
M |m′| lnn

n

]

+ C (ε)
(1 + MΣ + M |Λ0| lnn)

n
.
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We can also write this inequality as

Es

[
‖s̃− s‖2

]
≤ C (ε) inf

D∈N∗

[
inf

|m′|≤2D
d2 (s, SΛ0∪m′) +

2MD lnn

n

]

+ C (ε)
[
d2 (s, SΛ0∪ΛN

) +
(1 + MΣ + M |Λ0| lnn)

n

]
.

Now, whenever s belongs to Ep (c,M) we have by monotonicity

d2 (s, SΛ0∪ΛN
) =

∑
λ>N

β2
λ (s) ≤

[∑
λ>N

|βλ (s)|p
]2/p

≤ c2r(N)+1.

It remains to bound, for any D ∈ N
∗, the bias term

b2D (s) = inf
|m′|≤2D

d2 (s, SΛ0∪m′) .

This comes easily from approximation theory in sequence spaces. Indeed, we
know that the nonlinear strategy consisting in keeping the 2D largest coeffi-
cients (in absolute value) βλ (s) for λ ∈ Λ provides a set m′ with cardinality
2D such that

∑
λ/∈m′

β2
λ (s) ≤ D1−2/p

⎡
⎣ ∑
r(λ)>D

|βλ (s)|p
⎤
⎦

2/p

Hence b2D (s) ≤ D1−2/pc2D and we get

C−1 (ε) sup
s∈Ep(c,M)

Es

[
‖s̃− s‖2

]
≤ 2 inf

D∈N∗

[
D1−2/pc2D +

MD lnn

n

]
+
[
c2r(N)+1

+
(1 + MΣ + M |Λ0| lnn)

n

]
. (7.94)

We see that whenever the sequence (ck)k decreases rapidly enough, the order
of the maximal risk of s̃ will be given by

inf
D∈N∗

[
D1−2/pc2D + n−1MD lnn

]
.

As compared to the Gaussian case, the novelty here is the presence of M which
controls the infinite norm of s and also the fact that the linear truncation term
c2r(N)+1 can influence the order of the risk. If we consider the example of a
Besov body for which ck = Rk1/p−1/2−α, k ∈ N

∗, with α > 1/p − 1/2, using
the fact that 1 + r (N) ≥ n (lnn)−2 − |Λ0| and arguing as in the treatment of
ellipsoids above, we derive from (7.94) that, whenever n (lnn)−2 ≥ 2 |Λ0| and
n−1 (1 + M) lnn ≤ R2,
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sup
s∈Ep(c,M)

Es

[
‖s̃− s‖2

]
≤ C ′ (ε, |Λ0|)R

2
1+2α

(
n

(1 + M) lnn

)− 2α
1+2α

+ C ′ (ε, |Λ0|)R2

(
n

ln2 n

)−2α−1+2/p

and therefore

sup
s∈Ep(c,M)

Es

[
‖s̃− s‖2

]
≤ C ′ (ε, |Λ0|)R

2
1+2α

(
n

(1 + M) lnn

)− 2α
1+2α

+ C ′ (ε, |Λ0|)R2n−2α−1+2/p (lnn)4α .

Combining this inequality with elementary computations, we derive that
whenever

n−1 lnn ≤ R2

1 + M
≤ n2α+(1+(2α)−1)(1−2/p) (lnn)−4α−1 (7.95)

the maximum risk of the thresholding estimator is controlled by

sup
s∈Ep(c,M)

Es

[
‖s̃− s‖2

]
≤ 2C ′ (ε, |Λ0|)R

2
1+2α

(
n

(1 + M) lnn

)− 2α
1+2α

.

Since Ep (c,M) ⊂ E2 (c,M), we can conclude from the lower bounds for ellip-
soids built from a conveniently localized basis that this is indeed the order of
the minimax risk up to some constant depending only on ε, |Λ0| and M . It
is of course desirable that the right-hand side in (7.95) tends to infinity as n
goes to infinity (otherwise (7.95) really appears as a stringent condition on
R). This is indeed the case if and only if α > α0, where α0 is the nonnegative
root of the equation 2α +

(
1 + (2α)−1

)
(1 − 2/p) = 0, that is

α0 =
√

2 − p

4p

[√
2 − p +

√
3 + p

]
≥ 1

p
− 1

2
.

It is easy to see that the condition α > α0 is less stringent than the one
assumed by Donoho, Johnstone, Kerkyacharian and Picard (see [54]) which
is namely p ≥ 1 and α > 1/p. Whether our condition is optimal or not is an
opened question.

7.5.3 Adaptive Properties of Penalized MLE

In the spirit of [12], many applications to adaptive estimation can be derived
from the selection theorems for MLEs above. Again our purpose here is not
to try to be exhaustive but rather to present some representative illustration
of this idea. A major step in deriving adaptation results from Corollary 7.15
consists in controlling the bias term in (7.75). Using Lemma 7.12 it is possible
to bound the Kullback–Leibler bias by the L∞-bias.
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Proposition 7.20 Let S be some linear subspace of L∞ such that 1 ∈ S and√
S be the set of nonnegative elements of L2-norm equal to 1 in S. Setting

S =
{
f2, f ∈

√
S
}
, one has

1 ∧K (s, S) ≤ 12 inf
f∈S

∥∥√s− f
∥∥2

∞ .

Proof. The proof is a straightforward consequence of Lemma 7.12. Indeed
given f ∈ S, setting ε = ‖√s− f‖∞ we define f+ = f + ε. Then f+ ≥ √

s
with ‖f+ −√

s‖ ≤ ‖f+ −√
s‖∞ ≤ 2ε and we derive from (7.70) that

1 ∧K (s, t) ≤ 12ε2.

Since by assumption f+ ∈ S, so that t = f+2/ ‖f+‖2 belongs to S, this
achieves the proof of the result.

We are now in position to study a significant example.

Adaptive Estimation on Hölder Classes

We intend to use Corollary 7.15 for selecting a piecewise polynomial with
degree r on a regular partition of [0, 1] with N pieces, r and N being un-
known. Because of the well know approximation properties of piecewise poly-
nomials, we shall show that the corresponding penalized MLE is adaptive in
the minimax sense when

√
s belongs to some Hölder class H (α,R) as defined

in Section 7.5.1.

Proposition 7.21 We consider M = N × N
∗ and define for every m =

(r,∆) ∈M, Sm to be the linear space of piecewise polynomials with maximal
degree r on a regular partition of [0, 1] with ∆ pieces. Finally, for every m ∈
M, we consider the model Sm of densities t such that

√
t ∈ Sm. Let s̃ be the

penalized MLE defined by a penalty function

pen (r,∆) =
κ1

n
(r + 1)∆ (2 + ln (r + 1)) (7.96)

where κ1 is the absolute constant coming from Corollary 7.15. Then there
exists a constant C (α) such for all density s with

√
s ∈ H (α,R)

Es

[
h2 (s, s̃)

]
≤ C (α)R2/(2α+1)n−2α/(2α+1), (7.97)

provided that R ≥ 1/
√
n.

Proof. In order to apply Corollary 7.15 we consider the family of weights
{xm}m∈M, defined by

xr,∆ = r + ∆ for every (r,∆) ∈ N × N
∗.
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This choice of the weights leads to

Σ =
∑

r≥0,∆≥1

exp (−xr,∆) =

⎛
⎝∑
r≥0

exp (−r)

⎞
⎠
⎛
⎝∑
∆≥1

exp (−∆)

⎞
⎠

=
e

(e− 1)2
< 1.

Since for every m = (r,∆) ∈ M, one has xm = r + ∆ ≤ (r + 1)∆ = Dm

and rm ≤ 2r + 1 (by Lemma 7.13), our choice (7.96) indeed satisfies to the
restriction (7.74). Given s with

√
s ∈ H (α,R), in order to bound the bias term

K (s, Sm) we provide a control of the L∞-distance between f =
√
s and Sm

and apply Proposition 7.20. Defining r as the largest integer smaller than α,
it is known (see for instance [107]) that for a given interval I with length δ,
there exists a polynomial QI with degree not greater than r such that

‖f |I −QI‖∞ ≤ C ′ (r) δrω (δ)

where C ′ (r) depends only on r and

ω (δ) = sup
x,y∈I

∣∣∣f (r) (x) − f (r) (y)
∣∣∣ .

This implies from the definition of H (α,R) that, for m = (r,∆), setting
fm =

∑
I∈P∆

QI1lI , where P∆ is a regular partition of [0, 1] with ∆ pieces,
one has

‖f − fm‖∞ ≤ C ′ (r)R∆−α

and therefore by Proposition 7.20

1 ∧K (s, Sm) ≤ 12C ′ (r)R2∆−2α.

Combining this bias term control with (7.75) yields

C−1
1 Es

[
h2 (s, s̃)

]

≤ inf
∆≥1

{
12C ′ (r)R2∆−2α +

(1 + κ1)
n

(r + 1)∆ (2 + ln (r + 1))
}

.

Recalling that nR2 ≥ 1, it remains to optimize this bound by choosing ∆ as

∆ = min
{
k : k ≥

(
nR2

)1/(2α+1)
}

,

which easily leads to (7.97).
Recalling that S (α,R) is the set of densities s such that

√
s ∈ H (α,R), it

comes from the minimax lower bound provided by Proposition 7.16 that s̃ is
approximately minimax on each set S (α,R) provided that R ≥ 1/

√
n. These

results can be generalized in different directions. For instance one can extend
these results to multivariate functions with anisotropic smoothness (see [12]).
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Selecting Bracketed Nets Towards Adaptation on Totally
Bounded Sets

Like in the Gaussian case. It is possible use our general theorem for penalized
MLE to select conveniently calibrated nets towards adaptation on (almost)
arbitrary compact sets. Let us first notice that our general theorem for penal-
ized MLE has the following straightforward consequence.

Corollary 7.22 Let {Sm}m∈M be some at most countable collection of
models, where for each m ∈M, Sm is assumed to be a finite set of probability
densities with respect to µ. We consider a corresponding collection of MLEs
(ŝm)m∈M which means that for every m ∈ M

Pn (− ln (ŝm)) = inf
t∈Sm

Pn (− ln (t)) .

Let pen : M →R+ and consider some random variable m̂ such that

Pn
(
− ln

(
ŝ
m̂

))
+ pen (m̂) = inf

m∈M
(Pn (− ln (ŝm)) + pen (m)) .

Let {∆m}m∈M, {xm}m∈Mbe some family of nonnegative numbers such that
∆m ≥ ln (|Sm|) for every m ∈ M and

∑
m∈M

e−xm = Σ < ∞.

Assume that

pen (m) =
κ′′ (∆m + xm)

n
for every m ∈M (7.98)

for some suitable numerical constant κ′′. Then, whatever the density s

Es

[
h2

(
s, ŝ

m̂

)]
≤ C ′′

(
inf
m∈M

(
K (s, Sm) +

κ (∆m + xm)
n

)
+

Σ

n

)
. (7.99)

It is possible to mimic the approach developed in the Gaussian case in
order to build adaptive estimators on a given collection of compact subsets
of the set of densities, equipped with Hellinger distance. The main difference
being that the metric structure with respect to Hellinger distance alone is not
enough to deal with a discretized penalized MLE. In order to be able to control
the bias term in (7.99) we need to use conveniently calibrated bracketed nets
rather than simply nets as in the Gaussian case.

The general idea goes as follows. to use such a result in order to build
some adaptive estimator on a collection of compact sets of H can be roughly
described as follows. Let us consider some at most countable collection of
subsets (Tm)m∈M of the set S of all probability densities. Assume that each set
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√
Tm =

{√
t; t ∈ Tm

}

has a finite entropy with bracketing H[.]

(
δ,
√
Tm

)
in L2 (µ), for every δ > 0.

Given δm to be chosen later, one covers
√
Tm by at most exp

(
H[.]

(
δm,

√
Tm

))

brackets with diameter δm. In particular, denoting by
√

S+
m the set of upper

extremities of those brackets, for all m ∈M and all s ∈ Tm, there exists some
point s+

m ∈ S+
m such that

√
s ≤

√
s+
m and

∥∥∥√s−
√

s+
m

∥∥∥ ≤ δm.

Setting sm = s+
m/

∫
s+
m, Lemma 7.12 ensures that

1 ∧K (s, sm) ≤ 3δ2
m.

For every m ∈ M, if we take as a model

Sm =
{
t/

∫
t; t ∈ S+

m

}
,

then K (s, Sm) ≤ 3δ2
m whenever s ∈ Tm. We derive from Corollary 7.22 that,

setting ∆m =
(
nδ2
m

)
∨H[.]

(
δm,

√
Tm

)
and xm = ∆m, provided that

Σ =
∑
m∈M

e−∆m < ∞,

the penalized MLE with penalty given by (7.98) satisfies for all m ∈M

Es

[
h2

(
s, ŝ

m̂

)]
≤ C ′′

n
(∆m (3 + 2κ′′) + Σ) , for every s ∈ Tm. (7.100)

Choosing δm in such a way that ε2H[.]

(
δm,

√
Tm

)
is of order δm leads to

a risk bound of order δ2
m, (at least if Σ remains under control). In view of

Proposition 7.19, we know that under some proper conditions δ2
m can be taken

of the order of the minimax risk on Tm, so that if Σ is kept under control,
(7.100) implies that ŝ

m̂
is approximately minimax on each parameter set Tm.

As in the Gaussian case, one can even hope adaptation on a wider continuously
indexed collection of parameter spaces instead of the original discrete one. In
analogy with the Gaussian case, let us illustrate these ideas by the following
example.

As an exercise illustrating these general ideas, let us apply Corollary 4.24
to build an adaptive estimator in the minimax sense over some collection of
compact subsets {Sα,R, α ∈ N

∗, R > 0} of S with the following structure:

√
Sα,R =

√
S
⋂

RHα,1,
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where Hα,1 is star shaped at 0. Assume moreover that for some positive con-
stant C2 (α)

H[.]

(
δ,
√
Sα,R

)
≤ C2 (α)

(
R

δ

)1/α

for every δ ≤ R ∧ 1/2. In order to build an estimator which achieves (up to
constants) the minimax risk over all the compact sets Sα,R, we simply consider
for every positive integers α and k a bracketed net Sα,k of Sα,k/√n constructed
as explained above with δα,k = k1/(2α+1)/

√
n, so that

ln |Sα,k| ≤ C2 (α)
(

k√
nδα,k

)1/α

≤ C2 (α) k2/(2α+1)

and
K (s, Sα,k) ≤ 3δ2

α,k, for all s ∈ Sα,k/√n. (7.101)

Applying Corollary 7.22 to the collection (Sα,k)α≥1,k≥1 with

∆α,k = C2 (α) k2/(2α+1) and xα,k = 4αk2/(2α+1)

leads to the penalty

pen (α, k) =
K (α) k2/(2α+1)

n

where K (α) = κ′′ (C2 (α) + 4α). Noticing that xα,k ≥ α + 2 ln (k) one has

Σ =
∑
α,k

e−xα,k ≤

⎛
⎝∑
α≥1

e−α

⎞
⎠
⎛
⎝∑
k≥1

k−2

⎞
⎠ < 1

and it follows from (7.100) that if s̃ denotes the penalized MLE one has
whatever the density s

Es

[
h2 (s, s̃)

]
≤ C (α) inf

α,k

(
K (s, Sα,k) +

k2/(2α+1)

n

)
.

In particular if s ∈ Sα,R for some integer α and some real number R ≥ 1/
√
n,

setting k = �R√n� we have s ∈ Sα,k/√n and since Sα,k is a k1/(2α+1)n−1/2-net
of Sα,k/√n, the previous inequality implies via (7.101) that

sup
s∈Sα,R

Es

[
h2 (s, s̃)

]
≤ 4C (α)

(
k2/(2α+1)

n

)

≤ 4C (α) 22/(2α+1) (R
√
n)2/(2α+1)

n
.

Since Hellinger distance is bounded by 1, we finally derive that for some
constant C ′ (α) ≥ 1
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sup
s∈Sα,R

Es

[
h2 (s, s̃)

]
≤ C ′ (α)

((
R2/(2α+1)n−2α/(2α+1)

)
∧ 1

)
(7.102)

If Hα,R is the class H (α,R) of Hölder smooth functions defined in Section
7.5.1, it is not difficult to see (using approximations by piecewise polynomials
on dyadic regular partitions as in [22] for instance) that the L∞-metric entropy
of
√
Sα,R, H∞

(
.,
√
Sα,R

)
satisfies to

H∞
(
δ/2,

√
Sα,R

)
≤ C2 (α)

(
R

δ

)1/α

which obviously implies that the above entropy with bracketing assumption is
satisfied and therefore the previous approach applies to this case. Combining
(7.102) with Proposition 7.16 shows that the discretized penalized MLE s̃ is
indeed minimax (up to constants) on each compact set Sα,R with α ∈ N

∗ and
R ≥ 1/

√
n. More generally if Hα,R is a closed ball with radius R centered at

0 with respect to some seminorm nα for which nα (1) = 0 and if we moreover
assume that for every δ ≤ R ∧ 1/2

H (δ,Sα,R) ≥ C1 (α)
(

δ

R

)−1/α

then, it comes from Proposition 7.19 that for some positive constant κ (α)
depending only on α

sup
s∈S

Es

[
h2 (s, s̃)

]
≥ κ (α)

((
R2/(2α+1)n−2α/(2α+1)

)
∧ 1

)
,

provided that R ≥ 1/
√
n and again the discretized penalized MLE s̃ is

approximately minimax on each set Sα,R with α ∈ N
∗ and R ≥ 1/

√
n.

7.6 Appendix

The following inequalities are more or less classical and well known. We present
some (short) proofs for the sake of completeness.

7.6.1 Kullback–Leibler Information and Hellinger Distance

We begin with the connections between Kullback–Leibler information and
Hellinger distance.

Lemma 7.23 Let P and Q be some probability measures. Then

K
(
P,

P + Q

2

)
≥ (2 ln (2) − 1) h2 (P,Q) . (7.103)

Moreover whenever P � Q,

2h2 (P,Q) ≤ K (P,Q) ≤ 2
(

2 + ln
(∥∥∥∥

dP

dQ

∥∥∥∥
∞

))
h2 (P,Q) (7.104)
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Proof. Let µ = (P + Q) /2, then

dP

dµ
= 1 + u and

dQ

dµ
= 1 − u,

where u takes its values in [−1,+1]. Hence, setting for every x ∈ [−1,+1],
Φ (x) = (1 + x) ln (1 + x) − x and for every x ∈ [0, 1] , Ψ (x) = 1 −

√
1 − x,

one has

K (P, µ) = Eµ [Φ (u)] and h2 (P,Q) = Eµ
[
Ψ
(
u2
)]

. (7.105)

Now x → Φ (x) /x2 is nonincreasing on [−1,+1] and x → Ψ (x) /x is nonde-
creasing on [0, 1] so

Φ (x) ≥ Φ (1)x2 ≥ Φ (1)Ψ
(
x2
)

which leads to (7.103) via (7.105). If P � Q, introducing for every positive
x, f (x) = x lnx− x + 1 and g (x) = (

√
x− 1)2 we can write

K (P,Q) = EQ

[
f

(
dP

dQ

)]
and h2 (P,Q) =

1
2
EQ

[
g

(
dP

dQ

)]
.

On the one hand the identity

f (x) − g (x) = 2
√
xf

(√
x
)

implies that
f (x) ≥ g (x) for all nonnegative x. (7.106)

On the other hand, using elementary calculus, one can check that the function

x →
(
2 + (lnx)+

)
g (x) − f (x)

achieves a unique minimum at point x = 1 and is therefore nonnegative. Since
x → 2 + (lnx)+ is increasing and ‖dP/dQ‖∞ ≥ 1, this implies that

f (x) ≤
(

2 + ln
(∥∥∥∥

dP

dQ

∥∥∥∥
∞

))
g (x) for all x ∈ [0, ‖dP/dQ‖∞] (7.107)

and the proof of (7.104) can be completed by taking expectation (under Q)
on both sides of (7.106) and (7.107).

A connection between Kullback–Leibler information and the variance of
log-likelihood ratios is also useful. The following Lemma is adapted from
Lemma 1 of Barron and Sheu [11] and borrowed to [34].

Lemma 7.24 For all probability measures P and Q with P � Q

1
2

∫
(dP ∧ dQ)

(
ln

dP

dQ

)2

≤ K(P,Q) ≤ 1
2

∫
(dP ∨ dQ)

(
ln

dP

dQ

)2

.
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Proof. Setting for every real number x

f (x) = e−x + x− 1,

the Kullback–Leibler information can be written as

K (P,Q) =
∫

dP

dQ
f

(
ln
(
dP

dQ

))
dQ.

Since one can check by elementary that

1
2
x2

(
1 ∧ e−x

)
≤ f (x) ≤ 1

2
x2

(
1 ∨ e−x

)
,

the result immediately follows.
We are also recording below some convexity properties of Hellinger dis-

tance.

Lemma 7.25 Let P,Q and R be probability measures. For all θ ∈ [0, 1] the
following inequalities hold

h2 (P, θQ + (1 − θ)R) ≤ θh2 (P,Q) + (1 − θ) h2 (P,R) (7.108)

and
h2 (θP + (1 − θ)R, θQ + (1 − θ)R) ≤ θh2 (P,Q) . (7.109)

Proof. Recalling that Hellinger affinity between two probability measures
P and Q is defined by

ρ (P,Q) =
∫ √

dPdQ,

one has
h2 (P,Q) = 1 − ρ (P,Q) .

We note that by concavity of the square root

ρ (P, θQ + (1 − θ)R) ≥ θρ (P,Q) + (1 − θ) ρ (P,R) ,

which leads to (7.108). To prove (7.109), setting

ρθ = ρ (θP + (1 − θ)R, θQ + (1 − θ)R)

we use the elementary inequality 2
√
ab ≤ a + b to derive that

ρθ =
∫ (

θ2dPdQ + (1 − θ)2 dR2 + θ (1 − θ) (dP + dQ) dR
)1/2

≥
∫ (

θ2dPdQ + (1 − θ)2 dR2 + 2θ (1 − θ)
√

dPdQdR
)1/2

≥
∫ (

θ
√

dPdQ + (1 − θ) dR
)

≥ θρ (P,Q) + 1 − θ,

which easily leads to (7.109), achieving the proof of Lemma 7.25.
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7.6.2 Moments of Log-Likelihood Ratios

In order to use the maximal inequalities of the previous chapter, it is essential
to get good upper bounds for the moments of the log-likelihood ratios. The
following Lemma is an improved version (in terms of the absolute constants
involved) of a result due to van de Geer (see [118]). The proof is borrowed
to [21].

Lemma 7.26 Let P be some probability measure with density s with respect
to some measure µ and t, u be some nonnegative and µ-integrable functions,
then, denoting by ‖.‖2 the L2 (µ)-norm, one has for every integer k ≥ 2

P

⎛
⎝
∣∣∣∣∣ln

(√
s + t

s + u

)∣∣∣∣∣
k
⎞
⎠ ≤ 9

64
k!
∥∥∥
√
t−

√
u
∥∥∥

2

.

Proof. We first establish the elementary inequality

x− 1 − ln (x) ≤ 9
64

(
x− 1

x

)2

(7.110)

which is valid for every positive x. Indeed setting

f (x) =
9
64

(
x− 1

x

)2

− x− 1 − ln (x)

one can check that x3f ′ (x) is nondecreasing on (0,+∞) and is equal to 0 at
point x = 1. This implies that f achieves a minimum at point 1 and since
f (1) = 0, f is nonnegative which means that (7.110) holds. Hence, setting
y = (1/x) ∨ x, we derive from (7.110) that

|ln (x)|k

k!
=

(ln (y))k

k!
≤ y − 1 − ln (y) ≤ 9

64

(
x− 1

x

)2

.

Plugging x =
√

(s + t) /s + u in this inequality, we get

P

⎛
⎝
∣∣∣∣∣ln

(√
s + t

s + u

)∣∣∣∣∣
k
⎞
⎠ ≤ 9

64
k!P

(
(t− u)2

(s + u) (s + t)

)
.

Now (√
t +

√
u
)2

s ≤ (s + u) (s + t) ,

so

P

(
(t− u)2

(s + u) (s + t)

)
=
∫

s (t− u)2

(s + u) (s + t)
dµ

≤
∥∥∥
√
t−

√
u
∥∥∥

2

and the result follows.
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7.6.3 An Exponential Bound for Log-Likelihood Ratios

Let h denote Hellinger distance.

Proposition 7.27 Let X1, . . . , Xn be independent random variables with
common distribution P = sµ. Then, for every positive density f and any
positive number x

P

[
Pn

[
ln
(
f

s

)]
≥ −2h2 (s, f) + 2

x

n

]
≤ e−x.

Proof. By Markov’s inequality, for every y ∈ R

P

[
Pn

[
ln
(
f

s

)]
≥ y

]
≤
(
P

[
exp

(
1
2

ln
(
f

s

))])n
e−ny/2

≤
(
1 − h2 (s, f)

)n
e−ny/2 ≤ e−nh

2(s,f)e−ny/2

which implies the result if one takes y = −2h2 (s, f) + 2x/n.
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Statistical Learning

8.1 Introduction

Suppose that one observes independent variables ξ1, . . . , ξn taking their values
in some measurable space Ξ. Let us furthermore assume, for the sake of
simplicity, that these variables are identically distributed with common dis-
tribution P . The two main frameworks that we have in mind are respectively
the classification and the bounded regression frameworks. In those cases, for
every i the variable ξi = (Xi, Yi) is a copy of a pair of random variables (X,Y ),
where X takes its values in some measurable space X and Y is assumed to
take its values in [0, 1]. In the classification case, the response variable Y is
assumed to belong to {0, 1}. One defines the regression function η as

η (x) = E [Y | X = x] (8.1)

for every x ∈ X . In the regression case, one is interested in the estimation of η
while in the classification case, one wants to estimate the Bayes classifier s∗,
defined for every x ∈ X by

s∗ (x) = 1lη(x)≥1/2. (8.2)

One of the most commonly used method to estimate η or s∗ or more
generally to estimate a quantity of interest s depending on the unknown dis-
tribution P is the so called empirical risk minimization by Vapnik which is a
special instance of minimum contrast estimation.

Empirical Risk Minimization

Basically one considers some set S which is known to contain s, think of S as
being the set of all measurable functions from X to [0, 1] in the regression case
or to {0, 1} in the classification case. Then we consider some loss (or contrast)
function

γ from S ×Ξ to [0, 1]
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which is well adapted to our estimation problem of s in the sense that the
expected loss E [γ (t, ξ1)] achieves a minimum at point s when t varies in S. In
other words the relative expected loss � defined by

� (s, t) = E [γ (t, ξ1) − γ (s, ξ1)] , for all t ∈ S (8.3)

is nonnegative. In the regression or the classification cases, one can take

γ (t, (x, y)) = (y − t (x))2

since η (resp. s∗) is indeed the minimizer of E

[
(Y − t (X))2

]
over the set of

measurable functions t taking their values in [0, 1] (resp. {0, 1}). The heuris-
tics of empirical risk minimization (or minimum contrast estimation) can be
described as follows. If one substitutes the empirical risk

γn (t) = Pn [γ (t, .)] =
1
n

n∑
i=1

γ (t, ξi) ,

to its expectation P [γ (t, .)] = E [γ (t, ξ1)] and minimizes γn on some subset
S of S (that we call a model), there is some hope to get a sensible estimator
ŝ of s, at least if s belongs (or is close enough) to the model S.

8.2 Model Selection in Statistical Learning

The purpose of this section is to provide an other look at the celebrated
Vapnik’s method of structural risk minimization (initiated in [121]) based
on concentration inequalities. In the next section, we shall present an alter-
native analysis which can lead to improvements of Vapnik’s method for the
classification problem. Let us consider some countable or finite (but possibly
depending on n) collection of models {Sm}m∈M and the corresponding collec-
tion of empirical risk minimizers {ŝm}m∈M. For every m ∈ M an empirical
risk minimizer within model Sm is defined by

ŝm = argmint∈Sm
γn (t) .

Given some penalty function pen: M → R+ and let us define m̂ as a mini-
mizer of

γn (ŝm) + pen (m) (8.4)

over M and finally estimate s by the penalized estimator

s̃ = ŝ
m̂

.

Since some problems can occur with the existence of a solution to the pre-
vious minimization problems, it is useful to consider approximate solutions
(note that even if ŝm does exist, it is relevant from a practical point of view
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to consider approximate solutions since ŝm will typically be approximated
by some numerical algorithm). Therefore, given ρ ≥ 0 (in practice, taking
ρ = n−2 makes the introduction of an approximate solution painless), we shall
consider for every m ∈ M some approximate empirical risk minimizer ŝm
satisfying

γn (ŝm) ≤ γn (t) + ρ

and say that s̃ is a ρ-penalized estimator of s if

γn (s̃) + pen (m̂) ≤ γn (t) + pen (m) + ρ, ∀m ∈ M and ∀t ∈ Sm. (8.5)

To analyze the statistical performance of this procedure, the key is to take
� (s, t) as a loss function and notice that the definition of the penalized
procedure leads to a very simple but fundamental control for � (s, s̃). Indeed,
by the definition of s̃ we have, whatever m ∈M and sm ∈ Sm,

γn (s̃) + pen (m̂) ≤ γn (sm) + pen (m) + ρ,

and therefore

γn (s̃) ≤ γn (sm) + pen (m) − pen (m̂) + ρ. (8.6)

If we introduce the centered empirical process

γn (t) = γn (t) − E [γ (t, ξ1)] , t ∈ S

and notice that E [γ (t, ξ1)] − E [γ (u, ξ1)] = � (s, t) − � (s, u) for all t, u ∈ S,
we readily get from (8.6)

� (s, s̃) ≤ � (s, sm) + γn (sm) − γn (s̃) − pen (m̂) + pen (m) + ρ. (8.7)

8.2.1 A Model Selection Theorem

Let us first see what can be derived from (8.7) by using only the following
boundedness assumption on the contrast function γ

A1 For every t belonging to some set S, one has 0 ≤ γ (t, .) ≤ 1.

In order to avoid any measurability problem, let us first assume that each
of the models Sm is countable. Given some constant Σ, let us consider some
preliminary collection of nonnegative weights {xm}m∈M such that

∑
m∈M

e−xm ≤ Σ

and let z > 0 be given. It follows from (5.7) (which was proved in Chapter 5
to be a consequence of Mc Diarmid’s Inequality) that for every m′ ∈M,

P

[
sup
t∈Sm′

(−γn (t)) ≥ E

[
sup
t∈Sm′

(−γn (t))

]
+

√
xm′ + z

2n

]
≤ e−xm′−z,
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and therefore, setting E

[
supt∈Sm′ (−γn (t))

]
= Em′ , except on a set of prob-

ability not larger than Σe−z, one has for every m′ ∈ M,

sup
t∈Sm′

(−γn (t)) ≤ Em′ +

√
xm′ + z

2n
.

Hence, (8.7) implies that the following inequality holds, except on a set of
probability not larger than Σe−z:

� (s, s̃) ≤ � (s, sm)+ γn (sm)+E
m̂

+
√

x
m̂

2n
−pen (m̂)+pen (m)+

√
z

2n
+ρ. (8.8)

It is tempting to choose pen (m′) = Em′ +
√

xm′/2n for every m′ ∈ M but
we should not forget that Em′ typically depends on the unknown s. Thus,
we are forced to consider some upper bound Ẽm′ of Em′ which does not
depend on s. This upper bound can be either deterministic (we shall discuss
below the drawbacks of this strategy) or random and in such a case we shall
take benefit of the fact that it is enough to assume that Ẽm′ ≥ Em′ holds
on a set with sufficiently high probability. More precisely, assuming that for
some constant K and for every m′ ∈M

pen (m′) ≥ Em′ +
√

xm′

2n
−K

√
z

2n
(8.9)

holds, except on set of probability not larger than exp (−xm′ − z), we derive
from (8.8) and (8.9) that

� (s, s̃ ) ≤ � (s, sm) + γn (sm) + pen (m) + (1 + K)
√

z

2n
+ ρ

holds except on a set of probability not larger than 2Σe−z. Thus, integrating
with respect to z leads to

E

[
(� (s, s̃ ) − � (s, sm) − γn (sm) − pen (m) − ρ)+

]
≤ Σ (1 + K)

√
π

2n

and therefore, since γn (sm) is centered at expectation

E [� (s, s̃ )] ≤ � (s, sm) + E [pen (m)] + Σ (1 + K)
√

π

2n
+ ρ.

Hence, we have proven the following result.

Theorem 8.1 Let ξ1, . . . , ξn be independent observations taking their values
in some measurable space Ξ and with common distribution P depending on
some unknown parameter s ∈ S. Let γ : S×Ξ → R be some contrast function
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satisfying assumption A1. Let {Sm}m∈M be some at most countable collec-
tion of countable subsets of S and ρ ≥ 0 be given. Consider some absolute
constant Σ, some family of nonnegative weights {xm}m∈M such that

∑
m∈M

e−xm = Σ < ∞

and some (possibly data-dependent) penalty function pen : M→ R+. Let s̃ be
a ρ-penalized estimator of s as defined by (8.5). Then, if for some nonnegative
constant K, for every m ∈ M and every positive z

pen (m) ≥ E

[
sup
t∈Sm

(−γn (t))
]

+
√

xm
2n

−K

√
z

2n

holds with probability larger than 1 − exp (−xm − z), the following risk
bound holds for all s ∈ S

E [� (s, s̃)] ≤ inf
m∈M

(� (s, Sm) + E [pen (m)]) + Σ (1 + K)
√

π

2n
+ ρ, (8.10)

where � is defined by (8.3) and � (s, Sm) = inft∈Sm
� (s, t).

It is not that easy to discuss whether this result is sharp or not in the
generality where it is stated here. Nevertheless we shall see that, at the price
of making an extra assumption on the contrast function γ, it is possible to
improve on (8.10) by weakening the restriction on the penalty function. This
will be the purpose of our next section.

Vapnik’s Learning Theory Revisited

We would like here to explain how Vapnik’s structural minimization of the
risk method (as described in [121] and further developed in [122]) fits in
the above framework of model selection via penalization. More precisely, we
shall consider the classification problem and show how to recover (or refine
in the spirit of [31]) some of Vapnik’s results from Theorem 8.1. The data
ξ1 = (X1, Y1) , . . . , ξn = (Xn, Yn) consist of independent, identically distrib-
uted copies of the random variable pair (X,Y ) taking values in X × {0, 1}.
Let the models {Sm}m∈M being defined for every m ∈ M as

Sm = {1lC : C ∈ Am} ,

where Am is some countable class of subsets of X . Let S be the set of mea-
surable functions taking their values in [0, 1]. In this case, the least squares
contrast function fulfills condition A1. Indeed,since γ (t, (x, y)) = (y − t (x))2,
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A1 is fulfilled whenever t ∈ S and y ∈ [0, 1]. For a function t taking only the
two values 0 and 1, the least squares criterion also writes

1
n

n∑
i=1

(Yi − t (Xi))
2 =

1
n

n∑
i=1

1lYi �=t(Xi)

so that minimizing the least squares criterion means minimizing the number
of misclassifications on the training sample ξ1 = (X1, Y1) , . . . , ξn = (Xn, Yn).
Each estimator ŝm represents some possible classification rule and the purpose
of model selection is here to select what classification rule is the best according
to some risk minimization criterion. At this stage it should be noticed that we
have the choice here between two different definitions of the statistical object
of interest s. Indeed, we can take s to be the minimizer of t → E [Y − t (X)]2

subject or not to the restriction that t takes its values in {0, 1}. On the one
hand the Bayes classifier s∗ as defined by (8.2) is a minimizer of E [Y − t (X)]2

under the restriction that t takes its values in {0, 1} and the corresponding
loss function can be written as

� (s∗, t) = E [s∗ (X) − t (X)]2 = P [Y �= t (X)] − P [Y �= s∗ (X)] .

On the other hand, the regression function η as defined by (8.1) minimizes
E [Y − t (X)]2 without the restriction that t takes its values in {0, 1}, and the
corresponding loss function is simply � (η, t) = E [η (X) − t (X)]2. It turns
out that the results presented below are valid for both definitions of s
simultaneously. In order to apply Theorem 8.1, it remains to upper bound
E
[
supt∈Sm

(−γn (t))
]
. Let us introduce the (random) combinatorial entropy

of Am
Hm = ln |{A ∩ {X1, . . . , Xn} , A ∈ Am}| .

If we take some independent copy (ξ′1, . . . , ξ
′
n) of (ξ1, . . . , ξn) and consider the

corresponding copy γ′
n of γn, we can use the following standard symmetriza-

tion argument. By Jensen’s inequality

E

[
sup
t∈Sm

(−γn (t))
]
≤ E

[
sup
t∈Sm

(γ′
n (t) − γn (t))

]
,

so that, given independent random signs (ε1, . . . , εn), independent of
(ξ1, . . . , ξn), one has,

E

[
sup
t∈Sm

(−γn (t))
]
≤ 1

n
E

[
sup
t∈Sm

(
n∑
i=1

εi

(
1lY ′

i
�=t(X′

i) − 1lYi �=t(Xi)

))]

≤ 2
n

E

[
sup
t∈Sm

(
n∑
i=1

εi1lYi �=t(Xi)

)]
.

Hence, by (6.3) we get
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E

[
sup
t∈Sm

(−γn (t))
]
≤ 2

√
2

n
E

⎡
⎣
(
Hm sup

t∈Sm

(
n∑
i=1

1lYi �=t(Xi)

))1/2
⎤
⎦ ,

and by Jensen’s inequality

E

[
sup
t∈Sm

(−γn (t))
]
≤ 2

√
2E [Hm]

n
. (8.11)

The trouble now is that E [Hm] is unknown. Two different strategies can be
followed to overcome this difficulty. First, one can use the VC-dimension to
upper bound E [Hm]. Assume each Am to be a VC-class with VC-dimension
Vm (see Definition 6.2), one derives from (6.9) that

E [Hm] ≤ Vm

(
1 + ln

(
n

Vm

))
. (8.12)

If M has cardinality not larger than n, one can take xm = ln (n) for each
m ∈ M which leads to a penalty function of the form

pen (m) = 2

√
2Vm (1 + ln (n/Vm))

n
+

√
ln (n)

2n
,

and to the following risk bound for the corresponding penalized estimator s̃,
since then Σ ≤ 1:

E [� (s, s̃)] ≤ inf
m∈M

(� (s, Sm) + pen (m)) +
√

π

2n
+ ρ. (8.13)

This approach has two main drawbacks:

• the VC-dimension of a given collection of sets is generally very difficult to
compute or even to evaluate (see [6] and [69] for instance);

• even if the VC-dimension is computable (in the case of affine half spaces
of R

d for instance), inequality (8.12) is too pessimistic and it would be
desirable to define a penalty function from a quantity which is much closer
to E [Hm] than the right-hand side of (8.12).

Following [31], the second strategy consists of substituting Hm to E [Hm]
by using again a concentration argument. Indeed, by (5.22), for any positive z,
one has Hm ≥ E [Hm] −

√
2 ln (2) E [Hm] (xm + z), on a set of probability not

less than 1 − exp (−xm − z). Hence, since

√
2 ln (2) E [Hm] (xm + z) ≤ E [Hm]

2
+ ln (2) (xm + z) ,

we have on the same set,

E [Hm] ≤ 2Hm + 2 ln (2) (xm + z) ,
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which, by (8.11), yields

E

[
sup
t∈Sm

(−γn (t))
]
≤ 4

(√
Hm

n
+

√
ln (2)xm

n
+

√
ln (2) z

n

)
.

Taking xm = ln (n) as before leads to the following choice for the penalty
function

pen (m) = 4

√
Hm

n
+ 4.1

√
ln (n)
n

,

which satisfies

pen (m) ≥ E

[
sup
t∈Sm

(−γn (t))
]

+

√
ln (n)

2n
− 4

√
ln (2) z

n
.

The corresponding risk bound can be written as

E [� (s, s̃)] ≤
[

inf
m∈M

(� (s, Sm) + E [pen (m)]) + 4

√
π ln (2)

n
+ ρ

]
,

and therefore, by Jensen’s inequality

E [� (s, s̃)] ≤
[

inf
m∈M

(
� (s, Sm) + 4

√
E [Hm]

n

)
+ 4.1

√
ln (n)
n

+
6√
n

+ ρ

]
.

(8.14)

Note that if we take s = s∗, denoting by Lt the probability of misclassifica-
tion of the rule t, i.e., Lt = P [Y �= t (X)], the risk bound (8.14) can also be
written as

E
[
L
s̃

]
≤ inf
m∈M

(
inf
t∈Sm

Lt + 4

√
E [Hm]

n

)
+ 4.1

√
ln (n)
n

+
6√
n

+ ρ,

which is maybe a more standard way of expressing the performance of a
classifier in the statistical learning literature. Of course, if we follow the first
strategy of penalization a similar bound can be derived from (8.13), namely

E
[
L
s̃

]
≤ inf
m∈M

(
inf
t∈Sm

Lt + 2

√
2Vm (1 + ln (n/Vm))

n

)

+

√
ln (n)

2n
+
√

π

2n
+ ρ.

Note that the same conclusions would hold true (up to straightforward modi-
fications of the absolute constants) if instead of the combinatorial entropy
Hm, one would take as a random measure of complexity for the class Sm the
Rademacher conditional mean
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1√
n

E

[
sup
t∈Sm

n∑
i=1

εi1lYi �=t(Xi) | (Xi, Yi)1≤i≤n

]

since we have indeed seen in Chapter 4 that this quantity obeys exactly
to the same concentration inequality as Hm. This leads to risk bounds for
Rademacher penalties of the same nature as those obtained by Bartlett,
Boucheron and Lugosi (see [13]) or Koltchinskii (see [70]).

8.3 A Refined Analysis for the Risk of an Empirical
Risk Minimizer

The purpose of this section is to provide a general upper bound for the relative
expected loss between ŝ and s, where ŝ denotes the empirical risk minimizer
over a given model S.

We introduce the centered empirical process γn. In addition to the relative
expected loss function � we shall need another way of measuring the closeness
between the elements of S which is directly connected to the variance of the
increments of γn and therefore will play an important role in the analysis of
the fluctuations of γn. Let d be some pseudodistance on S × S (which may
perfectly depend on the unknown distribution P ) such that

P
(

(γ (t, .) − γ (s, .))2
)
≤ d2 (s, t) , for every t ∈ S.

Of course, we can take d as the pseudodistance associated to the variance of
γ itself, but it will more convenient in the applications to take d as a more
intrinsic distance. For instance, in the regression or the classification setting
it is easy to see that d can be chosen (up to constant) as the L2 (µ) distance,
where µ denotes the distribution of X. Indeed, for classification

|γ (t, (x, y)) − γ (s∗, (x, y))| =
∣∣1Iy �=t(x) − 1Iy �=s∗(x)

∣∣ = |t (x) − s∗ (x)|

and therefore setting d2 (s∗, t) = E

[
(t (X) − s∗ (X))2

]
leads to

P
(

(γ (t, .) − γ (s∗, .))2
)
≤ d2 (s∗, t) .

For regression, we write

[γ (t, (x, y)) − γ (η, (x, y))]2 = [t (x) − η (x)]2 [2 (y − η (x)) − t (x) + η (x)]2 .

Now
E [Y − η (X) | X] = 0 and E

[
(Y − η (X))2 | X

]
≤ 1

4
,
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imply that

E

[
[2 (y − η (x)) − t (x) + η (x)]2 | X

]
= 4E

[
(Y − η (X))2 | X

]

+ (−t (X) + η (X))2 ≤ 2,

and therefore

P
(

(γ (t, .) − γ (η, .))2
)
≤ 2E (t (X) − η (X))2 . (8.15)

Our main result below will crucially depend on two different moduli of
uniform continuity:

• the stochastic modulus of uniform continuity of γn over S with respect
to d,

• the modulus of uniform continuity of d with respect to �.

The main tool that we shall use is Bousquet’s version of Talagrand’s
inequality for empirical processes (see Chapter 4) which will allow us to con-
trol the oscillations of the empirical process γn by the modulus of uniform
continuity of γn in expectation. Bousquet’s version has the advantage of pro-
viding explicit constants and of dealing with one-sided suprema (in the spirit
of [91], we could also work with absolute suprema but it is easier and somehow
more natural to work with one-sided suprema).

8.3.1 The Main Theorem

We need to specify some mild regularity conditions that we shall assume to
be verified by the moduli of continuity involved in our result.

Definition 8.2 We denote by C1 the class of nondecreasing and continu-
ous functions ψ from R+ to R+ such that x → ψ (x) /x is nonincreasing
on (0,+∞) and ψ (1) ≥ 1.

Note that if ψ is a nondecreasing continuous and concave function on
R+with ψ (0) = 0 and ψ (1) ≥ 1, then ψ belongs to C1. In particular, for
the applications that we shall study below an example of special interest is
ψ (x) = Axα, where α ∈ [0, 1] and A ≥ 1.

In order to avoid measurability problems and to use the concentration
tools, we need to consider some separability condition on S. The following
one will be convenient

(M) There exists some countable subset S′ of S such that for every t ∈ S,
there exists some sequence (tk)k≥1 of elements of S′ such that for every
ξ ∈ Ξ, γ (tk, ξ) tends to γ (t, ξ) as k tends to infinity.

We are now in a position to state our upper bound for the relative expected
loss of any empirical risk minimizer on some given model S.
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Theorem 8.3 Let ξ1, . . . , ξn be independent observations taking their values
in some measurable space Ξ and with common distribution P . Let S be some
set, γ : S×Ξ → [0, 1] be a measurable function such that for every t ∈ S, x →
γ (t, x) is measurable. Assume that there exists some minimizer s of P (γ (t, .))
over S and denote by � (s, t) the nonnegative quantity P (γ (t, .))− P (γ (s, .))
for every t ∈ S. Let γn be the empirical risk

γn (t) = Pn (γ (t, .)) =
1
n

n∑
i=1

γ (t, ξi) , for every t ∈ S

and γn be the centered empirical process defined by

γn (t) = Pn (γ (t, .)) − P (γ (t, .)) , for every t ∈ S .

Let d be some pseudodistance on S × S such that

P
(

(γ (t, .) − γ (s, .))2
)
≤ d2 (s, t) , for every t ∈ S. (8.16)

Let φ and w belong to the class of functions C1 defined above and let S be
a subset of S satisfying separability condition (M). Assume that on the one
hand, for every t ∈ S

d (s, t) ≤ w
(√

� (s, t)
)

(8.17)

and that on the other hand one has for every u ∈ S′

√
nE

[
sup

t∈S′,d(u,t)≤σ
[γn (u) − γn (t)]

]
≤ φ (σ) (8.18)

for every positive σ such that φ (σ) ≤ √
nσ2, where S′ is given by assumption

(M). Let ε∗ be the unique solution of the equation
√
nε2

∗ = φ (w (ε∗)) . (8.19)

Let ρ be some given nonnegative real number and consider any ρ-empirical
risk minimizer, i.e., any estimator ŝ taking its values in S and such that

γn (ŝ) ≤ ρ + inf
t∈S

γn (t) .

Then, setting
� (s, S) = inf

t∈S
� (s, t) ,

there exists some absolute constant κ such that for every y ≥ 0, the following
inequality holds

P

[
� (s, ŝ) > 2ρ + 2� (s, S) + κ

(
ε2
∗ +

(
1 ∧ w2 (ε∗)

)
nε2

∗
y

)]
≤ e−y. (8.20)

In particular, the following risk bound is available

E [� (s, ŝ)] ≤ 2
(
ρ + � (s, S) + κε2

∗
)
.



290 8 Statistical Learning

Comments.
Let us give some first comments about Theorem 8.3.

• The absolute constant 2 appearing in (8.20) has no magic meaning here,
it could be replaced by any C > 1 at the price of making the constant κ
depend on C.

• One can wonder whether an empirical risk minimizer over S does exist
or not. Note that condition (M) implies that for every positive ρ, there
exists some measurable choice of a ρ-empirical risk minimizer since then
inft∈S′ γn (t) = inft∈S γn (t). If ρ = 1/n for instance, it is clear that,
according to (8.20), such an estimator performs as well as a strict empirical
risk minimizer.

• For the computation of φ satisfying (8.18), since the supremum appearing
in the left-hand side of (8.18) is extended to the countable set S′ and not
S itself, it will allow us to restrict ourself to the case where S is countable.

• It is worth mentioning that, assuming for simplicity that s ∈ S, (8.20)
still holds if we consider the relative empirical risk γn (s) − γn (ŝ) instead
of the expected loss � (s, ŝ). This is indeed a by-product of the proof of
Theorem 8.3 below.

Proof. According to measurability condition (M), we may without loss of
generality assume S to be countable. Suppose, first, for the sake of simplicity
that there exists some point π (s) belonging to S such that

� (s, π (s)) = � (s, S) . (8.21)

We start from the identity

� (s, ŝ) = � (s, π (s)) + γn (ŝ) − γn (π (s)) + γn (π (s)) − γn (ŝ) ,

which, by definition of ŝ implies that

� (s, ŝ) ≤ ρ + � (s, π (s)) + γn (π (s)) − γn (ŝ) .

Let x > 0 with

x2 = κ

(
ε2
∗ +

(
1 ∧ w2 (ε∗)

)
y

nε2
∗

)
,

where κ is a constant to be chosen later such that κ ≥ 1, and

Vx = sup
t∈S

γn (π (s)) − γn (t)
� (s, t) + x2

.

Then,
� (s, ŝ) ≤ ρ + � (s, π (s)) + Vx

(
� (s, ŝ) + x2

)

and therefore, on the event Vx < 1/2, one has

� (s, ŝ) < 2 (ρ + � (s, π (s))) + x2



8.3 A Refined Analysis for the Risk of an Empirical Risk Minimizer 291

yielding

P
[
� (s, ŝ) ≥ 2 (ρ + � (s, π (s))) + x2

]
≤ P

[
Vx ≥

1
2

]
. (8.22)

Since � is bounded by 1, we may always assume x (and thus ε∗) to be not
larger than 1. Assuming that x ≤ 1, it remains to control the variable Vx
via Bousquet’s inequality. By (8.16), (8.17), the definition of π (s) and the
monotonicity of w, we derive that for every t ∈ S

VarP (−γ (t, .) + γ (π (s) , .)) ≤ (d (s, t) + d (s, π (s)))2 ≤ 4w2
(√

� (s, t)
)

.

Hence, since γ takes its values in [0, 1], introducing the function w1 = 1∧ 2w,
we derive that

sup
t∈S

VarP

[
γ (t, .) − γ (π (s) , .)

� (s, t) + x2

]
≤ sup

ε≥0

w2
1 (ε)

(ε2 + x2)2
≤ 1

x2
sup
ε≥0

(
w1 (ε)
ε ∨ x

)2

.

Now the monotonicity assumptions on w imply that either w (ε) ≤ w (x) if
x ≥ ε or w (ε) /ε ≤ w (x) /x if x ≤ ε, hence one has in any case w (ε) / (ε ∨ x) ≤
w (x) /x which finally yields

sup
t∈S

VarP

[
γ (t, .) − γ (π (s) , .)

� (s, t) + x2

]
≤ w2

1 (x)
x4

.

On the other hand since γ takes its values in [0, 1], we have

sup
t∈S

∥∥∥∥
γ (t, .) − γ (π (s) , .)

� (s, t) + x2

∥∥∥∥
∞

≤ 1
x2

.

We can therefore apply (5.49) with v = w2
1 (x)x−4 and b = 2x−2, which gives

that, on a set Ωy with probability larger than 1 − exp (−y), the following
inequality holds

Vx < E [Vx] +

√
2 (w2

1 (x)x−2 + 4E [Vx]) y
nx2

+
y

nx2

< 3E [Vx] +

√
2w2

1 (x)x−2y

nx2
+

2y
nx2

. (8.23)

Now since ε∗ is assumed to be not larger than 1, one has w (ε∗) ≥ ε∗ and there-
fore for every σ ≥ w (ε∗), the following inequality derives from the definition
of ε∗ by monotonicity

φ (σ)
σ2

≤ φ (w (ε∗))
w2 (ε∗)

≤ φ (w (ε∗))
ε2
∗

=
√
n.

Hence (8.18) holds for every σ ≥ w (ε∗) and since u → φ (2w (u)) /u is non-
increasing, by assumption (8.17) and (8.21) we can use Lemma 4.23 (and the
triangle inequality for d) to get

E [Vx] ≤ 4φ (2w (x))√
nx2

.
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Hence, by monotonicity of u → φ (u) /u

E [Vx] ≤ 8φ (w (x))√
nx2

.

Since κ ≥ 1 we note that x ≥ √
κε∗ ≥ ε∗. Thus, using the monotonicity of

u → φ (w (u)) /u, and the definition of ε∗, we derive that

E [Vx] ≤ 8φ (w (ε∗))√
nxε∗

=
8ε∗
x

≤ 8√
κ

. (8.24)

Now, the monotonicity of u → w1 (u) /u implies that

w2
1 (x)
x2

≤ w2
1 (ε∗)
ε2
∗

. (8.25)

Plugging (8.24) and (8.25) into (8.23) implies that, on the set Ωy,

Vx <
24√
κ

+

√
2w2

1 (ε∗) ε−2
∗ y

nx2
+

2y
nx2

.

Recalling that ε∗ ≤ 1, it remains to use the lower bound 4nx2 ≥ κw2
1 (ε∗) ε−2

∗ y,
noticing that w2

1 (ε∗) ε−2
∗ ≥ 1 to derive that, on the set Ωy, the following

inequality holds

Vx <
24√
κ

+

√
8
κ

+
8
κ

.

Hence, choosing κ as a large enough numerical constant warrants that
Vx < 1/2 on Ωy. Thus

P

[
Vx ≥

1
2

]
≤ P

[
Ωc
y

]
≤ e−y, (8.26)

and therefore (8.22) leads to

P
[
� (s, ŝ) ≥ 2 (ρ + � (s, π (s))) + x2

]
≤ e−y.

If a point π (s) satisfying (8.21) does not exist we can use as well some point
π (s) satisfying � (s, π (s)) ≤ � (s, S)+δ and get the required probability bound
(8.20) by letting δ tend to zero. But since φ (u) /u ≥ φ (1) ≥ 1 for every
u ∈ [0, 1], we derive from (8.19) and the monotonicity of φ and u → φ (u) /u
that

1 ∧ w2 (ε∗)
ε2
∗

≤ φ2 (1 ∧ w (ε∗))
ε2
∗

≤ φ2 (w (ε∗))
ε2
∗

and therefore
1 ∧ w2 (ε∗)

ε2
∗

≤ nε2
∗. (8.27)

The proof can then be easily completed by integrating the tail bound (8.20)
to get
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E [� (s, ŝ)] ≤ 2 (ρ + � (s, S)) + κε2
∗ + κ

1 ∧ w2 (ε∗)
nε2

∗
.

yielding the required upper bound on the expected risk via (8.27).
Even though the main motivation for Theorem 8.3 is the study of clas-

sification, it can also be easily applied to bounded regression. We begin the
illustration of Theorem 8.3 with this framework which is more elementary
than classification since in this case there is a clear connection between the
expected loss and the variance of the increments.

8.3.2 Application to Bounded Regression

In this setting, the regression function η : x → E [Y | X = x] is the target to
be estimated, so that here s = η. We recall that for this framework we can
take d to be the L2 (µ) distance times

√
2. The connection between the loss

function � and d is especially simple in this case since

[γ (t, (x, y)) − γ (s, (x, y))] = [−t (x) + s (x)] [2 (y − s (x)) − t (x) + s (x)]

which implies since E [Y − s (X) | X] = 0 that

� (s, t) = E [γ (t, (X,Y )) − γ (s, (X,Y ))] = E (t (X) − s (X))2 .

Hence 2� (s, t) = d2 (s, t) and in this case the modulus of continuity w can
simply be taken as w (ε) =

√
2ε. Note also that in this case, an empirical risk

minimizer ŝ over some model S is a LSE. The quadratic risk of ŝ depends
only on the modulus of continuity φ satisfying (8.18) and one derives from
Theorem 8.3 that, for some absolute constant κ′,

E
[
d2 (s, ŝ)

]
≤ 2d2 (s, S) + κ′ε2

∗

where ε∗ is the solution of √
nε2

∗ = φ (ε∗) .

To be more concrete, let us give an example where this modulus φ and the bias
term d2 (s, S) can be evaluated, leading to an upper bound for the minimax
risk over some classes of regression functions.

Binary Images

Following [72], our purpose is to study the particular regression framework
for which the variables Xi are uniformly distributed on [0, 1]2 and s (x) =
E [Y | X = x] is of the form

s (x1, x2) = b if x2 ≤ ∂s (x1) and a otherwise,

where ∂s is some measurable map from [0, 1] to [0, 1] and 0 < a < b < 1.
The function ∂s should be understood as the parametrization of a boundary
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fragment corresponding to some portion s of a binary image in the plane
(a and b, representing the two level of colors which are taken by the image) and
restoring this portion of the image from the noisy data (X1, Y1) , . . . , (Xn, Yn)
means estimating s or equivalently ∂s. Let G be the set of measurable maps
from [0, 1] to [0, 1]. For any f ∈ G, let us denote by χf the function defined
on [0, 1]2 by

χf (x1, x2) = b if x2 ≤ f (x1) and a otherwise.

From this definition we see that χ∂s = s and more generally if we define
S = {χf : f ∈ G}, for every t ∈ S, we denote by ∂t the element of G such
that χ∂t = t. It is natural to consider here as an approximate model for s a
model S of the form S = {χf : f ∈ ∂S}, where ∂S denotes some subset of G.
In what follows, we shall assume condition (M) to be fulfilled which allows
us to make as if S was countable. Denoting by ‖.‖1 (resp. ‖.‖2) the Lebesgue
L1-norm (resp. L2-norm), one has for every f, g ∈ G

‖χf − χg‖1 = (b− a) ‖f − g‖1 and ‖χf − χg‖2
2 = (b− a)2 ‖f − g‖1

or equivalently for every s, t ∈ S,

‖s− t‖1 = (b− a) ‖∂s− ∂t‖1 and ‖s− t‖2
2 = (b− a)2 ‖∂s− ∂t‖1 .

Given u ∈ S and setting Sσ = {t ∈ S, d (t, u) ≤ σ}, we have to compute some
function φ fulfilling (8.18) and therefore to upper bound E [W (σ)], where

W (σ) = sup
t∈Sσ

γn (u) − γn (t) .

This can be done using entropy with bracketing arguments. Indeed, let us
notice that if g belongs to some ball with radius δ in L∞ [0, 1], then for some
function f ∈ L∞ [0, 1], one has f − δ ≤ g ≤ f + δ and therefore, defining
fL = sup (f − δ, 0) and fU = inf (f + δ, 1)

χfL
≤ χg ≤ χfU

with ‖χfL
− χfU

‖1 ≤ 2 (b− a) δ. This means that, defining H∞ (δ, ∂S, ρ) as
the supremum over g ∈ ∂S of the L∞-metric entropy for radius δ of the L1

ball centered at g with radius ρ in ∂S, one has for every positive ε

H[.] (ε, Sσ, µ) ≤ H∞

(
ε

2 (b− a)
, ∂S,

σ2

2 (b− a)2

)
.

Moreover if [tL, tU ] is a bracket with extremities in S and L1 (µ) diameter not
larger than δ and if t ∈ [tL, tU ], then

y2 − 2tU (x) y + t2L (x) ≤ (y − t (x))2 ≤ y2 − 2tL (x) y + t2U (x) ,
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which implies that γ (t, .) belongs to a bracket with L1 (P )-diameter not larger
than

2E

[
(tU (X) − tL (X))

(
Y +

tU (X) + tL (X)
2

)]
≤ 4δ.

Hence, if F = {γ (t, .) , t ∈ S and d (t, u) ≤ σ}, then

H[.] (x,F , P ) ≤ H∞

(
x

8 (b− a)
, ∂S,

σ2

2 (b− a)2

)

and furthermore, if d (t, u) ≤ σ

E

[∣∣∣(Y − t (X))2 − (Y − u (X))2
∣∣∣
]
≤ 2 ‖u− t‖1 =

2 ‖u− t‖2
2

(b− a)
≤ σ2

(b− a)
.

We can therefore apply Lemma 6.5 to the class F and derive that, setting

ϕ (σ) =
∫ σ/

√
b−a

0

(
H∞

(
x2

8 (b− a)
, ∂S,

σ2

2 (b− a)2

))1/2

dx,

one has √
nE [W (σ)] ≤ 12ϕ (σ) ,

provided that

4ϕ (σ) ≤
√
n

σ2

(b− a)
. (8.28)

The point now is that, whenever ∂S is part of a linear finite dimensional
subspace of L∞ [0, 1], H∞ (δ, ∂S, ρ) is typically bounded by D [B + ln (ρ/δ)]
for some appropriate constants D and B. If it is so then

ϕ (σ) ≤
√
D

∫ σ/
√
b−a

0

(
B + ln

(
4σ2

x2 (b− a)

))1/2

dx

≤
√
Dσ√
b− a

∫ 1

0

√
B + 2 |ln (2δ)|dδ,

which implies that for some absolute constant κ

ϕ (σ) ≤ κσ

√
(1 + B)D

(b− a)
.

The restriction (8.28) is a fortiori satisfied if σ
√
b− a ≥ 4κ

√
(1 + B)D/n.

Hence if we take

φ (σ) = 12κσ

√
(1 + B)D

(b− a)
,
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assumption (8.18) is satisfied. To be more concrete let us consider the example
where ∂S is taken to be the set of piecewise constant functions on a regular
partition with D pieces on [0, 1] with values in [0, 1]. Then, it is shown in [12]
that

H∞ (δ, ∂S, ρ) ≤ D [ln (ρ/δ)]

and therefore the previous analysis can be used with B = 0. As a matter
of fact this extends to piecewise polynomials with degree not larger than r
via some adequate choice of B as a function of r but we just consider the
histogram case here to be simple. As a conclusion, Theorem 8.3 yields in this
case for the LSE ŝ over S

E [‖∂s− ∂ŝ‖1] ≤ 2 inf
t∈S

‖∂s− ∂t‖1 + C
D

(b− a)3 n

for some absolute constant C. In particular, if ∂s is Hölder smooth,

|∂s (x) − ∂s (x′)| ≤ R |x− x′|α (8.29)

with R > 0 and α ∈ (0, 1], then

inf
t∈S

‖∂s− ∂t‖1 ≤ RD−α

leading to

E [‖∂s− ∂ŝ‖1] ≤ 2RD−α + C
D

(b− a)3 n
.

Hence, if H (R,α) denotes the set of functions from [0, 1] to [0, 1] satisfying
(8.29), an adequate choice of D yields for some constant C ′ depending only
on a and b

sup
∂s∈H(R,α)

E [‖∂s− ∂ŝ‖1] ≤ C ′
(
R ∨ 1

n

) 1
α+1

n− α
1+α .

As a matter of fact, this upper bound is unimprovable (up to constants) from a
minimax point of view (see [72] for the corresponding minimax lower bound).

8.3.3 Application to Classification

Our purpose is to apply Theorem 8.3 to the classification setting, assuming
that the Bayes classifier is the target to be estimated, so that here s = s∗.
We recall that for this framework we can take d to be the L2 (µ) distance and
S = {1lA, A ∈ A}, where A is some class of measurable sets. Our main task
is to compute the moduli of continuity φ and w. In order to evaluate w, we
need some margin type condition. For instance we can use Tsybakov’s margin
condition

� (s, t) ≥ hθd2θ (s, t) , for every t ∈ S, (8.30)
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where h is some positive constant (that we can assume to be smaller than 1
since we can always change h into h ∧ 1 without violating (8.30))and θ ≥ 1.
As explained by Tsybakov in [115], this condition is fulfilled if the distribu-
tion of η (X) is well behaved around 1/2. A simple situation is the following.
Assume that, for some positive number h, one has for every x ∈ X

|2η (x) − 1| ≥ h. (8.31)

Then
� (s, t) = E [|2η (X) − 1| |s (X) − t (X)|] ≥ hd2 (s, t)

which means that Tsybakov’s condition is satisfied with θ = 1. Of course,
Tsybakov’s condition implies that the modulus of continuity w can be taken as

w (ε) = h−1/2ε1/θ. (8.32)

In order to evaluate φ, we shall consider two different kinds of assumptions on
S which are well known to imply the Donsker property for the class of func-
tions {γ (t, .) , t ∈ S} and therefore the existence of a modulus φ which tends
to 0 at 0, namely a VC-condition or an entropy with bracketing assumption.
Given u ∈ S, in order to bound the expectation of

W (σ) = sup
t∈S;d(u,t)≤σ

(−γn (t) + γn (u)) ,

we shall use the maximal inequalities for empirical processes which are estab-
lished in Chapter 6 via slightly different techniques according to the way the
“size” of the class A is measured.

The VC-Case

Let us first assume for the sake of simplicity that A is countable. We use
the definitions, notations and results of Section 6.1.2, to express φ in terms
of the random combinatorial entropy or the VC-dimension of A. Indeed, we
introduce the classes of sets

A+ =
{{

(x, y) : 1ly �=t(x) ≤ 1ly �=u(x)

}
, t ∈ S

}

and
A− =

{{
(x, y) : 1ly �=t(x) ≥ 1ly �=u(x)

}
, t ∈ S

}

and define for every class of sets B of X×{0, 1}

W+
B (σ) = sup

B∈B,P (B)≤σ2
(Pn − P ) (B) , W−

B (σ) = sup
B∈B,P (B)≤σ2

(P − Pn) (B) .

Then,
E [W (σ)] ≤ E

[
W+

A+
(σ)

]
+ E

[
W−

A− (σ)
]

(8.33)

and it remains to control E

[
W+

A+
(σ)

]
and E

[
W−

A− (σ)
]

via Lemma 6.4.
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Since the VC-dimension of A+ and A− are not larger than that of A,
and that similarly, the combinatorial entropies of A+ and A− are not larger
than the combinatorial entropy of A, denoting by VA the VC-dimension of A
(assuming that VA ≥ 1), we derive from (8.33) and Lemma 6.4 that

√
nE [W (σ)] ≤ φ (σ)

provided that φ (σ) ≤ √
nσ2, where φ can be taken either as

φ (σ) = Kσ
√

(1 ∨ E [HA]) (8.34)

or as
φ (σ) = Kσ

√
V (1 + ln (σ−1 ∨ 1)). (8.35)

In both cases, assumption (8.18) is satisfied and we can apply Theorem 8.3
with w ≡ 1 or w defined by (8.32). When φ is given by (8.34) the solution ε∗
of equation (8.19) can be explicitly computed when w is given by (8.32) or
w ≡ 1. Hence the conclusion of Theorem 8.3 holds with

ε2
∗ =

(
K2 (1 ∨ E [HA])

nh

)θ/(2θ−1)

∧
√

K2 (1 ∨ E [HA])
n

.

In the second case i.e., when φ is given by (8.35), w ≡ 1 implies by (8.19) that

ε2
∗ = K

√
V

n

while if w (ε∗) = h−1/2ε
1/θ
∗ then

ε2
∗ = Kε

1/θ
∗

√
V

nh

√
1 + ln

((√
hε

−1/θ
∗

)
∨ 1

)
. (8.36)

Since 1 + ln
((√

hε
−1/θ
∗

)
∨ 1

)
≥ 1 and K ≥ 1, we derive from (8.36) that

ε2
∗ ≥

(
V

nh

)θ/(2θ−1)

. (8.37)

Plugging this inequality in the logarithmic factor of (8.36) yields

ε2
∗ ≤ Kε

1/θ
∗

√
V

nh

√
1 +

1
2 (2θ − 1)

ln
((

nh2θ

V

)
∨ 1

)

and therefore, since θ ≥ 1

ε2
∗ ≤ Kε

1/θ
∗

√
V

nh

√
1 + ln

((
nh2θ

V

)
∨ 1

)
.
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Hence

ε2
∗ ≤

(
K2V

(
1 + ln

((
nh2θ/V

)
∨ 1

))
nh

)θ/(2θ−1)

≤ K2

(
V
(
1 + ln

((
nh2θ/V

)
∨ 1

))
nh

)θ/(2θ−1)

and therefore the conclusion of Theorem 8.3 holds with

ε2
∗ = K2

⎡
⎣
(
V
(
1 + ln

((
nh2θ/V

)
∨ 1

))
nh

)θ/(2θ−1)

∧
√

V

n

⎤
⎦ .

Of course, if S (and therefore A) is not countable but fulfills condition (M),
the previous arguments still apply for a conveniently countable subclass of A
so that we have a fortiori obtained the following result.

Corollary 8.4 Let A be a VC-class with dimension V ≥ 1 and assume that
s∗ belongs to S = {1lA, A ∈ A}. Assuming that S satisfies to (M), there exists
an absolute constant C such that if ŝ denotes an empirical risk minimizer over
S, the following inequality holds

E [� (s∗, ŝ)] ≤ C

√
V ∧ (1 ∨ E [HA])

n
. (8.38)

Moreover if θ ≥ 1 is given and one assumes that the margin condition (8.30)
holds, then the following inequalities are also available

E [� (s∗, ŝ)] ≤ C

(
(1 ∨ E [HA])

nh

)θ/(2θ−1)

(8.39)

and

E [� (s∗, ŝ)] ≤ C

(
V
(
1 + ln

(
nh2θ/V

))
nh

)θ/(2θ−1)

, (8.40)

provided that h ≥ (V/n)1/2θ.

Comments.

• The risk bound (8.38) is well known. Our purpose was just here to show
how it can be derived from our approach.

• The risk bounds (8.39) and (8.40) are new and they perfectly fit with
(8.38) when one considers the borderline case h = (V/n)1/2θ. They look
very similar but are not strictly comparable since roughly speaking they
differ from a logarithmic factor. Indeed it may happen that E [HA] turns
out to be of the order of V (without any extra log-factor). This the case
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when A is the family of all subsets of a given finite set with cardinality V . In
such a case, E [HA] ≤ V and (8.39) is sharper than (8.40). On the contrary,
for some arbitrary VC-class, let us remember that the consequence (6.9) of
Sauer’s lemma tells us that HA ≤ V (1 + ln (n/V )). The logarithmic factor
1 + ln (n/V ) is larger than 1 + ln

(
nh2θ/V

)
and turns out to be especially

over pessimistic when h is close to the borderline value (V/n)1/2θ.
• For the sake of simplicity we have assumed s∗ to belong to S in the above

statement. Of course this assumption is not necessary (since our main
Theorem does not require it). The price to pay if s∗ does not belong to S
is simply to add 2� (s∗, S) to the right hand side of the risk bounds above.

In [92] the optimality of (8.40) from a minimax point of view is discussed
in the case where θ = 1, showing that it is essentially unimprovable in that
sense.

Bracketing Conditions

For the same reasons as in the previous section, let us make the prelimi-
nary assumption that S is countable (the final result will easily extend to
the case where S satisfies (M) anyway). If t1 and t2 are measurable func-
tions such that t1 ≤ t2, the collection of measurable functions t such that
t1 ≤ t ≤ t2 is denoted by [t1, t2] and called bracket with lower extremity t1
and upper extremity t2. Recalling that µ denotes the probability distribu-
tion of the explanatory variable X, the L1 (µ)-diameter of a bracket [t1, t2]
is given by µ (t2) − µ (t1). Recall that the L1 (µ)-entropy with bracketing of
S is defined for every positive δ, as the logarithm of the minimal number of
brackets with L1 (µ)-diameter not larger than δ which are needed to cover
S and is denoted by H[.] (δ, S, µ). The point is that if F denotes the class of
functions F = {γ (t, .) , t ∈ S with d (u, t) ≤ σ}, one has

H[.] (δ,F , P ) ≤ H[.] (δ, S, µ)

hence, we derive from (8.33) and Lemma 6.5 that, setting

ϕ (σ) =
∫ σ

0

H
1/2
[.]

(
x2, S, µ

)
dx,

the following inequality is available
√
nE [W (σ)] ≤ 12ϕ (σ)

provided that 4ϕ (σ) ≤ σ2
√
n. Hence, we can apply Theorem 8.3 with φ = 12ϕ

and if we assume Tsybakov’s margin condition (8.30) to be satisfied, then we
can also take w according to (8.32) and derive from that the conclusions of
Theorem 8.3 hold with ε∗ solution of the equation

√
nε2

∗ = φ
(
h−1/2ε

1/θ
∗

)
.
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In particular, if
H[.] (x, S, µ) ≤ Cx−r with 0 < r < 1, (8.41)

then for some constant C ′ depending only on C, one has

ε2
∗ ≤ C ′

[
(1 − r)2 nh1−r

]− θ
2θ−1+r

. (8.42)

If S′ is taken as a δn-net (with respect to the L2 (µ)-distance d) of a bigger
class S to which the target s∗ is assumed to belong, then we can also apply
Theorem 8.3 to the empirical risk minimizer over S′ and since H[.] (x, S′, µ) ≤
H[.] (x, S, µ), we still get the conclusions of Theorem 8.3 with ε∗ satisfying
(8.42) and � (s∗, S′) ≤ δ2

n. This means that if δn is conveniently chosen (in a
way that δn is of lower order as compared to ε∗), for instance δ2

n = n−1/(1+r),
then, for some constant C ′′ depending only on C, one has

E [� (s∗, ŝ)] ≤ C ′′
[
(1 − r)2 nh1−r

]− θ
2θ−1+r

.

This means that we have recovered Tsybakov’s Theorem 1 in [115] (as a matter
of fact our result is slightly more precise since it also provides the dependency
of the risk bound with respect to the margin parameter h and not only on θ
as in Tsybakov’s Theorem). We refer to [85] for concrete examples of classes
of sets with smooth boundaries satisfying (8.41) when µ is equivalent to the
Lebesgue measure on some compact set of R

d.

8.4 A Refined Model Selection Theorem

It is indeed quite easy to formally derive from (8.20) the following model
selection version of Theorem 8.3.

Theorem 8.5 Let ξ1, . . . , ξn be independent observations taking their values
in some measurable space Ξ and with common distribution P . Let S be some
set, γ : S×Ξ → [0, 1] be a measurable function such that for every t ∈ S, x →
γ (t, x) is measurable. Assume that there exists some minimizer s of P (γ (t, .))
over S and denote by � (s, t) the nonnegative quantity P (γ (t, .))− P (γ (s, .))
for every t ∈ S. Let γn be the empirical risk

γn (t) = Pn (γ (t, .)) =
1
n

n∑
i=1

γ (t, ξi) , for every t ∈ S

and γn be the centered empirical process defined by

γn (t) = Pn (γ (t, .)) − P (γ (t, .)) , for every t ∈ S .

Let d be some pseudodistance on S ×S such that (8.16) holds. Let {Sm}m∈M
be some at most countable collection of subsets of S, each model Sm admitting
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some countable subset S′
m such that Sm satisfies to separability condition (M).

Let w and φm belong to the class of functions C1 defined above for every
m ∈ M. Assume that on the one hand assumption (8.17) holds and that on
the other hand one has for every m ∈M and u ∈ S′

m

√
nE

[
sup

t∈S′
m,d(u,t)≤σ

[γn (u) − γn (t)]

]
≤ φm (σ) (8.43)

for every positive σ such that φm (σ) ≤ √
nσ2. Let εm be the unique solution

of the equation √
nε2

m = φm (w (εm)) . (8.44)

Let ρ be some given nonnegative real number and consider ŝm taking its values
in Sm and such that

γn (ŝm) ≤ inf
t∈Sm

γn (t) + ρ.

Let {xm}m∈M be some family of nonnegative weights such that

∑
m∈M

e−xm = Σ < ∞,

pen : M → R+ such that for every m ∈M

pen (m) ≥ K

(
ε2
m +

w2 (εm)xm
nε2

m

)
.

Then, if K is large enough, there almost surely exists some minimizer m̂ of

γn (ŝm) + pen (m) . (8.45)

and some constant C (K) such that the penalized estimator s̃ = ŝ
m̂

satisfies
the following inequality

E [� (s, s̃)] ≤ C (K)
[

inf
m∈M

(� (s, Sm) + pen (m)) +
(Σ + 1)

n
+ ρ

]
.

Concerning the proof of Theorem 8.5, the hard work has been already done
to derive (8.20). The proof of Theorem 8.5 can indeed be sketched as follows:
start from exponential bound (8.26) (which as a matter of fact readily implies
(8.20)) and use a union bound argument. The calculations are quite similar
to those of the proof of Theorem 4.18. At this stage they can be considered
as routine and we shall therefore skip them. From the point of view of model
selection for classification, Theorem 8.5 is definitely disappointing and far from
producing the result we could expect anyway. In this classification context, it
should be considered as a formal exercise. Indeed, the classification framework
was the main motivation for introducing the “margin” function w in Theorem
8.3. The major drawback of Theorem 8.5 is that the penalization procedure



8.4 A Refined Model Selection Theorem 303

involved does require the knowledge of w. Hence, apart from the situation
where w can “legally” be assumed to be known (like for bounded regression
where one can take w (ε) =

√
2ε), we cannot freely use Theorem 8.5 to build

adaptive estimators as we did with the related model selection theorems in the
other functional estimation frameworks that we have studied in the previous
chapters (Gaussian white noise or density estimation). We shall come back to
the classification framework in Section 8.5 below to design “margin adaptive”
model selection strategies. For the moment we may at least use Theorem 8.5 in
the bounded regression framework (note that more generally, when w (ε) = Cε
for a known absolute constant C, Theorem 8.5 is nothing more than Theorem
4.2. in [91]).

8.4.1 Application to Bounded Regression

As mentioned above, bounded regression is a typical framework for which the
previous model selection theorem (Theorem 8.5) is relevant. Indeed, let us
recall that in this setting, the regression function η : x → E [Y | X = x] is the
target s to be estimated and d may be taken as the L2 (µ) distance times

√
2.

The connection between the loss function � and d is trivial since

� (s, t) = E (t (X) − s (X))2 = d2 (s, t) /2

and therefore w can simply be taken as w (ε) =
√

2ε. The penalized criterion
given by (8.45) is a penalized least squares criterion and the corresponding
penalized estimator s̃ is merely a penalized LSE . It is not very difficult to
study again the example of boundary images, showing this time that some
adequate choice of the collection of models leads to adaptive properties for
the penalized LSE on classes of binary images with smooth boundaries.

Binary Images

We consider the same framework as in Section 8.3.2, i.e., the variables Xi are
uniformly distributed on [0, 1]2 and the regression function s is of the form

s (x1, x2) = b if x2 ≤ ∂s (x1) and a otherwise,

where ∂s is some measurable map from [0, 1] to [0, 1] and 0 < a < b < 1. Let
G be the set of measurable maps from [0, 1] to [0, 1] and, for any f ∈ G, χf
denotes the function defined on [0, 1]2 by

χf (x1, x2) = b if x2 ≤ f (x1) and a otherwise.

Setting S = {χf : f ∈ G}, for every t ∈ S, ∂t denotes the element of G such
that χ∂t = t. Consider for every positive integer m, ∂Sm to be the set of piece-
wise constant functions on a regular partition of [0, 1] by m intervals and define
Sm = {χf : f ∈ ∂Sm}. We take {Sm}m∈N∗ as a collection of models. In order
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to apply Theorem 8.5, given u ∈ Sm, we need to upper bound E [Wm (σ)]
where

Wm (σ) = sup
t∈Sm;d(u,t)≤σ

γn (u) − γn (t) .

We derive from the calculations of Section 8.3.2 that for some absolute
numerical constant κ′

√
nE [Wm (σ)] ≤ κ′σ

√
m

(b− a)

so that we can take
φm (σ) = κ′σ

√
m

(b− a)
.

Hence the solution εm of (8.44) is given by

ε2
m =

2mκ′2

n (b− a)
.

Choosing xm = m, leads to Σ < 1 and therefore, applying Theorem 8.5, we
know that for some adequate numerical constants K ′ and C ′, one can take

pen (m) = K ′ m

n (b− a)

and the resulting penalized LSE s̃ satisfies to

E [‖∂s− ∂s̃‖1] ≤ C ′ inf
m≥1

{
inf
t∈Sm

‖∂s− ∂t‖1 +
m

(b− a)3 n

}
.

Assuming now that ∂s is Hölder smooth

|∂s (x) − ∂s (x′)| ≤ R |x− x′|α

with R > 0 and α ∈ (0, 1], then

inf
t∈Sm

‖∂s− ∂t‖1 ≤ Rm−α,

leading to

E [‖∂s− ∂s̃‖1] ≤ C ′ inf
m≥1

{
Rm−α +

m

(b− a)3 n

}
.

Hence, provided that R ≥ 1/n, optimizing this bound with respect to m
implies that

sup
∂s∈H(R,α)

E [‖∂s− ∂s̃‖1] ≤ C ′R
1

α+1n− α
1+α .
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Taking into account that the minimax risk is indeed of order R
1

α+1n− α
1+α

according to [72], this proves that the penalized LSE s̃ is adaptive on each
of the Hölder classes H (R,α) such that R ≥ 1/n and α ∈ (0, 1]. Of course,
with a little more efforts, the same kind of results could be obtained with
collections of piecewise polynomials with variable degree, leading to adaptive
estimators on Hölder classes H (R,α) such that R ≥ 1/n, for any positive
value of α.

Selecting Nets

We can try to mimic the discretization strategies that we have developed in
Chapter 4 and Chapter 7. As compared to the density estimation problem for
instance, there is at least one noticeable difference. Indeed for density estima-
tion, the dominating probability measure µ is assumed to be known. Here the
role of this dominating measure is played by the distribution of the explana-
tory variables Xis. For some specific problems it makes sense to assume that
µ is known (as we did in the previous boundary images estimation problem
above), but most of the time one cannot make such an assumption. In such
a situation there are at least two possibilities to overcome this difficulty: use
L∞ nets or empirical nets based on the empirical distribution of the variables
Xis. Even if the second approach is more general than the first one, it would
lead us to use extra technicalities that we prefer to avoid here. Constructing
L∞ nets concretely means that if the variables Xis take their values in R

d for
instance, one has to assume that they are compactly supported and that we
know their support. Moreover it also means that we have in view to estimate a
rather smooth regression function s. Let us first state a straightforward conse-
quence of Theorem 8.5 when applied to the selection of finite models problem
in the regression framework.

Corollary 8.6 Let {Sm}m∈M be some at most countable collection of models,
where for each m ∈ M, Sm is assumed to be a finite set of functions taking
their values in [0, 1]. We consider a corresponding collection (ŝm)m∈M of LSE,
which means that for every m ∈M

n∑
i=1

(Yi − ŝm (Xi))
2 = inf

t∈Sm

n∑
i=1

(Yi − t (Xi))
2 .

Let {∆m}m∈M, {xm}m∈Mbe some families of nonnegative numbers such that
∆m ≥ ln (|Sm|) for every m ∈ M and

∑
m∈M

e−xm = Σ < ∞.

Define

pen (m) =
κ′′ (∆m + xm)

n
for every m ∈M (8.46)
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for some suitable numerical constant κ′′. Then, if κ′′ is large enough, there
almost surely exists some minimizer m̂ of

n∑
i=1

(Yi − ŝm (Xi))
2 + pen (m)

over M. Moreover, for such a minimizer, the following inequality is valid
whatever the regression function s

Es

[
d2
(
s, ŝ

m̂

)]
≤ C ′′

(
inf
m∈M

(
d2 (s, Sm) +

κ′′ (∆m + xm)
n

)
+

(1 + Σ)
n

)
.

(8.47)

Proof. It suffices to apply Theorem 8.5 with w (ε) =
√

2ε and for each model
m ∈ M, check that by (6.4) the function φm defined by

φm (σ) = 2σ
√

∆m

does satisfy to (8.43). The result easily follows.
Let us see what kind of result is achievable when working with nets by

considering the same type of example as in the Gaussian or the density
estimation frameworks. Let us consider some collection of compact subsets
{Sα,R, α ∈ N

∗, R > 0} of S with the following structure:

Sα,R = S ∩RHα,1,

where Hα,1 is star-shaped at 0 and satisfies for some positive constant
C2 (α) to

H∞ (δ,Hα,1) ≤ C2 (α) δ−1/α

for every δ ≤ 1. We consider for every positive integers α and k some L∞-net
Sα,k of Sα,k/√n with radius δα,k = k1/(2α+1)/

√
n, so that

ln |Sα,k| ≤ C2 (α)
(

k√
nδα,k

)1/α

≤ C2 (α) k2/(2α+1)

and
d2 (s, Sα,k) ≤ 2δ2

α,k, for all s ∈ Sα,k/√n. (8.48)

Applying Corollary 8.6 to the collection (Sα,k)α≥1,k≥1 with

∆α,k = C2 (α) k2/(2α+1) and xα,k = 4αk2/(2α+1)

leads to the penalty

pen (α, k) = K (α) k2/(2α+1)ε2

where K (α) = κ′′ (C2 (α) + 4α). Noticing that xα,k ≥ α + 2 ln (k) one has
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Σ =
∑
α,k

e−xα,k ≤

⎛
⎝∑
α≥1

e−α

⎞
⎠
⎛
⎝∑
k≥1

k−2

⎞
⎠ < 1

and it follows from (8.47) that if s̃ denotes the penalized LSE one has whatever
the regression function s

Es

[
d2 (s, s̃)

]
≤ C (α) inf

α,k

(
d2 (s, Sα,k) +

k2/(2α+1)

n

)
.

In particular if s ∈ Sα,R for some integer α and some real number R ≥ 1/
√
n,

setting k = �R√n� we have s ∈ Sα,k/√n and since Sα,k is a k1/(2α+1)ε-net of
Sα,kε, the previous inequality implies via (8.48) that

sup
s∈Sα,R

Es

[
d2 (s, s̃)

]
≤ 3C (α)

(
k2/(2α+1)

n

)

≤ 3C (α) 22/(2α+1) (R
√
n)2/(2α+1)

n
.

Since d2 is upper bounded by 2, we finally derive that for some constant
C ′ (α) ≥ 1

sup
s∈Sα,R

Es

[
d2 (s, s̃)

]
≤ C ′ (α)

((
R2/(2α+1)n−2α/(2α+1)

)
∧ 1

)
. (8.49)

If Hα,R is the Hölder class H (α,R) defined in Section 7.5.1, we have already
used the following property

H∞ (δ,H (α,R)) ≤ C2 (α)
(
R

δ

)1/α

.

Hence the previous approach applies to this case. Of course, nothing warrants
that the above upper bound for the risk is minimax for arbitrary probability
measures µ. For Hölder classes , it would not be difficult to show that this is
indeed the case provided that one restricts to probability measures µ which
are absolutely continuous with respect to Lebesgue measure with density f
satisfying 0 < a ≤ f ≤ b < ∞, for given positive constants a and b.

8.5 Advanced Model Selection Problems

All along the preceding Chapters, we have focused on model selection via
penalization. It is worth noticing however, that some much simpler procedure
can be used if one is ready to split the data into two parts, using the first half of
the original simple to build the collection of estimators on each model and the
second half to select among the family. This is the so-called hold-out. It should
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be seen as some primitive version of the V -fold cross-validation method which
is commonly used in practice when one deals with i.i.d. data as it is the case
in this Section. The advantage of hold-out is that it is very easy to study from
a mathematical point of view. Of course it would be very interesting to derive
similar results for V -fold cross-validation but we do not see how to do it for
the moment.

8.5.1 Hold-Out as a Margin Adaptive Selection Procedure

Our purpose is here to show that the hold-out is a naturally margin adaptive
selection procedure for classification. More generally, for i.i.d. data we wish to
understand what is the performance of the hold-out as a model selection pro-
cedure. Our analysis will be based on the following abstract selection theorem
among some family of functions {fm,m ∈ M}. The reason for introducing an
auxiliary family of functions {gm,m ∈M} in the statement of Theorem 8.7
below will become clear in the section devoted to the study of MLEs. At first
reading it is better to consider the simplest case where gm = fm for every
m ∈ M, which is indeed enough to deal with the applications to bounded
regression or classification that we have in view.

Theorem 8.7 Let {fm,m ∈M} be some at most countable collection of
real-valued measurable functions defined on some measurable space X . Let
ξ1, . . . , ξn be some i.i.d. random variables with common distribution P and
denote by Pn the empirical probability measure based on ξ1, . . . , ξn. Assume
that for some family of positive numbers {σm,m ∈M} and some positive
constant c, one has for every integer k ≥ 2

P
(
|fm − fm′ |k

)
≤ k!

2
ck−2 (σm + σm′)2 for every m ∈ M,m′ ∈ M. (8.50)

Assume furthermore that P (fm) ≥ 0 for every m ∈ M and let w be some
nonnegative and nondecreasing continuous function on R+ such that w (x) /x
is nonincreasing on (0,+∞) and

σm ≤ w
(√

P (fm)
)

for every m ∈M. (8.51)

Let {gm,m ∈ M} be a family of functions such that fm ≤ gm and {xm}m∈M
some family of nonnegative numbers such that

∑
m∈M

e−xm = Σ < ∞.

Let pen : M →R+ and consider some random variable m̂ such that

Pn
(
g
m̂

)
+ pen (m̂) = inf

m∈M
(Pn (gm) + pen (m)) .

Define δ∗ as the unique positive solution of the equation
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w (δ) =
√
nδ2

and suppose that for some constant θ ∈ (0, 1)

pen (m) ≥ xm

(
δ2
∗
θ

+
c

n

)
for every m ∈ M. (8.52)

Then, setting
Rmin = inf

m∈M
(P (gm) + pen (m)) ,

one has

(1 − θ) E
[
P
(
f
m̂

)]
≤ (1 + θ)Rmin + δ2

∗
(
2θ + Σθ−1

)
+

cΣ

n
. (8.53)

Moreover, if fm = gm for every m ∈M, the following exponential bound holds
for every positive real number x

P

[
(1 − θ)P

(
f
m̂

)
> (1 + θ)Rmin + δ2

∗
(
2θ + xθ−1

)
+

cx

n

]
≤ Σe−x. (8.54)

Proof. We may always assume that the infimum of P (gm) + pen (m) is
achieved on M (otherwise we can always take mε such that P (gmε

) +
pen (mε) ≤ infm∈M (P (gm) + pen (m)) + ε and make ε tend to 0 in the
resulting tail bound). So let m such that

P (gm) + pen (m) = inf
m′∈M

(P (gm′) + pen (m′)) .

Our aim is to prove that, except on a set of probability less than Σe−x, one has

(1 − θ)P
(
f
m̂

)
+ Um ≤ (1 + θ) (P (gm) + pen (m)) + δ2

∗
(
2θ + xθ−1

)
+

cx

n
,

(8.55)
where Um = (P − Pn) (gm − fm). Noticing that Um is centered at expectation
and is equal to 0 whenever fm = gm, this will achieve the proof of Theorem
8.7. Indeed (8.55) leads to (8.53) by integrating with respect to x and (8.55)
means exactly (8.54) whenever fm = gm. To prove (8.55), let us notice that
by definition of m̂

Pn
(
g
m̂

)
+ pen (m̂) ≤ Pn (gm) + pen (m) ,

hence, since f
m̂
≤ g

m̂

P
(
f
m̂

)
= (P − Pn)

(
f
m̂

)
+ Pn

(
f
m̂

)

≤ Pn (gm) + pen (m) + (P − Pn)
(
f
m̂

)
− pen (m̂)

and therefore

P
(
f
m̂

)
+ Um ≤ P (gm) + pen (m) + (P − Pn)

(
f
m̂
− fm

)
− pen (m̂) . (8.56)
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It comes from Bernstein’s inequality that for every m′ ∈ M and every positive
number ym′ , the following inequality holds, except on a set with probability
less than e−ym′

(P − Pn) (fm′ − fm) ≤
√

2ym′

n
(σm + σm′) +

cym′

n
.

Choosing ym′ = xm′ + x for every m′ ∈ M, this implies that, except on some
set Ωx with probability less than Σe−x,

(P − Pn)
(
f
m̂
− fm

)
≤
√

2y
m̂

n

(
σm + σ

m̂

)
+

cy
m̂

n
. (8.57)

If u is some nonnegative real number, we derive from the monotonicity
assumptions on w that

w
(√

u
)
≤ w

(√
u + δ2

∗

)
≤
√

u + δ2
∗
w (δ∗)
δ∗

.

Hence, for every positive number y, we get by definition of δ∗
√

2y
n
w
(√

u
)
≤ θ

(
u + δ2

∗
)

+ θ−1 yw
2 (δ∗)

2nδ2
∗

≤ θ
(
u + δ2

∗
)

+
yδ2

∗θ
−1

2
.

Using this inequality with y = y
m̂

and successively u = P (fm) and u =
P
(
f
m̂

)
, it comes from (8.51) that

√
2y
m̂

n

(
σm + σ

m̂

)
≤ δ2

∗
(
2θ + y

m̂
θ−1

)
+ θP (fm) + θP

(
f
m̂

)
.

Combining this inequality with (8.57) and (8.52) implies that, except on Ωx

(P − Pn)
(
f
m̂
− fm

)
≤ pen (m̂) + δ2

∗
(
2θ + xθ−1

)
+

cx

n
+ θP (fm) + θP

(
f
m̂

)
.

Plugging this inequality in (8.56) yields since fm ≤ gm

(1 − θ)P
(
f
m̂

)
+ Um ≤ (1 + θ)P (gm) + pen (m) + δ2

∗
(
2θ + xθ−1

)
+

cx

n

which a fortiori implies that (8.55) holds.
Theorem 8.7 has a maybe more easily understandable corollary directly

orientated towards the hold-out procedure without penalization in statistical
learning.

Corollary 8.8 Let {fm,m ∈M} be some finite collection of real-valued mea-
surable functions defined on some measurable space X . Let ξ1, . . . , ξn be some
i.i.d. random variables with common distribution P and denote by Pn the
empirical probability measure based on ξ1, . . . , ξn. Assume that fm − fm′ ≤ 1
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for every m,m′ ∈M. Assume furthermore that P (fm) ≥ 0 for every m ∈ M
and let w be some nonnegative and nondecreasing continuous function on R+

such that w (x) /x is nonincreasing on (0,+∞), w (1) ≥ 1 and

P
(
f2
m

)
≤ w2

(√
P (fm)

)
for every m ∈M. (8.58)

Consider some random variable m̂ such that

Pn
(
f
m̂

)
= inf
m∈M

Pn (fm) .

Define δ∗ as the unique positive solution of the equation

w (δ) =
√
nδ2.

Then, for every θ ∈ (0, 1)

(1 − θ) E
[
P
(
f
m̂

)]
≤ (1 + θ) inf

m∈M
P (fm) + δ2

∗

(
2θ + ln (e |M|)

(
1
3

+ θ−1

))
.

(8.59)

Proof. Noticing that since w (1) ≥ 1, one has δ2
∗ ≥ 1/n, we simply apply

Theorem 8.7 with c = 1/3, xm = ln (|M|) and

pen (m) = δ2
∗ ln (|M|)

(
θ−1 + (1/3)

)
.

Since Σ = 1, (8.53) leads to (8.59).

Hold-Out for Bounded Contrasts

Let us consider again the empirical risk minimization procedure. Assume that
we observe N + n random variables with common distribution P depending
on some parameter s to be estimated. The first N observations ξ′1, . . . , ξ

′
N

are used to build some preliminary collection of estimators {ŝm}m∈M and we
use the remaining observations ξ1, . . . , ξn to select some estimator ŝm among
the collection {ŝm}m∈M. We more precisely consider here the situation where
there exists some (bounded) loss or contrast

γ fromS ×Ξ to [0, 1]

which is well adapted to our estimation problem of s in the sense that the
expected loss P [γ (t, .)] achieves a minimum at point s when t varies in S. We
recall that the relative expected loss is defined by

� (s, t) = P [γ (t, .) − γ (s, .)] , for all t ∈ S.

In the bounded regression or the classification cases, we have already seen
that one can take
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γ (t, (x, y)) = (y − t (x))2

since η (resp. s∗ ) is indeed the minimizer of E

[
(Y − t (X))2

]
over the set of

measurable functions t taking their values in [0, 1] (resp.{0, 1}). The idea is
now to apply the results of the previous section conditionally on the training
sample ξ′1, . . . , ξ

′
N . For instance, we can apply Corollary 8.8 to the collection of

functions {fm = γ (ŝm, .) − γ (s, .) , m ∈M}. Let us consider the case where
M is finite and define m̂ as a minimizer of the empirical risk Pn (γ (ŝm, .))
over M. If w ∈ C1 is such that for all t ∈ S

P
(

(γ (t, .) − γ (s, .))2
)
≤ w2

(√
� (s, t)

)
,

we derive from (8.59) that conditionally on ξ′1, . . . , ξ
′
N , one has for every θ ∈

(0, 1)

(1 − θ) E
[
�
(
s, ŝ

m̂

)
| ξ′

]
≤ (1 + θ) inf

m∈M
� (s, ŝm)

+ δ2
∗

(
2θ + ln (e |M|)

(
1
3

+ θ−1

))
, (8.60)

where δ∗ satisfies to
√
nδ2

∗ = w (δ∗). The striking feature of this result is that
the hold-out selection procedure provides an oracle type inequality involving
the modulus of continuity w which is not known in advance. This is especially
interesting in the classification framework for which w can be of very different
natures according to the difficulty of the classification problem. The main
issue is therefore to understand whether the term δ2

∗ (1 + ln (|M|)) appearing
in (8.60) is indeed a remainder term or not. We cannot exactly answer to this
question because it is hard to compare δ2

∗ with infm∈M � (s, ŝm). However, if
ŝm is itself an empirical risk minimizer over some model Sm, we can compare
δ2
∗ with infm∈M ε2

m, where ε2
m is (up to constant) the upper bound for the

expected risk E [� (s, ŝm)] provided by Theorem 8.3. More precisely, taking for
instance θ = 1/2, we derive from (8.60) that

E
[
�
(
s, ŝ

m̂

)]
≤ 3 inf

m∈M
E [� (s, ŝm)] + δ2

∗ (3 + 2 ln (|M|)) .

By Theorem 8.3, setting � (s, Sm) = inft∈Sm
� (s, t), one has for some absolute

constant κ

E
[
�
(
s, ŝ

m̂

)]
≤ 6 inf

m∈M

(
� (s, Sm) + κε2

m

)
+ δ2

∗ (3 + 2 ln (|M|)) , (8.61)

where εm is defined by the equation
√
Nε2

m = φm (w (εm)) .

Let φm belong to C1 controlling the modulus of continuity of the empirical
process (P ′

N − P ) (γ (t, .)) over model Sm with respect to some pseudodis-
tance d satisfying to (8.16) and let w satisfy to (8.17). If N and n are of the
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same order of magnitude, N = n say to be as simple as possible, then, since
one can always assume that w ≤ 1 (otherwise one can change w into 1 ∧ w)
one has φm (w (εm)) ≥ w (εm) and therefore δ∗ ≤ εm. This shows that in full
generality, the risk of ŝ

m̂
is at most of order

ln (e |M|) inf
m∈M

(
� (s, Sm) + κε2

m

)
. (8.62)

Up to the unpleasant logarithmic factor ln (e |M|), this is exactly what one
could expect of a clever model selection procedure, i.e., it performs as well as
if the margin function w was known. This is of course especially interesting
in the classification setting. We were in fact over pessimistic when deriving
(8.62) from (8.61). To see this, let us consider the classification framework
and consider the VC case with margin function w (ε) = 1 ∧ h−1/2ε, assuming
that |M| ≤ n. Then, if Vm denotes the VC-dimension of Sm, combining (8.61)
with Theorem 8.3 (in the spirit of Corollary 8.4) yields

E
[
�
(
s, ŝ

m̂

)]
≤ 6 inf

m∈M

(
� (s, Sm) + C ln (n)

(√
Vm
n

)
∧
(
Vm
nh

))
.

Hold-Out for the Maximum Likelihood Criterion

We consider here the maximum likelihood criterion. We can derive from
Theorem 8.7 the following general result for penalized log-likelihood hold-out
procedures. We recall that K (resp. h) denote the Kullback–Leibler infor-
mation number (resp. the Hellinger distance) as defined at the beginning of
Chapter 7.

Theorem 8.9 Assume that we observe N +n random variables with common
distribution P with density s with respect to some given positive σ-finite mea-
sure µ. The first N observations ξ′1, . . . , ξ

′
N are used to build some preliminary

collection of estimators {ŝm}m∈M and we use the remaining observations
ξ1, . . . , ξn to select some estimator ŝm among the collection {ŝm}m∈M. Let
pen : M →R+ and denoting by Pn the empirical probability measure based on
ξ1, . . . , ξn consider some random variable m̂ such that

Pn
(
− ln

(
ŝ
m̂

))
+ pen (m̂) = inf

m∈M
(Pn (− ln (ŝm)) + pen (m)) .

Let {xm}m∈M be some family of nonnegative numbers such that
∑
m∈M

e−xm = Σ < ∞,

and suppose that for some constant θ ∈ (0, 1)

pen (m) ≥ xm
n

(
3
θ

+ 2
)

for every m ∈ M. (8.63)
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Then,

(1 − θ) E

[
K
(
s,

s + ŝ
m̂

2

)]
≤ (1 + θ) inf

m∈M
(E [K (s, ŝm)] + pen (m))

+
3
(
2θ + Σθ−1

)
+ 2Σ

n
. (8.64)

Proof. We work conditionally to ξ′1, . . . , ξ
′
N and apply Theorem 8.7 to the

family of functions

gm = −1
2

ln
(
ŝm
s

)
and fm = − ln

(
s + ŝm

2s

)
, m ∈M.

By concavity of the logarithm, we indeed have fm ≤ gm for every m ∈ M.
Now we must check the moment condition (8.50). It comes from Lemma 7.26
that given two probability densities u and t, by the triangle inequality, the
following moment inequality is available for every integer k ≥ 2

P

(∣∣∣∣ln
(
s + u

s + t

)∣∣∣∣
k
)
≤ 2k−2k! × 9

8
(h (s, u) + h (s, t))2 .

Since 9/ (8 (2 ln (2) − 1)) ≤ 3, combining this inequality with (7.103) leads to

P

(∣∣∣∣ln
(
s + u

s + t

)∣∣∣∣
k
)
≤ 2k−2k! × 3

(√
K
(
s,

s + u

2

)
+

√
K
(
s,

s + t

2

))2

,

which means that (8.50) holds with c = 2 and σ2
m = 3K (s, (s + ŝm) /2).

Hence, since

P (fm) = K
(
s,

s + ŝm
2

)
,

we derive from the definition of σ2
m that assumption (8.51) holds true with

w (x) =
√

3x. Hence, setting

δ2
∗ =

3
n

(8.53) is valid (conditionally to ξ′1, . . . , ξ
′
N ), provided that condition (8.52) is

satisfied. This clearly yields (8.64).
The oracle inequality above is expressed in terms of the unusual loss func-

tion K (s, (s + t) /2). It comes from Lemma 7.23 that this loss function is also
linked to the square Hellinger distance, so that, up to some absolute constant
(8.64) remains true for the square Hellinger loss h2 (s, t).

8.5.2 Data-Driven Penalties

It could seem a bit disappointing to discover that a very crude method like
hold-out is working so well. This is especially true in the classification frame-
work. It is indeed a really hard work in this context to design margin adaptive
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penalties. Of course recent works on the topic (see [71] for a review), involv-
ing local Rademacher penalties for instance, provide at least some theoretical
solution to the problem but still if one carefully looks at the penalties which are
proposed in these works, they systematically involve constants which are typ-
ically unknown. In some cases, these constants are absolute constants which
should nevertheless considered as unknown just because the numerical val-
ues coming from the theory are obviously over pessimistic. In some other
cases, it is even worse since they also depend on nuisance parameters related
to the unknown distribution (like for instance the infimum of the density of
the explanatory variables). In any case these penalization methods are not
ready to be implemented and remain far from being competitive with simple
methods like hold out (or more generally with cross-validation methods).

Hence, two natural and connected questions emerge:

• Is there some room left for penalization methods?
• How to calibrate penalties to design efficient penalization criteria?

There are at least two reasons for which despite of the arguments against
penalization that we have developed at the beginning of this Section, one
should however keep interest for penalization methods. The first one is that
for independent but not identically distributed observations (we typically
think of Gaussian regression on a fixed design), hold out or more generally
cross-validation may become irrelevant. The second one is that, talking about
hold-out, since one uses part of the original data as testing data, one looses a
bit of efficiency. A close inspection of the oracle inequalities presented in the
preceding section shows that in the situation of half-sampling for instance one
typically looses some factor 2 in the oracle inequality. Moreover hold-out is also
known to be quite unstable and this is the reason why V -fold cross-validation is
preferred to hold-out and widely used in practice. But now, concerning V -fold
cross-validation, the question becomes how to choose V and what is the influ-
ence of this choice on the statistical performance of the method. This means
that on the one hand, it remains to better understand cross-validation from
a theoretical point of view and on the other hand that there is some room
left for improvements. One can indeed hope to do better when using some
direct method like penalization. But of course, since the opponent is strong,
beating it requires to calibrate penalties sharply. This leads us to the second
question raised above. We would like to conclude this Chapter by providing
some possible answers to this last question, partly based on theoretical results
which are already available and partly based on heuristics and thoughts which
lead to some empirical rules and new theoretical problems.

A Practical Rule for Calibrating Penalties from the Data

To explain our idea which consists in guessing what is the right penalty
to be used from the data themselves, let us come back to Gaussian model
selection.
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If we consider again the Gaussian model selection theorem for linear
models, the following points can be made

• Mallows’ Cp can underpenalize.
• Condition K > 1 in the statement of Theorem 4.2 is sharp.
• What penalty should be recommended? One can try to optimize the oracle

inequality. The result is that roughly speaking, K = 2 is a good choice
(see [24]).

In practice, the level of noise is unknown, but one can retain from the
Gaussian theory the rule of thumb:

“optimal” penalty = 2 × “minimal” penalty.

Interestingly the minimal penalty can be evaluated from the data because
when the penalty is not heavy enough one systematically chooses models with
large dimension. It remains to multiply by 2 to produce the desired (nearly)
optimal penalty. This is a strategy for designing a data-driven penalty without
knowing in advance the level of noise.

Practical implementation of penalization methods involves the extension to
non Gaussian frameworks of the data-driven penalty choice strategy suggested
above in the Gaussian case. It can roughly be described as follows

• Compute the minimum contrast estimator ŝD on the union of models
defined by the same number D of parameters.

• Use the theory to guess the shape of the penalty pen (D), typically
pen (D) = αD (but other forms are also possible, like pen (D) =
αD (1 + ln (n/D))).

• Estimate α from the data by multiplying by 2 the smallest value for which
the corresponding penalized criterion does not explode.

In the context of change points detection, this data-driven calibration
method for the penalty has been successfully implemented and tested by
Lebarbier (see [74]). In the non-Gaussian case, we believe that this procedure
remains valid but theoretical justification is far from being trivial and remains
open. As already mentioned at the beginning of this Section, this problem is
especially challenging in the classification context since it is connected to the
question of defining optimal classifiers without knowing in advance the mar-
gin condition on the underlying distribution, which is a topic attracting much
attention in the statistical learning community at this moment (see [115],
[116], [14] for instance and [71] for a review).

Some Heuristics

More generally, defining proper data-driven strategies for choosing a penalty
offers a new field of mathematical investigation since future progress on the
topic requires to understand in depth the behavior of γn (ŝD). Recent advances
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involve new concentration inequalities. A first step in this direction is made in
[32] and a joint work in progress with S. Boucheron is building upon the new
moment inequalities proved in [30]. If one wants to better understand how to
penalize optimally and the role that concentration inequalities could play in
this matter, one has to come back to the root of the topic of model selection
via penalization i.e., to Mallows’ and Akaike’s heuristics which are both based
on the idea of estimating the risk in an unbiased way (at least asymptotically
as far as Akaike’s heuristics is concerned). The idea is the following.

Let us consider, in each model Sm some minimizer sm of t → E [γn (t)]
over Sm (assuming that such a point does exist). Defining for every m ∈ M,

b̂m = γn (sm) − γn (s) and v̂m = γn (sm) − γn (ŝm) ,

minimizing some penalized criterion

γn (ŝm) + pen (m)

over M amounts to minimize

b̂m − v̂m + pen (m) .

The point is that since b̂m is an unbiased estimator of the bias term � (s, sm).
If we have in mind to use concentration arguments, one can hope that mini-
mizing the quantity above will be approximately equivalent to minimize

� (s, sm) − E [v̂m] + pen (m) .

Since the purpose of the game is to minimize the risk E [� (s, ŝm)], an ideal
penalty would therefore be

pen (m) = E [v̂m] + E [� (sm, ŝm)] .

In the Mallows’ Cp case, the models Sm are linear and E [v̂m] = E [� (sm, ŝm)]
are explicitly computable (at least if the level of noise is assumed to be known).
For Akaike’s penalized log-likelihood criterion, this is similar, at least asymp-
totically. More precisely, one uses the fact that

E [v̂m] ≈ E [� (sm, ŝm)] ≈ Dm/ (2n) ,

where Dm stands for the number of parameters defining model Sm. The con-
clusion of these considerations is that Mallows’ Cp as well as Akaike’s criterion
are indeed both based on the unbiased risk estimation principle.

Our guess is that we can go further in this direction and that the
approximation E [v̂m] ≈ E [� (sm, ŝm)] remains generally valid. If we believe in
it then a good penalty becomes 2E [v̂m] or equivalently (having still in mind
concentration arguments) 2v̂m. This in some sense explains the rule of thumb
which is given in the preceding Section: the minimal penalty is v̂m while the
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optimal penalty should be v̂m+E [� (sm, ŝm)] and their ratio is approximately
equal to 2.

Of course, concentration arguments will work only if the list of models is
not too rich. In practice this means that starting from a given list of models,
one has first to decide to penalize in the same way the models which are
defined by the same number of parameters. Then one considers a new list of
models (SD)D≥1, where for each integer D, SD is the union of those among
the initial models which are defined by D parameters and then apply the
preceding heuristics to this new list.
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20. Birgé, L. and Massart, P. From model selection to adaptive estimation. In
Festschrift for Lucien Lecam: Research Papers in Probability and Statistics
(D. Pollard, E. Torgersen and G. Yang, eds.), 55–87 (1997) Springer-Verlag,
NewYork.
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64. Gromov, M. Paul Lévy’s isoperimetric inequality. Preprint I.H.E.S. (1980).
65. Gross, L. Logarithmic Sobolev inequalities. Amer. J. Math. 97, 1061–1083

(1975).
66. Haussler, D. Sphere packing numbers for subsets of the boolean n-cube with

bounded Vapnik-Chervonenkis dimension. Journal of Combinatorial Theory
Series A, 69, 217–232 (1995).

67. Haussler, D., Littlestone, N. and Warmuth, M. Predicting {0, 1}−
functions on randomly drawn points. Information and Computation, 115,
248–292 (1994).

68. Hoeffding, W. Probability inequalities for sums of bounded random variables.
Journal of the American Statistical Association 58, 13–30 (1963).

69. Karpinski, M. and Macintyre, A. Polynomial bounds for VC dimension of
sigmoidal neural networks. Proceedings of the 27th annual ACM symposium
on the theory of computing (STOC ). Las Vegas. NV, USA, May 29 – June 1,
1995, NY: ACM, 200–208 (1995).

70. Koltchinskii, V. Rademacher penalties and structural risk minimization.
IEEE Transactions on Information Theory 47, 1902–1914 (2001).

71. Koltchinskii, V. 2004 IMS Medallion Lecture: Local Rademacher comp-
lexities and oracle inequalities in risk minimization. Annals of Statistics (to
appear).

72. Korostelev, A.P. and Tsybakov, A.B. Minimax theory of image reconstruc-
tion. Lectures notes in Statistics 82, Springer Verlag, New York (1993).

73. Latala, R. and Oleszkiewicz, C. Between Sobolev and Poincaré. In Geom-
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82. Lévy, P. Problèmes concrets d’analyse fonctionnelle. Gauthier-Villars (1951).
83. Lugosi, G. Pattern classification and learning theory. Principles of Nonpara-

metric Learning (L. Györfi ed.) Springer, Wien, New York, 1–56 (2002).
84. Mallows, C.L. Some comments on Cp. Technometrics 15, 661–675 (1973).
85. Mammen, E. and Tsybakov, A.B. Smooth discrimination analysis. Ann. Sta-

tist. 27, N◦6, 1808–1829 (1999).
86. Marton, K. A simple proof of the blowing up lemma. IEEE Trans. Inform.

Theory IT-32, 445–446 (1986).
87. Marton, K. Bounding d-distance by information divergence: a method to

prove measure concentration. Ann. Probab. 24, 927–939 (1996).
88. Marton, K. A measure concentration inequality for contracting Markov

chains. Geom. Funct. Anal. 6, n◦3, 556–571 (1996).
89. Mason, D.M. and Van Zwet, W.R. A refinement of the KMT inequality for

the uniform empirical process. Ann. Probab. 15, 871–884 (1987).
90. Massart, P. About the constants in Talagrand’s concentration inequalities for

empirical processes. Ann. Probab. 28, n◦2, 863–884 (2000).
91. Massart, P. Some applications of concentration inequalities to Statistics.

Probability Theory. Annales de la Faculté des Sciences de Toulouse (6 ) 9,
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Céline LEVY-LEDUC Estimation de périodes de fonctions
périodiques bruitées et de forme
inconnue; applications à la vibrométrie
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